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Preface 


Today, when a course in number theory is offered at all, it is usually taken 
only by mathematics majors late in their undergraduate careers. There is no 
reason why number theory should not be more widely taught, since it is, I 
think, manifestly more valuable to a prospective mathematics teacher than a 
course in, say, differential equations. This text has been designed for a one- 
semester or one-quarter course in number theory with minimal prerequisites. 
The reader is not required to know any mathematics except for the properties 
of the real numbers and elementary algebra. (A small amount of analysis is 
helpful, but not necessary, in Sections 21 and 22.) Nevertheless, because the 
average student does not find number theory easy, I have written detailed 
proofs and included many numerical examples. The purpose of the examples 
is to illustrate the theorems and also to try to show the fascination of playing 
with numbers, which is at the bottom of many of the theorems. 

I have included here at least an introduction to most of the topics of ele¬ 
mentary number theory. In Sections 1 through 5 the fundamental properties 
of the integers and congruences are developed, and in Section 6 proofs of 
Fermat’s and Wilson’s theorems are given. The number-theoretic functions 
d , (j, and <t> are introduced in Sections 7 to 9. Sections 10 to 12 culminate in 
the quadratic reciprocity theorem. There follow three more or less inde¬ 
pendent blocks of material: on the representation of numbers (Sections 13 to 
15), diophantine equations (16 to 20), and primes (21 to 22). Because I think 
that problems and exercises are especially important and interesting in num¬ 
ber theory, Section 23 consists of 105 miscellaneous problems. They are ar¬ 
ranged, very roughly, in increasing order of difficulty and without regard 
to topic. 




viii 


Preface 


For the typical class of inexperienced students, there is more than enough 
material for one semester. Any of the last three blocks of material mentioned 
above could be omitted. For that matter, Sections 10 to 12 (which contain 
the most difficult material in the book) could be left out, since the only fact 
proved there and used later is that — 1 is a quadratic residue or nonresidue 
of an odd prime p according as p = 1 or 3 (mod 4). 

Proofs of theorems are often neither the shortest nor the most elegant 
known, but are what I thought the most natural. For example, the adaption 
of Tchebyshev’s theorem on the bounds of 7r(x:) in section 22 is quite long, 
but it has the advantage of introducing functions and techniques used else¬ 
where in number theory. Besides, when the student sees the more elegant 
proof of the theorem, he will be all the more impressed. 

In keeping with the idea that the only way to learn mathematics is to do it, 

I have included more than a thousand exercises and problems. The exercises 
interrupt the text (as well as some proofs), and the problems appear at the 
end of each section. In fact, exercises and problems appear in three of the four 
appendices. The exercises can be used in several ways: the student may do 
them as he reads the material for the first time, he may return to them later 
to check on his understanding of material already gone over, or the instructor 
may include them in his exposition. 

Some of the exercises and problems are computational and some classical, 
but some are more or less original, and a few, I think, are startling. Because 
there are often many methods of attacking a problem in number theory, and 
because the most fruitful line may not be obvious, hints are given for many 
problems. These hints appear in a section at the back of the book (some hints 
are almost complete solutions). A solution that does not use a hint is of course 
more praiseworthy than one that does, but the amount of inspiration neces¬ 
sary to solve some problems is too large to be had to order. Number theory 
problems can be hard: I. A. Barnett has written (in the November 1966 
American Mathematical Monthly ), “To discover mathematical talent, there 
is no better course in elementary mathematics than number theory. Any 
student who can work the exercises in a modern text in number theory should 
be encouraged to pursue a mathematical career.” Answers are provided for 
some problems and exercises in separate sections at the back of the book. 
Although there are more problems than a student could solve in one semester, 
he is encouraged to treat them, along with their hints, as part of the text— 
to be read with almost equal attention. Often they may be found more inter¬ 
esting than the material on which they are based. 

The book contains four appendices. The first two (Appendix A, Proof by 
Induction, and Appendix B, Notations) should be read by the student when 
necessary. Appendix C (Quadratic Congruences with Composite Moduli), is 
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included to complete the study of solutions of a quadratic congruence; it 
could come after section 11. Appendix D consists of three tables that are 
included both for their inherent fascination and for use in solving numerical 
problems. The first makes it easy to factor any positive integer less than 
10,000, the second gives the first 447 squares, and the third consists of part 
of a factor table. 

There are without doubt errors in the problems and in the text. I hope that 
when the reader finds one, he will feel pleasure at his acuteness instead of 
annoyance with the author. Corrections will be welcomed. 


February 1969 


Underwood Dudley 





SECTION I 

Integers 


A large part of number theory is devoted to studying the properties of the 
integers—that is, the numbers . . ., — 2, — 1, 0, 1, 2,. . . . Usually the integers 
are used merely to convey information (3 apples, $32, 17x 2 + 9), with no 
consideration of their properties. When counting apples, dollars, or x 2 ’s, it 
is immaterial how many divisors 3 has, whether 32 is prime or not, or that 
17 can be written as the sum of the squares of two integers. But the integers 
are so basic a part of mathematics that they have been thought worthy of 
study for their own sake. The same situation arises elsewhere: the number 
theorist is comparable to the linguist, who studies words and their properties, 
independent of their meaning. Another justification for studying the integers 
is esthetic: many beautiful results can be proved. 

In this section, and until further notice, lower-case italic letters will invar¬ 
iably denote integers. We will take as known and use freely the usual prop¬ 
erties of addition, subtraction, multiplication, division, and order for the 
integers. We also use in this section an important property of the integers—a 
property that you may not be consciously aware of because it is not stated 
explicitly as often as, say, the associative property of multiplication. It is 
the least-integer principle : a nonempty set of integers that is bounded below 
contains a smallest element. It is also true that a nonempty set of integers 
that is bounded above contains a largest element. 

We will say that a divides b (written a \ b) if and only if there is an integer 
d such that ad = b . For example, 2 | 6, 12 | 60, 17 | 17, — 5 | 50, and 8 | —24. 
If a does not divide b 9 we will write a\b. For example, 4 \ 2 and 3 14. 
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Exercise 1. Which integers divide zero? 

Exercise 2. Show that if a | b and b | c, then a | c. 

As a sample of the sort of properties that division has, we prove 

lemma 1. If d | a and d \ b, then d \ (a + b). 

proof. From the definition of divides, we know that there are integers 
q and r such that 

dq = a and dr = b . 

Thus 

a + b = d(q + r\ 

so from the definition again, d \ (a + fc). 

lemma 2. If d \ a then d \ ca,for any integer c. 

lemma 3. If d | a u d | a 2> . . ., d | a n , then d | ( Cia x + c 2 a 2 + • • • + c n a n ) 
for any integers Ci, c 2 , . . . , c n . 

The proofs are easy. 

Exercise 3. Prove Lemmas 2 and 3. 


As an application of Lemma 3, we see that if d divides all the terms on one 
side of an equation, then it divides the other side of the equation too. Thus if 
a + b — c and d | a and d \ c , then d \ b. Or, if 

3* + Sly + 6z+ 363 = w, 

then 3 | w, because 3 divides all the terms on the left-hand side of the equation. 
(Remember that all small italic letters, including x, j>, z, and w, denote inte¬ 
gers unless otherwise indicated.) Similarly, if 

3x 2 + 15 xy + 5 y 2 = 0, 

then 3 | 5 y 2 and 5 | 3x 2 . 

The rest of this section will be devoted to the greatest common divisor 
and its properties, which we will use constantly later. We say that d is the 
greatest common divisor of a and b (written d — ( a , b)) if and only if 

(i) d | a and d \ b , and 

(ii) if c | a and c | b , then c < d. 

Condition (i) says that d is a common divisor of a and b , and (ii) says that it 
is the greatest such divisor. Note that if a and b are not both zero, then the set 
of common divisors of a and b is a set of integers that is bounded above by the 
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largest of a, ft, —a, and —ft. Hence, from the well-ordering principle for the 
integers, the set has a largest element, so the greatest common divisor of a 
and b exists and is unique. Note that (0, 0) is not defined, and that if {a, b) is 
defined, then it is positive. In fact, (a, b) > 1 because 1 | a and 1 | ft for all 
a and ft. 

Exercise 4. What are (4,14), (5, 15), and (6,16)? 

Exercise 5. What is {n, 1), where n is any positive integer? What is (n, 0)? 
Exercise 6. If d is a positive integer, what is (d, nd)l 

As an exercise in applying the definition of greatest common divisor, we 
will prove the following theorem, which we will use often later: 

theorem 1 If {a, ft) = d, then ( a/d , b/d) = 1. 

proof. Suppose that c = {a/d, b/d). We want to show that c = 1. We 
will do this by showing that c< 1 and c > 1. The latter inequality follows 
from the fact that c is the greatest common divisor of two integers, and as 
we have noted, every greatest common divisor is greater than or equal to 1. 
To show that c < 1, we use the facts that c | {a/d) and c \ {b/d). We then 
know that there are integers q and r such that cq — a/d and cr = b/d. 
That is, 

{cd)q = a and {cd)r = ft. 

These equations show that cd is a common divisor of a and ft. It is thus 
no greater than the greatest common divisor of a and ft, and this is d. 
Thus cd < d. Since d is positive, this gives c < 1. Hence c - 1, as was to 
be proved. 

If {a, ft) = 1, then we will say that a and ft are relatively prime , for a reason 
that will become clear in the section on unique factorization. 

When a and ft are small, it is often possible to see what {a, ft) is by inspec¬ 
tion. When a and ft are large, this is no longer possible. (What is (31415926, 
5358979)?) We will now develop an efficient process for finding greatest 
common divisors: the Euclidean algorithm. It is also useful in proving 
theorems we will need later. 

theorem 2 {the division algorithm ). Given positive integers a and ft, 
ft ^ 0, there exist unique integers q and r, with 0 < r < ft such that 

a = bq + r. 

proof. If we write a = bq + t as 
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then we see that the theorem is merely a statement of what we do when 
we divide a by b: we get a quotient of q and a remainder of r. We will 
make this slightly more formal. Consider the set S of integers a — bt , 
t = 0, ±1, =b2, .... Because S contains nonnegative elements (for 
example, a and a + b), we know from the least-integer principle for the 
integers that S contains a smallest nonnegative number. Call it r, and let 
q equal the corresponding value of t. Then a — bq = r, and r > 0. To 
complete the proof, we have to show that r < b. Suppose not. Then 
r = b + r x with r x > 0. Hence 

r x = r — b = a — bq — b = a — b(q + 1). 

This says that r x is in the set S. But 

0 < r x = r — b < r, 

and this is impossible because r is the smallest nonnegative number in the 
set S. 

This construction gives us q and r, and it remains to show that they are 
unique. Suppose that we have found q , r and q x , r x such that 

a = bq + r = bq x + r x 

with 0 < r < b and 0 < r x < b. Subtracting, we have 

(1) 0 = b(q - q x ) + (r - r x ). 

Since b divides the left-hand side of this equation and the first term on the 
right-hand side, it divides the other term: 

b\(r- r x ). 

But since 0 < r < b and 0 < r x < b 9 we have 

— b<r—r x <b. 

The only multiple of b between —6 and b is zero. Hence r — r x = 0, and 
it follows from (1) that q — q x — 0 too. Hence the numbers q and r in the 
theorem are unique. 

Although the theorem was stated only for positive integers a and b , 
because it is most often applied for positive integers, nowhere in the proof did 
we need a to be positive. Moreover, if b is negative, the theorem is true if 
0 < r < b is replaced with 0 < r < — b ; you are invited to reread the proof 
and verify that this is so. 

Exercise 7. What are q and r if a = 75 and b ~ 24? If a — 75 and b = 25? 

Theorem 2, combined with the next lemma, will give the Euclidean 
algorithm. 
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lemma 4. If a = bq + r 9 then (a, b) = (b, r). 

proof. Let d = (a, b). We know that since d | a and d | b 9 it follows 
from a = bq + r that d | r. Thus d is a common divisor of b and r. Suppose 
that c is any common divisor of b and r. We know that c \ b and c | r 9 and 
it follows from a = bq + r that c | a. Thus c is a common divisor of a and 
b, and hence c < d. Both parts of the definition of greatest common divisor 
are satisfied, and we have that d = (b , r). 

Exercise 8. Verify that the lemma is true when a = 16 and b = 6, and q = 2. 

According to Lemma 4, if we apply the division algorithm to a and b , we 
get (a, 6) = (6, r) ; the same greatest common divisor, but on the right there 
is one smaller number inside the parentheses. We can continue, and apply 
the division algorithm to b and r to get still smaller numbers with the same 
greatest common divisor. If we apply the division algorithm enough times, 
the numbers will eventually get so small that we can recognize the greatest 
common divisor by inspection. For example, let us calculate (5767, 4453). 
Applying the division algorithm, we have 

5767 = 4453-1 + 1314. 

From Lemma 4, we know that (5767, 4453) = (4453, 1314). Unless you are 
very good at inspection, these integers are still too large for you to see their 
greatest common divisor. We must divide again: 

4453 = 1314-3 + 511. 

Now we know that (5767, 4453) = (1314, 511). We continue dividing: 

1314 = 511-2 + 292, 

511 = 292-1 + 219, 

292 = 219-1 + 73, 

219 = 73-3. 

The sequence of remainders has reached zero (as it must, since a decreasing 
sequence of nonnegative integers cannot go on forever), and from Lemma 4 
we know that 

(5767, 4453) = (4453, 1314) = • • • = (219, 73) = (73, 0) = 73. 

The formal statement of the process just carried out for a special case is 

theorem 3 (the Euclidean algorithm). If a and b are positive integers , 
b 0, and 
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a = bq -f- r , 
b = rq x + r u 
r = nq 2 + r % 


0 < r < b, 
0 < r x < r, 
0 < r 2 < ri, 


rk = ^Jfc+l^fc+2 + /*fc+2» 0 < /*/fc+ 2 < /’AH-lj 

f/iew for k large enough , say k = t, we have 

r t -1 = rtf h-i» 

a/zrf (a, ft) = r t . 

proof. The sequence of nonnegative integers 
b > r > r x > r 2 > 

must come to an end. Eventually, one of the remainders will be zero. 
Suppose that it is r t + x . Then r t ~ i = rtft+i. From Lemma 4 applied over 
and over, 

(a, 6) = (6, r) = (r, ri) = (r x , r 2 ) = ••• = r t ) = r,. 

If either a or 6 is negative, we can use the fact that (a, ft) = (—a, 6) = 
(a, -6) = (-a, -6). 


Exercise 9. Calculate (299, 247) and (578, 442). 

A consequence of the Euclidean algorithm that will be used many times 
later is 

theorem 4. If (a, b ) = d , then there are integers x and y such that 
ax + by — d. 

proof. The idea is to work the Euclidean algorithm backwards. Take, 
for example, the computation of (5767, 4453) = 73. The next-to-last line 
in the algorithm gives 

73 = 292 - 219. 

Now we use the line before that to express 73 as a combination of 51 l’s 
and 292’s: 

73 = 292 - (511 - 292) = 2-292 - 511. 

We eliminate the 292 by using the next line before: 

73 = 2(1314- 511-2) — 511 = 2*1314- 5*511. 


And so on: 

73 = 2*1314 - 5(4453 - 1314*3) = 17*1314 - 5*4453. 
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Finally, we can express 1314 in terms of 4453 and 5767 to get the repre¬ 
sentation we want: 


73 = 17(5767 - 4453) - 5-4453 = 17-5767 - 22-4453. 
In general, we have 


d = (a, b) = r t = r*_ 2 - r t ^q t ; 

this expresses d as a combination of r t -i and r t -i with integer coefficients. 
From the next preceding line of the algorithm, namely 


we get 


r t - 3 = r t—iq i —1 + T e_i, 


d = 2 - (r,_ 3 - r t _ 2 q t ^)q t . 


which gives rf as a combination of and /v 3 with integer coefficients: 


d = (?*-!?< + l><- 2 - 
We can then eliminate r t _ 2 by using 


r t -A = + r t - 2 , 

and this gives 

d = (integer)r t _3 + (integer)r^. 

If we continue we will eventually get integers x and y such that 

d — ax + by . 

Exercise 10. Find a solution of 299* + 247j> =13. 

Theorem 4 has many applications. We now give two that will be used 
later. 


THEOREM 5. If d\ab and (d, a) = 1, then d | b . 

proof. Since d and a are relatively prime, we know from Theorem 4 
that there are integers x and y such that 

dx + ay — 1. 

Multiplying this by b we have 

d(bx) + (ab)y = b. 

The first term on the left-hand side of the above equation can of course be 
divided by d, and since d \ ab , then d also divides the second. Hence d 
divides the right-hand side too, and this is what we wanted to prove. 
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Note that if d and a are not relatively prime in Theorem 5, then the 
conclusion is false. For example, 6 | 8*9, but 6 \ 8 and 6 \ 9. 

theorem 6. Let (a, b) = d, and suppose that c | a and c | b. Then c | d. 

proof. In words, this theorem says that every common divisor of two 
integers =s a divisor of their greatest common divisor. The proof is short: 
we know that there are integers x and y such that 

ax + by — d. 

Since c divides each term on the left-hand side of this equation, c divides 
the right-hand side too. 


Problems 

1. Calculate (a) (314, 159), (b) (3141, 1592), (c) (4144, 7696), 

(d) (10,001, 100,083). 

2 . Prove that if a \ b and b | a, then a = b or a — —b. 

3 . Show that if a | b and a > 0, then ( a , b) = a . 

4 . Show that ((a , b ), b) = (a, b). 

5. Show that it is false that a > b implies a \ b. 

6. (a) Show that (n, n + 1) = 1 for all n > 0. 

(b) If n > 0, what values can ( n , n + 2) take on ? 

(c) If n > 0, what values can ( n , n + k) take on? 

7. If N = «iA/ 2 * • n k + 1, show that (n u N) = 1 for / = 1, 2, . . ., k. 

8. Show that (a, b) = 1 and c | a imply (c, b) = 1. 

9 . Find * and y such that 

(a) 314x+ 159y = 1, 

(b) 3141a: + 1592y = 1, 

(c) 4144x + 7696y — 592, 

(d) 10001* + 100083y = 73. 

10 . (a) Show that (£, n + k) — 1 if and only if ( k , n) = 1. 

(b) Is it true that (£,« + £) — d if and only if (k, n) = dl 

(c) Is it true that (&, n + rk ) — d for all integers r if and only if (A;, n) = dl 

11 . (a) Show that (299, 247) = 13. 

(b) Find two solutions of 299* + 247 y =13. 

(c) Find two solutions of 299* + 247y = 52. 

12 . (a) If * 2 + ax + b = 0 has an integer root, show that it divides b. 

(b) If *2 + ax + b = 0 has a rational root, show that it is in fact an integer. 

13 . Prove: If a \ b and c \ d, then ac \ bd. 
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14. Prove: If d \ a and d \ b , then d 1 1 ab . 

15. Prove: If c | ab and (c, a) = d , then c \ db. 

16. Prove: If d is odd, d \ (a + b), and d \ (a — b ), then d | (a, b). 

17. Disprove: If a \ b, then (a, b) = 1. 

18. Show that p | (10a — and p | (10c — d) imply p | (ad — be). 

19. Prove that 6 | (/? 3 — «) for all n > 0. 

20. (a) Show that if 10 | (3 m + 1) for some m , then 10 | + 1) for all n > 0. 

(b) For which m does 10 | (3 m +1)? 
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Unique 

Factorization 


The aim of this section is to introduce the prime numbers, which are one of 
the main objects of study in number theory, and to prove the unique factor¬ 
ization theorem for positive integers, which is essential in what comes later. 
In this section, lower-case italic letters invariably denote positive integers. 

A prime is an integer that is greater than 1 and has no positive divisors 
other than 1 and itself. An integer that is greater than 1 but is not prime is 
called composite . Thus 2, 3, 5, and 7 are prime, and 4, 6, 8, and 9 are compos¬ 
ite. There are also large primes: 

170,141,183,460,469,231,731,687,303,715,884,105,727 

is one, and it is clear that there are arbitrarily large composite numbers. Note 
that we call 1 neither prime nor composite. Although it has no positive divi¬ 
sors other than 1 and itself, including it among the primes would make the 
statement of some theorems inconvenient, in particular the unique factori¬ 
zation theorem. We will call 1 a unit. Thus the set of positive integers can be 
divided into three classes: the primes, the composites, and a unit. 

Exercise 1. How many even primes are there? How many whose last digit is 5? 

Our aim is to show that each positive integer can be written as a product 
of primes—and, moreover, in only one way. We will not count products that 
differ only in the order of their factors as different factorizations. Thus we 
will consider each of 


2 2 -3*7, 2-3-7-2, 


and 7-3*2-2 
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as the same factorization of 84. The primes can thus be used to build, by 
multiplication, the entire system of positive integers. The first two lemmas 
that follow will show that every positive integer can be written as a product 
of primes. Later we will prove the uniqueness of the representation. 

lemma 1. Every integer n, n > 1, is divisible by a prime. 

proof. If n is a prime, then the lemma is proved, because n divides 
itself. Suppose, however, that n is composite. Then, by definition, n has a 
divisor other than 1 and itself. Suppose that d x is that divisor; then n = d x n x 
for some integer n x , and because d x ^ 1 or n 9 it follows that 1 < n x < n. 
(In fact, ni < n/ 2, but we need only the fact that it is smaller than n.) If 
m is prime, then n x | n and the lemma is proved, since we have found a 
prime divisor of n. But if n x is composite, then n x = d 2 n 2 for some integer 
n 2 with 1 < n 2 < n x . If n 2 is a prime, then we need go no further: n 2 is a 
prime and n 2 \ n (because n 2 \ n x and n x \ ri). If n 2 is not prime, then it is 
composite (recall that n 2 is greater than 1), and n 2 — d z nz with 1 < n z < n 2 . 
And so on: among the numbers n , n u n 2 , « 3 , . . . a prime will eventually 
appear, because 

n> n x > n 2 > n 3 > n*> 

and each is greater than 1. It is impossible for a decreasing sequence of 
positive integers to continue forever. The prime that eventually appears— 
call it Hk —divides n because 

n k | n k _ i, n k -\ | n k - 2 , . . ., n x \n 

imply n k \ n. 

Lemma 1 can also be proved, more efficiently, using the second principle 
of induction (see Appendix A). The lemma is true by inspection for n = 2. 
Suppose it is true for n < k. Then either k + 1 is prime, in which case we 
are done, or it is divisible by some number k x with k x < k. But from the 
induction assumption, k x is divisible by a prime, and this prime also divides 
k + 1. Again, we are done. This proof is essentially the same as the first; the 
principle of induction replaces the “and so on” used there. 

With the aid of Lemma 1 and an argument similar to the one used in its 
proof, we can prove that every positive integer can be written as a product of 
primes in at least one way. 

lemma 2. Every integer n 9 n > 1, can be written as a product of primes. 

proof. From Lemma 1, we know that there is a prime pi such that 
Pi | n. That is, n = p x n x , where 1 < n x < n. If n x = 1, then we are done: 
n = p x is an expression of n as a product of primes. If n x > 1, then from 
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Lemma 1 again, there is a prime that divides iti. That is, m = p 2 n 2i where 
p 2 is a prime and 1 < n 2 < n x . If n 2 = 1, again we are done: n = p x p 2 is 
written as a product of primes. But if n 2 > 1, then Lemma 1 once again 
says that n 2 = p z n z , with p z a prime and 1 < n z < n 2 . If n z — 1, we are done. 
If not we continue. We will sooner or later come to one of the «i equal to 1, 
because n > n x > n 2 > • ♦ • and each rii is positive; such a sequence cannot 
continue forever. For some k, we will have n k = 1, in which case n = 
P 1 P 2 • • • pk is the desired expression of n as a product of primes. Note that 
the same prime may occur several times in the product. 

Exercise 2 (optional). Construct a proof of Lemma 2 using induction. 

Exercise 3. Write prime decompositions for 72 and 480. 

Before we show that each positive integer has only one prime decompo¬ 
sition, we will prove an old and elegant theorem: 

theorem 1 (Euclid). There are infinitely many primes. 

proof. Suppose not. Then there are only finitely many primes. Denote 
them by p u p 2 , . . ., p r . Consider the integer 

(1) n = pip 2 • • • p r + 1. 

From Lemma 1, we see that n is divisible by a prime, and since there are 
only finitely many primes, it must be one of p u p 2 , ..., p r . Suppose that 
it is p k . Then since 

p k | n and p k \ P 1 P 2 • • • p r , 

it divides two of the terms in (1). Consequently it divides the other term 
in (1); thus p k | 1. This is nonsense: no primes divide 1 because all are 
greater than 1. This contradiction shows that we started with an incorrect 
assumption. Since there cannot be only finitely many primes, there are 
infinitely many. 

This is a strong theorem. We can actually identify only finitely many 
primes—the largest prime currently known is 2 11213 — 1, and we by no means 
know all of the primes smaller than this one. (There are lists of all the primes 
smaller than 100,000,000, but none that go much further.) The prime 2 11213 - 1 
is considerably larger: it has 3,376 digits. Although 2 11213 — 1 is a large num¬ 
ber, there are infinitely many integers larger than it, and only finitely many 
smaller. Thus, although we can name only finitely many primes, we may be 
sure that no matter how many we discover, there is always one more that we 
have yet to find. Before the development of high-speed computers, the largest 
prime known was the comparatively puny 39-digit number displayed at the 
beginning of this section. Hence if you set out to find a prime larger than 
211213 _ 1 without the aid of machinery, you will need a great deal of time 
to spare—several centuries at the least. 
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We will make one more digression before proving the unique factorization 
theorem; we show how to construct a table of prime numbers. 

lemma 3 . If n is composite , then it has a divisor d such that 1 < d < n 112 . 

proof. Since n is composite, there are integers di and d 2 such that 
dxd 2 = n and 1 < di < n, 1 < d 2 < n. If di and d 2 are both larger than 
n 1/2 , then 

n = d\d 2 > n ll2 n 112 = n, 

which is impossible. Thus, one of d\ and d 2 must be less than or equal to 
n l/2 . 

lemma 4. If n is composite , then it has a prime divisor less than or equal 
to n 112 . 


proof. We know from Lemma 3 that n has a divisor—call it d —such 
that 1 < d < n 112 . From Lemma 1, we know that d has a prime divisor p. 
Since p < d < n 1/2 , the lemma is proved. 


Lemma 4 provides the basis for the following ancient method for finding 
primes, the well-known Sieve of Eratosthenes. Write the numbers from 1 to 
N. Put a circle around 2, and cross out all larger multiples of 2. The first 
number neither crossed out nor circled is 3. Put a circle around it, and cross 
out all its multiples. The first number now neither crossed out nor circled is 
5, the next prime after 3. Put a circle around it, and cross out all its multiples. 
And so on: continue the process until all the numbers less than or equal to 
N lf2 are crossed out or circled. Then the circled numbers in the list, together 
with those not crossed out, are exactly the primes less than or equal to N. 
Before we see why this is so, let us look at an example. Take N = 81; here 
N l/2 = 9. Sieving, we have 


( 2 ) ]4 0 0 0 0 

©00000 

/ 0 0 0 0 0 

© 17 29 41 53 0 

$00000 
© 19 31 43 0 67 

$00000 
$0 0 0 0 0 

0 0 0 0 0 0 


11 

23 

0 

47 

59 

71 


0 

0 

0 

0 

0 

13 

0 

37 

0 

61 

73 


0 

0 

0 

0 

79 

0 
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By crossing out multiples of 2, 3, 5, and 7, we have discovered all the primes 
smaller than 81. Similarly, to find all the primes less than 10,000 we need only 
cross out the multiples of the 25 primes less than 100. 

To see that this method is correct, note that any number with a circle 
around it is a prime, because if it were composite, it would have a prime 
divisor smaller than itself, and hence it would have been crossed out. Further¬ 
more, any number not crossed out is a prime. Suppose that such a number 
were not a prime. Then, by Lemma 4, it would have a prime divisor less than 
or equal to N m . But we have crossed out all of the numbers that have prime 
divisors less than or equal to N in . Hence these and all the circled numbers are 
primes. None of the crossed out numbers is a prime, however, because each 
one has a prime divisor other than itself. 

In case you are tempted to list a lot of numbers and start sieving, keep in 
mind that it has been tried before. In the nineteenth century, an Austrian 
astronomer named Kulik constructed an enormous seive of all the integers 
up to 100,000,000. It took him 20 years, off and on. All that work was so 
little valued that the library to which he left his manuscript lost the part that 
included the integers from 12,642,600 to 22,852,800. 

The following lemma gives the result that makes unique factorization 
possible. For the rest of this section, and until further notice, the letters 
p and q will be reserved for primes. 

lemma 5. If p | ab 9 then p\aor p\b. 

proof. Since p is prime, its only positive divisors are 1 and p. Thus 
( p , a ) = p or (p, a) = 1 . In the first case, p \ a , and we are done. In the 
second case, Theorem 5 of Section 1 tells us that p | 6, and again we are 
done. 

Exercise 4. If p \ a\ar • -a k9 what can you conclude? 

Exercise 5. Construct a proof by induction of the result in Exercise 4. 

lemma 6. If q u q 2 , . . ., q n are primes and p | qiq 2 * * * q n , thenp = q k for 
some k. 

proof. From Exercise 5 we know that p | q k for some k. Since p and q k 
are primes, p = q k . (The only positive divisors of q k are 1 and q k9 and p is 
not 1.) 

theorem 2 ( The unique factorization theorem ). Any positive integer can 
be written as a product of primes in one and only one way. 

proof. Recall that we agree to consider as identical all factorizations 
that differ only in the order of the factors. 
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We know already from Lemma 2 that any integer n, n > 1, can be 
written as a product of primes. Thus to complete the proof of the theorem, 
we need to show that n cannot have two such representations. That is, if 

( 2 ) n = pip 2 • • * Pm and n = q x q 2 • ■ ■ q r , 

then we must show that the same primes appear in each product, and the 
same number of times, though their order may be different. That is, we 
must show that the integers pi, p 2 , . . ., p m are just a rearrangement of the 
integers q u q 2 , ..., q r . From (2) we see that since p x | n , 

Pi | qiq* ••• qr. 

From Lemma 6 , it follows that pi = for some i. If we divide 
P1P2 * • * Pm = qiq2 q T 
by the common factor, we have 

(3) P 2 P 3 * * * Pm = qiq% * • * qi-iqi+i " q r . 

Because p 2 divides the left-hand side of this equation, it also divides the 
right-hand side. Applying Lemma 6 again, it follows that p 2 = q 3 for some 
j(j = 1, 21 ,1 + 1,. . ., n). Cancel this factor from both sides 
of (3), and continue the process. Eventually we will find that each q is a p. 
(It is impossible for us to run out of q’s before all the p’s are gone, because 
we would then have a product of primes equal to 1 , which is impossible.) 
If we repeat the argument with the p’s and q’s interchanged, we see that 
each q is a p. Thus the numbers pi, p 2 , . . ., p m are a rearrangement of 
qu q 2 , ..., q r , and the two factorizations differ only in the order of the 
factors. 

The uniqueness of the prime decomposition can also be efficiently proved 
by induction, though the idea is no different. The theorem is true, by inspec¬ 
tion, for n — 2 . Suppose that it is true for n < k. Suppose that k + 1 has 
two representations: 

k + 1 = pip 2 • • • p m = qiq2 • * * q r . 

As in the last proof, pi = qi for some /, so 

P2P3 * • * Pm = » • • ■ qi-iqi+i qr. 

But this number is less than or equal to k , and by the induction assump¬ 
tion, its prime decomposition is unique. Hence the integers q h q 2 ,... , qi- 1 , 
q i+ 1 , . . . , q r are a rearrangement of p 2 , p 3 , . . . , Pm and, since pi = qi, the 
proof is complete. 

Because of your long experience with the positive integers (can you remem¬ 
ber what it was like not to know what 2 + 3 was?), you may not find the 
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unique factorization theorem very exciting; you may even think that it is 
obvious and self-evident. The following example is intended to show that it 
is not as self-evident as you might think: we will construct a number system 
in which the unique factorization theorem is not true. Consider the integers 
1, 5, 9, 13, 17, ... ; that is, all integers of the form An + 1, n = 0, 1, . . .. 
We will call an element of this set prome if it has no divisors other than 1 
and itself in the set. For example, 21 is prome, whereas 25 = 5-5 is not. 

Exercise 6. Which members of the set less than 100 are not prome? 

In the same way as we proved Lemmas 1 and 2, we can show that every 
member of the set has a prome divisor and can be written as a product of 
promes. (You are invited to inspect the proofs of Lemmas 1 and 2 to see if 
any words need to be changed.) But an example shows that the prome de¬ 
composition of an integer in the set is not always unique: 

693 = 21-33 = 9-77, 
and 9, 21, 33, and 77 are all prome. 

From the unique factorization theorem it follows that each positive integer 
can be written in exactly one way in the form 

n = pt'pf * ‘ ‘ Pl\ 

where e { > 1, / = 1, 2, . . . , k, each p { is a prime, and p { ^ pj for i ^ j. We 
call this representation the prime-power decomposition of n , and whenever we 
write 

n — pl P2 Pk, 

it will be understood, unless specified otherwise, that all the exponents are 
positive and the primes are distinct. Table A gives the smallest prime that 
divides n for all n less than 10,000 and not divisible by 2 or 5. With the aid 
of this table, the prime-power decomposition for any n < 10,000 can be found 
readily. For example, take 8001. It is clearly not divisible by 2 or 5, and 
Table A gives its smallest prime factor as 3. Then 8001/3 = 2667, and the 
table shows that 3 is a factor of 2667: 2667/3 = 889. Again referring to the 
table, we see that 7 | 889. Finally, 889/7 = 127, which is prime. Thus 

8001 = 3 2 -7-127. 

Exercise 7. What is the prime-power decomposition of 7950? 

To conclude this section, we note that the prime decomposition of integers 
gives another way of finding greatest common divisors besides the Euclidean 
algorithm. For example, consider n = 120 = 2 3 -3-5 andm = 252 = 2 2 -3 2 *7. 
We see that 2 2 divides m and n, but no higher power of 2 is a common divisor 
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of m and n. Also, 3 divides m and n, and no higher power of 3 is a common 
divisor. Furthermore, no other prime divides both m and n. Thus 2 2 • 3 is the 
greatest common divisor of m and n. Given the prime-power decompositions 
of m and n, we can write m and n as products of the same primes by inserting 
primes with the exponent zero where necessary. For example, 

120 = 2 3 -3 l -5 1 -7° and 252 = 2 2 -3 2 -5°-7 1 . 

In general, we have 

THEOREM 3. If ei > 0,/i > 0, (/ = 1, 2, , k), 

(4) m = pi'pfz • • • pl\ and n = pi'pi* • • * p f £; 

then 

(m, n) = ftp® • • • pl\ 
where g { = min(e i9 f t ), i = 1 , 2 , . . ., k. 

We will omit a formal proof, but you should have no trouble convincing 
yourself that it is true. 

From the unique factorization theorem, it follows that each positive integer 
can be written in the form 

n = pl x p e 2 • • • pit• 

With a table of prime-power decompositions at hand, it is easy to find greatest 
common divisors. Table C (p. 218) is part of such a table: it gives the com¬ 
plete prime-power decompositions of some large numbers. It is included be¬ 
cause it will be of use in some problems in other sections, and also because 
numbers are fascinating. If you think that eccentric opinion is peculiar to 
mathematicians, consider the following quotation from the book Napoleon 
Bonaparte , by J. S. C. Abbot (New York, 1904; vol. 1, chap. 10), “When he 
had a few moments for diversion, he not unfrequently employed them over 
a book of logarithms, in which he always found recreation.” 


Problems 


1. Find the prime-power decomposition of 

(a) 111, (b) 1234, 

(d) 3456, (e) 4567, 

(g) 999,999,999,999. 

2. Disprove: d \ ab implies d | a or d | b. 


(c) 2345, 

(0 111 , 111 , 
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3. Tartaglia (1556) claimed that the sums 

1 + 2 + 4, 1 + 2 + 4 +8, 1+2 + 4 + 8 + 16, ••• 

are alternately prime and composite. Prove him wrong. 

4. (a) DeBouvelles (1509) claimed that one or both of 6n + 1 and 6n — 1 are 

primes for all n > 1. Prove him wrong. 

(b) Show that there are infinitely many n such that both 6n — 1 and 6n + 1 
are composite. 

5. Is the difference of two consecutive cubes ever divisible by 2? 

6 . Prove that n is a square if and only if each exponent in its prime-power 

decomposition is even. 7 

7. What is the corresponding statement for kth powers ? 

8. Is it possible for a prime p to divide both n and « + l(«>l)? 

9. Show that n(n + 1) is never a square for n > 0. 

10. (a) Verify that 2 5 -9 2 - 2592. 

(b) Is 2 b -a b = 25 ab possible for other a, bl (Here 25 ab denotes the digits of 
2 5 • a b and not a product.) 

11. For what primes p is lip + 1 a square? 

12. (a) Find the smallest integer n such that n + 1, n + 2, and n + 3 are all 

composite. 

(b) If n = 5! + 1, show that n + 1, n + 2, n + 3, and n + 4 are composite. 
(For the ! notation, see Appendix B, p. 196.) 

(c) Find a sequence of 1,000 consecutive composite numbers. 

13. Show that if n is composite, then 2” — 1 is composite. 

14. Is the converse true? 

15. Let p be the least prime factor of n 9 where n is composite. Prove that if 
p > n 11 3 , then n/p is prime. 

16. True or false? If/? and q divide n , and each is greater than n l, \ then n/pq is 
prime. 

17. Define the least common multiple of a and b (written [a, £]) to be the smallest 
integer m such that a \ m and b \ m. 

(a) Find [12, 30] and [pq, 2p 2 ], where p and q are distinct odd primes. 

(b) Show that a = p\'p*i' • •/?? and b = p{ l p%- • •/?£ imply 

[a,b] =/>M 2 * •*/>?, 

where gi = maxfe,/,) (e* > 0 and/* > 0), i = 1,2 ,...,&. 

(c) Conclude from (b) and Theorem 3 that [ a , b] = ab/(a 9 b). 

18 . Fill in any missing details in the following proof of the existence of infinitely 
many primes. Let 2, 3, . . ., p n be all the primes. Let N — 2-3 - • •/?„, and 
suppose that N = ab. Then a + b > /?«, and /?, \ a + b, i = 1, 2, . . ., n. 
Hence a + b has a prime divisor greater than p r . 

19. (a) If N is odd, show that there is a square that gives a square when added 

to N. 

(b) If N + a 2 = b 2 , what factors has N? 
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(c) Factor 1189 by adding l 2 , 2 2 , 3 3 , . . . until you recognize a square. (See 
Table B.) 

(d) Factor 9379 by the same method. 

20. Establish the following test for primes. If n is odd, greater than 5, and there 
exist relatively prime integers a and b such that 

a — b = n and a + b = pip 2 - • p k 
(where p u /%,...,/>* are the odd primes less than n 1/2 ), then n is prime. 

21 . Show that the primes less than n 2 are the odd numbers not included in the 
arithmetic progressions 

r\ r 2 + 2r 9 r 2 + 4r, . . . (up to n 2 ) 
for r = 3, 5, 7, ... (up to n — 1). 

22. Let P n = p x p r • p„ and a k = 1 + £P n , k = 0, 1, . . ., n - 1, where the p’s 

are the primes 2, 3, 5, 7, . . . in ascending order. Show that = 1 if 

iy*j. 



SECTION 


Linear Diophantine 
Equations 


Consider the following variation on an old problem: 

A box contains beetles and spiders. There are 
46 legs in the box; how many belong to beetles? 

If we let x be the number of beetles and y the number of spiders in the box, 
then we know that 

(1) 6x 8y = 46. 

This equation has infinitely many solutions—for example, 
x —l 0 6 4V2 

y 52/8 46/8 10/8 46/8 - 3V2 

But none of these fit the requirements of the problem: we want x and y to be 
integers, and positive ones at that. 

Equations of this sort—equations where we look for solutions in a re¬ 
stricted class of numbers, be they positive integers, negative integers, rational 
numbers, or whatever—are called diophantine equations. Diophantus of Alex¬ 
andria (who may have lived sometime around a.d. 150) was the first to pose 
and solve problems that called for solutions in integers or rational numbers. 
Other diophantine equations we will consider in later sections include 

x 2 + y 2 = z 2 , x 2 - 2y 2 = 1, and x 4 + y 4 = z\ 

where we will look for solutions in integers. All of these equations have 
infinitely many solutions in real or complex numbers, but the third has no 
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solutions in integers except the trivial ones where either x or y is zero. In 
contrast, the first and second equations both have infinitely many solutions 
in integers. 

In this section we will consider the simplest diophantine equation: the 
linear diophantine equation 

ax + by = c, 

where a, b, and c are integers. For the moment, we will assume that neither 
a nor b is zero; we will reserve the case in which either a or b is zero until 
later. We want to find solutions in integers x and The equation ax + by = c 
clearly has infinitely many solutions in rational numbers (and hence infinitely 
many solutions in real numbers), namely those given by 

x = t, y — (c — at)/b 

for any rational number t. But such an equation may have no solutions at 
all in integers. For example, 2x + 4y = 5 has none. 

Exercise 1. Why not? 

With the aid of Theorems 4 and 5 of Section 1, we can find all of the integer 
solutions of ax + by = c. Before we start, let us solve the beetles and spiders 
problem (1) by trial. Dividing both sides of the equation by 2, we have 
3x + 4y = 23, or 

23 - 4y 
3 ’ 

Since x and y must be positive integers, we may let y = 1,2, 3, 4, and 5 and 
calculate the corresponding values of x (if y > 5, then x is negative): 

y 1 2 3 4 5 

x 19/3 5 11/3 7/3 1 

Hence the diophantine equation has two solutions in positive integers: x = 5, 
y = 2 and x = 1, y — 5. But since the problem said that the box contained 
beetles (plural), we get the unique answer: 30 legs belong to spiders. Trial is 
sometimes the best way to solve a diophantine equation, but we want some¬ 
thing surer. 

Note that if we can find just one solution of the linear diophantine equation, 
then we can find infinitely many. (In keeping with our convention that lower¬ 
case italic letters denote integers unless we decree otherwise, by “solution” 
we mean “solution in integers.”) We prove this in 

lemma 1. If x o, y 0 is a solution of ax + by — c, then so is 
x 0 + bt 9 y 0 — at 


for any integer t. 
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proof. We are given that ax 0 + by 0 = c. Thus 

a(x o + bt) + b(y 0 - at) = ax 0 + abt + by 0 - bat 
= axo + hjo 
= c, 

so Xo + bt, J >0 - at satisfies the equation too. For example, we can see by 
inspection that 

5x + 6y = 17 

is satisfied by x = 1 and y = 2. It follows from Lemma 1 that x = 1 + 6r, 
y = 2 — 5/ is also a solution for any integer t. Thus we can write down as 
many solutions as we please: 

t 0 1-1 3 -5 17 -1000 

x 1 7 -5 19 -29 103 -5999 

y 2 — 3 7 -13 27 - 83 5002 

Each pair x, y satisfies 5x + 6 y = 17. 

Exercise 2. Find by inspection a solution of x + 5y = 10 and use it to write 
five other solutions. 

After the next lemma we will see that there is no loss of generality in 
supposing that (a, b) = 1. 

lemma 2. If (a, b) \ c, then ax + by = c has no solutions, and if (a, b) | c, 
then ax + by = c has a solution. 

proof. Suppose that there are integers Xo, such that axo + byo = c. 
Since ( a, b) \ ax 0 and (a, b) \ by 0 , it follows that (a, b) | c. Conversely, sup¬ 
pose that (a, b ) | c. Then c = m(a, b) for some m. From Theorem 4 of 
Section 1 , we know that there are integers r and s such that 

ar + bs — (a, b). 

Then 

a(rm) + b(sm) = m(a, b) = c, 
and x = rm, y = sm is a solution. 

Exercise 3. Which of the following linear diophantine equations is impossible? 
(We will say that a diophantine equation is impossible if it has no solutions.) 

(a) 14x + 34y = 90. (b) 14x + 35y = 91. (c) 14x + 36y = 93. 

Put d = (a, b). Lemma 2 says that if ax + by = c has a solution, then d \ c. 
Put a = da', b = db', and c = dc’. If we divide ax + by = c by d we get 
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a'x + b'y = c '; 

this equation has the same set of solutions as ax + by = c, and we know 
from Theorem 1 of Section 1 that (a', b') = 1. Thus, if a linear diophantine 
equation has solutions, then we can find them from an equation whose co¬ 
efficients are relatively prime. For example, the first two equations of Exercise 
3 are equivalent to 

lx + \ly = 45 and lx + 5y - 13, 
and (7, 17) = (2, 5) = 1. 

The equation 2x + 5y = 13 has for one solution x = 4 and y = 1, and 
from Lemma 1 we know that x = 4 + 5 t, y = 1 - 2/is a solution for any 
integer t. In the next lemma, we will show that these are all the solutions to 
the equation. The problem of finding all solutions of a diophantine equation 
is quite distinct from the problem of finding some solutions. It is also more 
difficult in general. For example, the equation 

X 3 + y 3 = z 3 + w 3 

has solutions given by 

x = 1 — (s — 300 2 + 3/ 2 ), 
y = -l+(s + 3tXs 2 + W), 
z = s + 3t — (s 2 + 3t 2 ) 2 , 
w = -s + 3 t + (s 2 + 3 r 2 ) 2 , 

where s and t may be any integers. You may verify this by multiplication, if 
you have the patience. However, not all integer solutions are given by this 
formula. 

LEMMA 3. Suppose that ab ^ 0, (a, b) = 1, and x 0 , y Q is a solution of 
ax + by — c. Then all solutions of ax + by = c are given by 

x = x 0 + bt , 
y = y 0 - at, 

where t is an integer. 

proof. We see from Lemma 2 that the equation does have a solution, 
because (a, b) = 1 and 1 | c for all c. Then, let r, s be any solution of 
ax + by = c. We want to show that r = x 0 + bt and s = y 0 — at for some 
integer t. From ax 0 + by 0 = c follows 

c — c = (axo + by 0 ) — (ar + bs ) 
or 


(2) 


a(x o - r) + b(y 0 - s) = 0. 
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Because a | a(x 0 — r) and a \ 0, we have a | b(y 0 — 5 ). But we have supposed 
that a and b are relatively prime. It follows from Theorem 5 of Section 1 
that a\(y 0 — s). That is, there is an integer t such that 

(3) at = y 0 - s. 

Substituting in (2), this gives 

a(x 0 — r) + bat = 0; 
because a 9 ^ 0, we may cancel it to get 

(4) x 0 — r + bt = 0. 

But (3) and (4) say that 


s = y 0 — at, 
r — x 0 + bt; 

since r , s was any solution, the lemma is proved. 

In Lemma 3 we assumed that ab ^ 0. If ab = 0, the problem of solving 
ax + by = c is trivial. If a = 0, then x can take on any value, and y can take 
on one or none, according as by = c has or does not have a solution in 
integers. The situation is similar if b = 0. 

We can summarize the results of Lemmas 1 to 3 as follows: 

theorem 1. The linear diophantine equation ax + by = c with ab ^ 0 
has no solutions if (a, b) \ c. If (< a , b) | c, then 

a'x + b'y = c', 

where a' = a/{a, b), b r — b/(a, b), and c ' — c/{a, b), has a solution x = r, 
y = s, and all solutions of ax + by =- c are given by 

x = r + b't, 
y = s — a't, 

where t is an arbitrary integer. 


In Section 5 we will see how to solve linear diophantine equations using 
congruences. 

The statement of the theorem may be harder to master than the process of 
solving linear diophantine equations. As an example, let us find all the solu¬ 
tions of 2x + 6y = 18. Dividing out the common factor, we have x + 3y = 9. 
By inspection, y — 0, x = 9 is a solution. Hence all solutions are given by 


(5) 


where t is an integer. 


x = 9 + 3t, 


y = -u 
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Exercise 4. Find all solutions of 2* + = 20. 

Exercise 5. Find all the solutions of 2* + 6y = 18 in positive integers. (Note 
that from (5), this is the same as asking for integers t such that 9 + 3/ > 0 
and — t > 0.) 


Problems 


1. Find all integer solutions of 

(a) * + y = 2, 

(b) 2* + y = 2, 

2. Solve in positive integers 

(a) x + y = 2, 

(b) 2* + y = 2, 

3. Solve in negative integers 
(a) 6* - 15 y = 51, 


(c) 15* + 16y = 17, 

(d) 15* + lSy = 17. 


(c) 6* + 1 5y = 51, 

(d) lx + 15 y = 51. 


(b) 6* + I5y - 51. 


4. Find all the positive solutions in integers of 


x + y + z = 31, 


* + 2y -b 3z = 41. 

5. Suppose that a collection of centipedes, scorpions, and worms contains 296 
legs and 35 heads. How many worms are there? 

6. A man bought a dozen pieces of fruit—apples and oranges—for 99 cents. 
If an apple costs 3 cents more than an orange and he bought more apples 
than oranges, how many of each did he buy ? 

7. A man sold his sheep for $180 each and his cows for $290 each. He received 
a total of $2890. How many cows did he sell? 

8. How many different ways can thirty nickels, dimes, and quarters be worth $5 ? 

9. The enrollment in a number theory class consists of sophomores, juniors, 
and backward seniors. If each sophomore contributes $1.25, each junior 
$.90, and each senior $.50, the instructor will have a fund of $25. There are 
26 students; how many of each kind? 

10. A says, “We three have $100 altogether.” B says, “Yes, and if you had six 
times as much and I had one-third as much, we three would still have $100.” 
C says, “It’s not fair. I have less than $30.” Who has what? 

11. When Ann is half as old as Mary will be when Mary is three times as old as 
Mary is now, Mary will be five times as old as Ann is now. Neither Ann 
nor Mary may vote. How old is Ann ? 

12. Suppose that a , b , and c have no common factor. Show that solutions to 

ax + by + cz = 1 
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are given by 

x = rt + crm + nb/d, 
y = st + csm — na/d , 
z = u — dm , 

where m and « are arbitrary integers, r and £ are such that ar ~\- bs = d = 
(<z, 6), and t and u are such that dt + cu = 1. 

13. Apply the previous result to get solutions of 

lx + 8y + 9z = 1. 

14. A man cashes a check for d dollars and c cents at a bank. Assume that the 
teller by mistake gives the man c dollars and d cents. Assume that the man 
does not notice the error until he has spent 23 cents. Assume further that he 
then notices that he has 2d dollars and 2c cents. Assume still further that he 
asks you what amount the check was for. Assuming that you can accept all 
the assumptions, what is the answer ? 

15. Anna took 30 eggs to market and Barbara took 40. Each sold part of her 
eggs at 5 cents per egg and later sold the remainder at a lower price (in cents 
per egg). Each received the same amount of money. What is the smallest 
amount that they could have received ? 



SECTION "T 

Congruences 


Besides being quite pretty, congruences have many applications and will be 
used constantly in what follows. No one who lacks an acquaintance with 
congruences can claim to know much about number theory. As an example 
of their usefulness, it is easy to show, by using congruences, that no integer 
of the form Sn + 7 is a sum of three squares. We will verify this later. 

We say that a is congruent to b modulo m (in symbols, a = b (mod m)) if 
and only if m \ {a — b) and we will suppose always that m > 0. 

For example, 1 = 5 (mod 4), — 2 = 9 (mod 11), 6 = 20 (mod 7), and 
720 = 0 (mod 10). 

Exercise 1. True or false? 91 = 0 (mod 7). 3 + 5 + 7 = 5 (mod 10). —2 = 2 
(mod 8). 11 2 = 1 (mod 3). 

In effect, m\(a — b) and a = b (mod m) are only different notations for 
the same property. But a good notation can indicate new results that would 
be much harder to see without it. The congruence notation, which was 
invented by Gauss around 1800, looks a bit like the notation for equality. 
In fact, as we will see later, congruence and equality share many properties. 
Further, the notation suggests fruitful analogies with the usual algebraic 
operations. 

There is another way to look at congruences: 

theorem 1. a = b (mod m) if and only if there is an integer k such that 
a = b + km. 

proof. Suppose that a = b (mod m). Then, from the definition of con- 
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gruence, m \ {a — b). From the definition of divisibility, we know that 
since there is an integer k such that km = a — b y then a = b + km. 
Conversely, suppose that a — b + km. 

Exercise 2. Complete the proof. 

theorem 2. Every integer is congruent {mod m) to exactly one of 0, 1, 
. . ., m — 1. 

proof. Write a = qm + r, with 0 < r < m. We know from Theorem 2 
of Section 1 that q and r are uniquely determined. Since a = r (mod m), 
the theorem is proved. 

We call the number r in the last theorem the least residue of a (mod m). 
For example, the least residues of 71 modulo 2, 3, 5, 7, and 11 are 1, 2, 1, 1, 
and 5, respectively. 

Exercise 3. To what least residue (mod 11) is each of 23, 29, 31, 37, and 41 
congruent? 

Yet another way of looking at congruences is given by 

theorem 3. a = b {mod m) if and only if a and b leave the same remainder 
on division by m. 

proof. If a and b leave the same remainder r when divided by m , then 

a = qm + r and b = qm + r 

for some integers q x and q 2 . It follows that 

a — b = {qm + r) — {q 2 m + r) = m{qi — q 2 ). 

From the definition of divisibility, we have m | {a — b ). From the definition 
of congruence, we conclude that a = b (mod m). To prove the converse, 
suppose that a = b (mod m). Then a = b = r (mod m), where r is a least 
residue modulo m. Then from Theorem 1, 

a = qm + r and b — q 2 m + r 

for some integers q x and q 2 ; since 0 < r < m, the theorem is proved. 

It follows from Theorems 1 and 3 that the phrases “h ^ 7 (mod 8),” 
“n = 1 + 8 k for some integer kf and “n leaves the remainder 7 when 
divided by 8” are different ways of saying the same thing. 

Exercise 4. Say “« is odd” in three other ways. 

Exercise 5. Prove that p \ a if and only if a = 0 (mod p). 
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Congruences share many properties with equalities, as you will show in 
the next three exercises. 

Exercise 6. Show that 

(a) a = a (mod m) for all integers a. 

(b) a = b (mod m) implies b = a (mod m). 

(c) a = b (mod m) and b = c (mod m) imply a = c (mod m). 

Exercise 7. Show that a = b (mod m) implies a + c = b + c (mod m) for any 
integer c. 

Exercise 8. Show that a = b (mod m) implies ac = be (mod m) for any integer c. 

Exercises 6, 7, and 8 imply that we may substitute in congruences just as 
we do in equations. For example, if x = 2 (mod 5), then 

2x 2 — jc + 3 = 2-4-2 + 3 = 9 = 4 (mod 5). 

You might try to give a detailed proof of this, noting the repeated use made 
of Exercises 8, 7, and 6(c). What holds in this example also holds in general. 

Although ab = ac and a ^ 0 imply b = c for all integers a , b , and c, it is 
not true that ab = ac (mod m) and a ^ 0 (mod m) imply b = c (mod m). 
(The symbol ^ means “not congruent to.”) For example, 

3-4 = 3• 8 (mod 12) but 4^8 (mod 12). 

Exercise 9. Construct a like example modulo 10. 

Although we cannot cancel freely, all is not lost, as we shall see from 

theorem 4. If ac ss be ( mod m) and (c, m) = 1, then a = b (mod m). 

proof. From the definition of congruence, m | (ac — be); consequently, 
m [ c(a — b). Because (m, c) = 1, we can conclude from Theorem 5 of 
Section 1 that m \ (a — b). That is, a = b (mod m). 

Exercise 10. What values of x satisfy 

(a) 2x = 4 (mod 1)1 (b) 2x = 1 (mod 1)1 

(Hint for (b): 1 =8 (mod 7).) 

We can, then, cancel a factor that appears on both sides of a congruence 
if it is relatively prime to the modulus. We now consider the case in which 
the factor and the modulus are not relatively prime. 

theorem 5. If ac ^ be (mod m) and (c, rri) = d , then a ss b (mod m/d). 

proof. If ac = be (mod m), then m \ c(a — b) and m/d | (c/d)(a — b). 
Since we know that (m/d, c/d) — 1, then from Theorem 5 of Section 1 
we get m/d | (a — 6), so a = b (mod m/d). 
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That is, we can cancel a common factor from both sides of a con¬ 
gruence if we divide the modulus by its greatest common divisor with the 
factor. For example, 30x = 27 (mod 33) implies 10x = 9 (mod 11). 

Exercise 11. Which * satisfy 2x = 4 (mod 6) ? 

Now we can see how easy it is to show that no integer of the form 8« + 7 
is the sum of three squares. Suppose that k = Sn + 7 is the sum of three 
squares. Then k = 7 (mod 8) and k = a 2 + b 2 + c 2 for some integers a, b, 
and c. Thus 

a 2 + b 2 + c 2 = 1 (mod 8). 

We now show that this last congruence is impossible for any integers a , b, 
and c. What values can x 2 assume, modulo 8? Every integer has one of 
0, 1,2, 3, 4, 5, 6, and 7 for a least residue (mod 8), and 

0 2 = 0, l 2 = 1, 2 2 ss 4, 3 2 = 1, 4 2 = 0, 5 2 = 1, 

6 2 = 4, 7 2 = 1, 

all modulo 8. Thus the square of any integer is congruent modulo 8 to one 
of 0, 1, and 4. It is impossible to make any combination of three numbers 
selected from 0, 1, and 4 add up to anything congruent to 7 (mod 8). (The 
statements 1 + 1 + 4 = 6 and 0 + 4 + 4 s= 8 (mod 8) are as close as you 
can come.) Hence a 2 + b 2 + c 2 is never congruent to 7 (mod 8) for any 
integers a, b 9 and c. Thus a 2 + b 2 + c 2 = &n + 1 is an impossible equation. 

As another application of congruences, we will show why the process of 
casting out nines exposes errors in addition and multiplication. In case your 
arithmetic book never taught you to cast out nines, here is the procedure: 
given an addition, say 

3141 + 5926 + 5358 = 14325, 
add the digits in each of the addends. Thus 

3 + 1 + 4 + 1 = 9, 

5 + 9 + 2 + 6 = 22, 

5 + 3 + 5 + 8 = 21. 

If any of the sums have more than one digit, do the same thing again: 

2 + 2 = 4, 2+1 = 3. 

Eventually we will get one-digit numbers. Add them: 

9 + 4 + 3 = 16. 

Then apply the same procedure: 1+6 = 7. We end with one digit, the magic 
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number for the addends. In the same way, we get a magic number for the sum: 
1+4 + 3 + 2 + 5=15 and 1 + 5 = 6. 

If the addition is correct, the two magic numbers will be the same. If the 
magic numbers are different, as in the example, then the addition is wrong. 
Note that casting out nines can never ensure that a computation is correct— 
for example, casting out nines in 

10+ 11 = 30 

would reveal no error, since both magic numbers are 3. But some common 
errors—like failing to carry a ten—will be revealed. The rule works for 
multiplication too: it is easy to see that there is something wrong with 

314-159 = 49826 

because the magic number of the left-hand side is 3 (the magic number for 
314 is 8, and for 159 it is 6; multiplying, we see that the magic number for 
the product is 8-6 = 48 or 3). The magic number of the right-hand side is 2, 
since 4 + 9 + 8 + 2 + 6 = 29. If the multiplication were correct, the two 
magic numbers would be the same. 

Exercise 12. Cast out nines to check 

(a) 123 + 456 + 789 = 1268, 

(b) 271-828 = 224288. 

Now let us verify that the rules given above actually work. They depend on 
lemma 1. 10 n = 1 {mod 9) for n = 1,2,.... 

proof. 10 n — 1 = 999 • * • 99 {n digits, all nines), which is clearly divis¬ 
ible by 9. 

From Lemma 1 there follows 

theorem 6 . Every integer is congruent modulo 9 to the sum of its digits. 
proof. Take an integer n, and let its digital representation be 
dkdk—idk—2 • • * dido. 

That is, 

n = d k lO k + d k -i 10*- 1 + dk- 2 10 fc ~ 2 + - - - + di 10 1 + doW. 

From Lemma 1, we see that 

n = dk + d k -i + dk —2 + * * * + do (mod 9), 
which is what we wanted to show. 
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For example, 3141 = 3+1+4+1 = 9 = 0 (mod 9), and we see that 
3141 is divisible by 9. 

It follows that the process of casting out nines in an arithmetical operation 
is equivalent to considering it modulo 9. In the example 

3141 + 5926 + 5358 = 14325, 

Theorem 6 says that the left-hand side is congruent to 

3+l+4+l + 5 + 9 + 2 + 6 + 5 + 3 + 5 + 8= 52 = 7 (mod 9), 

whereas the right-hand side is congruent to 6 (mod 9); if two numbers are 
not congruent (mod 9), then they cannot be equal. Hence 14325 is not the 
correct sum. 


Problems 

1. Prove that if a = b (mod m), then a 2 = b 2 (mod m), 

2. Disprove that if a 2 = b 2 (mod m), then a = b (mod m). 

3. True or false? a = b (mod m) implies a 2 = b 2 (mod m 2 ). 

4 . If k = 1 (mod 4), then what is 6k + 5 congruent to (mod 4) ? 

5. Show that every prime (except 2) is congruent to 1 or 3 (mod 4). 

6. Show that every prime (except 2 or 3) is congruent to 1 or 5 (mod 6). 

7. What can primes (except 2, 3, or 5) be congruent to (mod 30)? 

8. In the multiplication 31415 -92653 — 2910_93995, one digit in the product is 
missing and all the others are correct. What is the missing digit? 

9. Show that if the last digit of n is d ', then n 2 = d 2 (mod 10). 

10. Show that no square has as its last digit 2, 3, 7, or 8. 

11. Show that no triangular number has as its last digit 2, 4, 7, or 9. (A triangular 
number is one of the form n(n + l)/2.) 

12 . Prove that if d | m and a = b (mod m), then a = b (mod d). 

13. Show that the difference of two consecutive cubes is never divisible by 3. 

14. Show that the difference of two consecutive cubes is never divisible by 5. 

15. Prove that if the sum of the digits of an integer is divisible by 3, then the 
integer is divisible by 3. 

16. (a) Prove that 10* = (— 1)* (mod 11), k = 0, 1, 2, ... . 

(b) Conclude that 

<410* + <4_il0* -1 + • • • + <410 + do 

= do - di + d 2 - <4 + • • • + (-l)H (mod 11). 

(c) Deduce a test for divisibility by 11. 
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17. A says, “27,182,818,284,590,452 is divisible by 11.” B says, “No it isn’t.” 
Who is right? 

18. Prove that if p is a prime and p divides no one of a u . . ., i nor any of 

their differences, then ai 9 a 2 , ...» a v - 1 are congruent (mod p) to 1, 2, , 

p — 1 in some order. 

19. February 1968 had five Thursdays. What other years before 2100 will have 
such Februaries ? 

20. A palindrome is a number that reads the same backwards as forwards. Ex¬ 
amples are 22, 1331, and 935686539. 

(a) Prove that every four-digit palindrome is divisible by 11. 

(b) What about six-digit palindromes? 

21. Show that a 5 s= a (mod 10) for all a. 

22. Find an integer n such that n = 1 (mod 2), n = 0 (mod 3), and n = 0 (mod 5). 
Can you find infinitely many ? 

23. Show that if n ^ 4 (mod 9), then n cannot be written as the sum of three 
cubes. 

24. Show that for k > 0 and m > 1, x = 1 (mod m k ) implies x m == 1 (mod m k+1 ). 

25. If n = 31,415,926,535,897, then let 

f(n) = 897 - 535 + 926 - 415 + 031 = 904. 

Induce a definition for /, and prove that if 7 | /(«), then 7 | n; if 11 \f(ri) 9 
then 11 | n; and if 13 | /(«), then 13 | n. Check 118,050,660 for divisibility 
by 2, 3, 5, 7, 11, and 13. 
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Congruences 


After defining congruences and studying some of their properties, it is natural 
to look at congruences involving unknowns, like 3x = 4 (mod 5) and 
x 17 + 3x — 3 = 0 (mod 31), and see how to solve them, if we can. The 
simplest such congruence is the linear congruence ax = b (mod m), and this 
is what this section is devoted to. The congruence ax = b (mod m) has a 
solution if and only if there are integers x and k such that ax = b + km. 
Hence, the problem of solving linear congruences is essentially the same as 
that of solving linear diophantine equations, and Theorem 1 of this section 
is, deep down, the same as Theorem 1 of Section 3. We are applying the same 
ideas in a different notation—sufficiently different that the repetition may be 
illuminating rather than tiresome. 

We note that if there is one integer that satisfies ax = b (mod m), then 
there are infinitely many. For, suppose that ar = b (mod m). Then all of the 
integers r + m, r + 2m, . . ., r — m, r — 2m, . . . satisfy the congruence, 
since 

a(r + km) = ar = b (mod m) 

for any integer k. Among the integers r + km , k = 0, ±1, ±2, . . ., there 
will be exactly one—say s —that satisfies 0 < s < m. This is because every 
integer lies between two successive multiples of m. If r satisfies the congruence 
and km < r < (k + l)m for some k 9 then 0 < r — km < m; we can put 
s = r — km. We will single this integer out and say that by a solution to 
ax = b (mod m) we mean a number r such that ar = b (mod m) and r is a 
least residue (mod m). For example, the congruence 2x 5 = 4 (mod 7) is satis¬ 
fied by x = 2, 9, 16, . . ., — 5, —12, —19, . . ., but all of these integers are 
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included in the statement x = 2 (mod 7). They are all included in the state¬ 
ment x = 9 (mod 7) too, but we agree to call 2 the solution because it is a 
least residue modulo 7. 

Unlike the familiar linear equation ax = b 9 the linear congruence ax = b 
(mod m) may have no solutions, exactly one solution, or many solutions. 
For example, 2x ^ 1 (mod 3) is satisfied by x = 2 and for no other values 
of x that are least residues (mod 3). Hence it has just one solution, namely 2. 
The congruence 2x = 1 (mod 4) has no solutions, because 4 | (2x — 1) is 
impossible for any x. (Since 2x — 1 is odd, it is not a multiple of 4.) The 
congruence 2x = 4 (mod 6) has two solutions, 2 and 5. 

Exercise 1. Construct congruences modulo 12 with no solutions, just one solu¬ 
tion, and more than one solution. 

Exercise 2. Which congruences have no solutions? 

(a) 3x^=1 (mod 10), (b) 4x = 1 (mod 10), 

(c) 5x = 1 (mod 10), (d) 6x = 1 (mod 10), 

(e) lx s 1 (mod 10). 

Exercise 3 (optional). After Exercise 2, can you guess a criterion for telling when 
a congruence has no solutions ? 

We will now set out to prove a theorem that will enable us to examine a 
linear congruence and see how many solutions it has. 

lemma 1. If (a, m) \ b , then ax = b (mod m) has no solutions . 

proof. We will prove what is logically the same thing: if ax s= b 
(mod m) has a solution, then ( a , m) | b. Suppose that r is a solution. Then 
ar = b (mod m), and from the definition of congruence, m | (ar — b), or 
from the definition of “divides,” ar — b = km for some k. Since ( a , m) \ a 
and (a, m) | km , it follows that (a, m) \ b. 

For example, 6x = 7 (mod 8) has no solutions. 

lemma 2. If (a, m) = 1, then ax = b ( mod m) has exactly one solution. 

proof. Since ( a , m) = 1, we know that there are integers r and s such 
that ar + ms = 1. Multiplying by b gives 

a{rb) + m(sb) = b. 

We see that arb — b is a multiple of m 9 or 

a(rb) = b (mod m). 

The least residue of rb modulo m is then a solution of the linear congruence. 
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It remains to show that there is not more than one solution. Suppose 
that both r and s are solutions. That is, since 

ar = b (mod m) and as = b (mod m), 

then ar = as (modm). Because (a, m) = 1, we can apply Theorem 4 of 
the last section, cancel the common factor and get r s= s (mod m). That is, 
m | (r — s). But r and s are least residues (mod m), so 

0 < r < m and 0 < s < m. 

Thus —m<r — s<m\ together with m\(r — s), this gives r — s = 0, 
or r = s 9 and the solution is unique. The above argument is quite general 
and will be used often: if two least residues (modm) are congruent 
(mod m), then they are equal. 

Inspection is one way of solving congruences with small moduli, and 
another is substituting all possible values for the variable. But the best way 
is to manipulate the coefficients until cancellation is possible. For example, 
to solve 4x = 1 (mod 15), we can write 

4x = \ = \6 (mod 15) 

and cancel a 4 to get x = 4 (mod 15). As another example, let us solve 
14x ss 27 (mod 31). From 

14x = 27 s 58 (mod 31) 

we get lx = 29 (mod 31). We continue adding 31 until we can cancel the 7: 
lx s 29 = 60 = 91 (mod 31), 

so we get x = 13 (mod 31), and 13 is the solution. 

This method is the best to use when solving linear diophantine equations. 
The equation ax + by = c implies the two congruences 

ax = c (mod b) and by = c (mod a). 

We can choose either one, solve for the variable, and then substitute the 
result into the original equation to get all the solutions. For example, let us 
solve 9x + 16 y = 35. This gives 16 y e 35 (mod 9) or, manipulating the 
coefficients, ly ss 35 (mod 9), from which we get y = 5 (mod 9). That is, 
y = 5 + 9t for some integer /. Substituting this in the original equation, 
we get 

9x + 16(5 + 90 = 35, 

or 9x + 144/ = —45, or x + 16/ = —5. We thus have all the solutions: 

x — — 5 — 16/, 
y = 5 + 9/, 


/ an integer. 
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Exercise 4. Solve 

(a) 8* = 1 (mod 15), (b) 9x + 10 y - 11. 

We now consider the case where a and m are not necessarily relatively 
prime in 

lemma 3. If {a, m) | b , then ax = 6 (mod m) //<zs exactly {a, m) solutions. 

proof. We will construct {a, m) solutions of the congruence and then 
show that there are no others. Let d = (a, m), and put 

a = dc*', b = db', m = dm'. 

From Theorem 5 of Section 4, we have 

(1) a'x ^ b' (mod m') and {a', m') = 1, 

the latter statement following from Theorem 1 of Section 1. Lemma 2 
applies to the congruence in (1) and tells us that it has just one solution. 
Call the solution r. We claim that the d numbers 


(2) r,r + m', r + 2m', ...,/■ + (</— 1 )m' 

are all the solutions of ax = b (mod m). First, each of these satisfies the 
congruence, because for k = 1 , 2 , . . ., d — 1 , we have 

a(r + km') = a'dr + a'dkm' = a'rd + a'k{m'd). 

Since a'r = b' (mod m') and mV = m, we have 

fl'fV + a'kim'd ) = b'd + a'km = b'd = b (mod m). 

That is, 


a(r + km') = b (mod m). 

Second, each of the numbers in (2) is a least residue (mod m), because for 
k = 0 , 1 , ...,d- 1 , 

0 < r + km' < r + (d - l)m' < m' + (d - 1 )m' = dm' = m. 

Third, no two of the numbers in (2) are congruent (mod m), because they 
are distinct least residues (mod m). Thus we have shown that ax = b 
(mod m) has (a, m) solutions. 

It remains to show that there are no others. Let r be the solution in (2), 
and let s be any solution of ax = b (mod m). We want to show that s is 
one of the numbers in (2). We have 


ar = as e= b (mod m). 
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It follows from Theorem 5 of Section 4 that r = s (mod m'). That is, 
s — r = km', or 

s = r + km', 

for some k. But s is a least residue (mod m), and all of the least residues 
(mod m) of the form r + km' for some k appear in (2). Hence s is one of 
the numbers in (2). Since s was any solution, it follows that the solutions 
in (2) are all of the solutions, and the lemma is proved. 

Let us look at an example. Consider 6x = 15 (mod 33); Lemma 3 says 
that the congruence has exactly three solutions. Cancelling a 3, we get 
2x = 5 (mod 11), and solving by the usual procedure, 

2x = 5 = 16 (mod 11) and x = S (mod 11). 

That is, 6jc = 15 (mod 33) is satisfied by any x = 8 (mod 11). The integers 
included in the last congruence which are least residues (mod 33) are 8, 19, 
and 30, and these are the three solutions. 

Exercise 5. Determine the number of solutions of each of the following con¬ 
gruences : 

3x = 6 (mod 15), 4x s* 8 (mod 15), 5x = 10 (mod 15), 

6x = 11 (mod 15), 7x = 14 (mod 15). 

Exercise 6. Find all of the solutions of 5x = 10 (mod 15). 

We can summarize the results of Lemmas 1 to 3 in 

theorem 1. ax ^ b (mod m) has no solutions if {a, m) \ b. If (a, m) \ b, 
then there are exactly {a, m) solutions. 

Exercise 1. Solve the rest of the congruences in Exercise 5. 

This completes the analysis of a single linear congruence. In the remainder 
of the section, we will consider a special kind of system of linear congruences, 
and prove the Chinese Remainder Theorem, which is important theoretically. 
The name of the theorem comes from the inclusion in some old Chinese 
manuscripts of problems like “Find a number that leaves a remainder of 2 
when divided by 3, of 4 when divided by 5, and of 6 when divided by 7.” 
In our notation, the problem is to find x such that 

x = 2 (mod 3), x = 4 (mod 5), and x = 6 (mod 7). 

Exercise 8. Verify that 104 satisfies the problem posed above. 

Exercise 9 (optional). Find infinitely many other solutions. 

theorem 2 (the Chinese Remainder Theorem). The system of congru¬ 


ences 
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(4) x = Qi (mod md, i = 1, 2, . . ., *, 

where (m i9 m } ) ~ l if i ^ j, has a unique solution modulo m x m 2 * — m k . 

Before we prove the theorem, we will consider an example. It includes the 
idea of the proof and shows how to go about finding the unique solution in 
practice. Let us look for x satisfying 

x = 1 (mod 3), x = 2 (mod 5), and x = 3 (mod 7). 

The first congruence gives x = 1 + 3*i for some k x . Substituting this into 
the second congruence, we see that ki must satisfy 

1 + 3k x = 2 (mod 5); 

consequently, k x = 2 (mod 5). That is, k x = 2 + 5 k 2 for some * 2 , and thus 

x = 1 + 3k x = 1 + 3(2 + 5fe) = 7 + 15fe 

satisfies the first two congruences. If, in addition, x satisfies the third, we 
must have 


7 + 15* 2 = 3 (mod 7), 
which implies * 2 = 3 (mod 7). Thus 

x = 7 + 15(3 + 7* 3 ) = 52 + 105*3 

satisfies all three congruences for any integer * 3 . Otherwise expressed, any 
x = 52 (mod 105) satisfies the three congruences. In fact, 52 is the unique 
solution modulo 105. 

proof of theorem 2. We first show, by induction, that system (4) has a 
solution. The result is obvious when * = 1. Let us consider the case * = 2. 
If x = a x (mod mi), then x = a x + k x m x for some k x . If in addition 
x = a 2 (mod m 2 ), then 


or 


a x + k x m x 55 a 2 (mod m 2 ) 


k x m x ~ a 2 — a x (mod m 2 ). 

Because ( m 2 , m x ) = 1, we know that this congruence, with k x as the un¬ 
known, has a unique solution modulo m 2 . Call it t . Then k x = t + k 2 m 2 
for some * 2 , and 

x = a x + (f + k 2 m 2 )m x = a x + tm x (mod m x m 2 ) 
satisfies both congruences. 

Suppose that system (4) has a solution (mod m x m 2 • • • m k ) for * = r — 1. 
Then there is a solution, s 9 to the system 
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x = a, (mod m,), i = 1, 2, . . ., r — 1. 


But the system 

x = s (mod mim 2 • • • m r - 1 ), 
x = a r (mod m r ) 

has a solution modulo the product of the moduli, just as in the case * = 2, 
because (mim 2 • • • m k - 1 , m k ) = 1 (this statement is true because no prime 
that divides m u i= 1,2,...,*- 1, can divide m k ). 

It is easy to see that the solution is unique. If r and s are both solutions 
of the system, then 

r = s = a, (mod mi), / = 1,2,...,*, 

so m, | (r — s), i = 1,2,..., *. Thus r — s is a common multiple of 
mi, mi,, m k , and because the moduli are relatively prime in pairs, we 
have mim 2 • • • m k \ (r — s). But since r and s are least residues modulo 
m y mi ■ • • m k . 


—mim 2 ■■■ m k < r — s < mim 2 • • • m k , 


whence r — s = 0. 


Problems 

1. Solve the following congruences. 

(a) 2x = 1 (mod 17), (d) 4x = 6 (mod 18), 

(b) 3x = 1 (mod 17), (e) 40x = 191 (mod 6191). 

(c) 3x = 6 (mod 18), 

2. Construct linear congruences modulo 20 with no solutions, just one solution, 
and more than one solution. Can you find one with 20 solutions? 

3. What possibilities are there for the number of solutions of a linear congruence 
(mod 20)? 

4. Solve the systems of congruences 

(a) x 1 (mod 2), x = 1 (mod 3); 

(b) x = 1 (mod 2), x = 1 (mod 3), x ss 6 (mod 7); 

(c) x ss 3 (mod 5), x = 5 (mod 7), x ^ 7 (mod 11); 

(d) 2x = 1 (mod 5), 3x = 2 (mod 7), 4x = 1 (mod 11); 

(e) x = 31 (mod 41), x = 59 (mod 26). 

5. Solve 9x = 4 (mod 2401). 

6. When the marchers in the annual Mathematics Department Parade lined up 
4 abreast, there was one odd man; when they tried 5 in a line, there were two 
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left over; and when 7 abreast, there were three left over. How large is the 
department? 

7. Find the smallest odd n, n > 3, such that 3 | 5 | n + 2, and 7 | n + 4. 

8. Find a number such that half of it is a square, a third of it is a cube, and a 

fifth of it is a fifth power. 

9. Find a multiple of 7 that leaves the remainder 1 when divided by 2, 3, 4, 5, 
or 6. 

10. The three consecutive integers 48, 49, and 50 each have a square factor. 

(a) Find n such that 3 2 1 n, 4 2 1 n + 1, and 5 2 1 n + 2. 

(b) Can you find n such that 2 2 1 n, 3 2 1 n + 1, and 4 2 1 n + 2? 

11. If x = r (mod m) and x = s (mod m + 1), show that 

x = r(m + 1) — sm (mod m(m + 1)). 

12. Solve for * and y. 

(a) x + 2y = 3 (mod 7), 3x + y = 2 (mod 7). 

(b) * + 2y 3 (mod 6), 3x + y = 2 (mod 6). 

13. What three positive integers upon being multiplied by 3, 5, and 7 respectively 
and the products divided by 20 have remainders in arithmetic progression 
with common difference 1 and quotients equal to remainders ? 

14. Consider the system 

x = di (mod m0, / = 1,2,...,/:, 

where the moduli are relatively prime in pairs. Let 

Mi = {m x mr • i = 1, 2, . . ., k. 

Let Si denote the solution of = 1 (mod m l ) i i = 1, 2, . . ., k. Show that 
s — ci\S\M\ -[■ (I 2 S 2 M 2 + • • • + cikSkMk 
satisfies each of the congruences in the system. 

Carry out the above process to solve the system in Problem 4(b). 

15. Find the smallest integer n, n > 2, such that 

2 | n, 3 | /* + 1, 4 | n + 2, 5 | n + 3, and 6 | n + 4. 

16. Suppose that the moduli in the system 

x = cii (mod /w*), 1 = 1, 2, . . ., k 

are not relatively prime in pairs. Find a condition that the a* must satisfy 
in order that the system have a solution. 

17. How many multiples of b are there in the sequence 

a , 2a, 3a, ..., 6a? 




SECTION 


Fermat’s and 
Wilson’s Theorems 


In this section we will prove 

theorem 1 (Fermat’s Theorem), lfp is prime and (a, p) = 1, then 
a p ~ l he 1 {mod p). 

This theorem, which was stated without proof by Fermat in 1640, was 
fundamental to the progress of number theory. It is vital, as we shall see, to 
the study of quadratic congruences, and it has many other applications. Its 
statement and proof are simple, but its effects are great. We will also prove 

theorem 2 (Wilson’s Theorem), p is a prime if and only if 
(p — 1)1 = —1 {mod p). 

{For the ! notation see Appendix B, p. 196.) 

The method used for proving this theorem is close to that of Fermat’s 
Theorem, and it is also helpful in the study of quadratic congruences. 
(Wilson’s Theorem is not really Wilson’s. He guessed that it was true and 
wrote about it to the mathematician Waring, who published it without proof 
in 1770. Wilson was not the first to guess it, though—Leibnitz had also 
discovered it in 1682—and the first proof was given by Lagrange, very shortly 
after Waring’s announcement.) Wilson’s Theorem is remarkable because it 
gives a condition both necessary and sufficient for a number to be prime. 
Thus, in theory, the problem of determining whether a given number is prime 
is completely solved. But for large integers, the computational difficulties are 
great. For the moderate-sized prime 

p = 162,259,276,829,213,363,391,578,010,288,127, 
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the calculation of the least residue of (p — 1)! (mod p) would take about 10 33 
multiplications of two 33-digit numbers, followed by division by p. Even our 
fastest computers are not fast enough. Compare, for example, the calculation 
of 12! (mod 13) with the labor in verifying that 13 is divisible by neither 2 nor 
3. 

We start the proof of Fermat’s Theorem with 

lemma 1. If (a, m) = 1, then the least residues of 

(1) a, 2a, 3a, . . ., (m — l)a (modm ), 
are 

(2) 1, 2, 3,. . ., m — 1 
in some order. 

Stated differently, if (a, m) = 1, then each integer is congruent (mod m) to 
exactly one of 0, a, 2a, . . ., (m — 1 )a. For example, take m = 8 and a = 3: 
the numbers in (1) are then 

3, 6, 9, 12, 15, 18, 21, 
and their least residues (mod 8) are 

3, 6, 1, 4, 7, 2, 5. 

proof of lemma 1. There are m — 1 numbers in (1), none congruent 
to 0 (mod m). Hence each of them is congruent (mod m) to one of the 
numbers in (2). If we show that no two of the integers in (1) are congruent 
(mod m), then it follows that their least residues (mod m) are all different, 
and hence are a permutation of 1, 2, . . ., m - 1. Suppose that two of the 
integers in (1) are congruent (mod m): that is, 

ra = sa (mod m)\ 

because ( a, m) = 1 we can cancel (Theorem 4 of Section 4) and get 

r = s (mod m). 

But r and s are least residues modulo m; by an argument we have used 
several times before, it follows that r = s. This proves the lemma. 

proof of fermat’s theorem. Given any prime p. Lemma 1 says that 
if (a, p) = 1, then the least residues of 

a, 2a, ...,(/? — 1 )a (mod p) 

are a permutation of 

1 > 2 , — 1 . 
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Hence their products are congruent (mod p ): 

a-2a-3a •••(/>- \)a = 1-2-3 •••(/>- 1) (mod/?), 
or 

a v ~\p — 1)! = (p — 1)1 (mod p). 

Since p and (p — 1)! are relatively prime, the last congruence gives 

a v-i = l (mod p), 
which is Fermat’s Theorem. 

Exercise 1. Verify that the theorem is true for a = 2 and p = 5. 

Fermat’s Theorem is sometimes stated in a slightly different way: 

corollary. If p is a prime, then 

a p = a (mod p) 

for all a . 

proof. If ( a , p) — 1, this follows from Fermat’s Theorem. If (a, p) = p, 
then the corollary says 0 = 0 (mod p), which is true. There are no other 
cases. 

As an example, let us verify that 3 16 = I (mod 17). It is not necessary to 
calculate the large integer 3 16 and then divide it by 17: we can proceed in 
stages, reducing modulo 17 as we go. We have 

33 = 27 = 10 (mod 17). 

Squaring, we get 

36 = 100 = -2 (mod 17); 
squaring again yields 3 12 = 4 (mod 17). Thus 

3 16 = 3 12 -3 3 *3 = 4-10*3 = 120 = 1 (mod 17). 

Exercise 2. Calculate 2 5 and 2 10 (mod 11). 

To prove Wilson’s Theorem, we need two lemmas: 

lemma 2. x 2 = 1 (modp) has exactly two solutions: 1 and p — 1. 

proof. Let r be any solution of x 2 = 1 (mod p). By solution we mean, 
as we did for linear congruences, a least residue that satisfies the con¬ 
gruence. Then r 2 — 1 = 0 (mod p), so 

p\(r + 1 )(r - 1). 
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Hence p\{r + 1) or p\(r — 1); otherwise expressed, 

r+l = 0 or r — 1 = 0 (mod p), 

so r = p — 1 or 1 (mod p). Since r is a least residue (mod p), it follows that 
r = p — 1 or 1. It is easy to verify that both of these numbers actually 
satisfy x 2 = 1 (mod p). 

Lemma 2 has a familiar analogy: x 2 = 1 is satisfied only when x = 1 or 
x = — 1, and x 2 = 1 (mod p) is satisfied only when x = 1 (mod /?) or * = — 1 
(mod /?). 

lemma 3. Let p be an odd prime , and let a! denote the solution of ax = 1 
( [modp ), a = 1, 2,. . ., p — 1. (That is, 

aa' = 1 ( modp) and 0 < a! < p.) 

Then 

a ' ^ V ( modp) if a ^ b {modp), and 

a' = a {modp) only when a = 1 or a — p — 1. 

proof. First we note that since {a,p) = 1 , a' exists and is uniquely 
determined, because ax = 1 (mod /?) has exactly one solution. Suppose 
that a' = b' (mod p). Then 

1 == aa' == ab' (mod p), 

which implies 

b ass ab'b = a (mod p), 

and this proves the first assertion of the lemma. For the second assertion, 
suppose that a = a' (mod /?). Then 

1 == aa' = a 2 (mod p), 

and from Lemma 2 we know that this is possible only if a = 1 or a = 
/? - 1 . 


As an illustration of this result, let us take p = 13. We have 


a 

a' 

aa' 


1 2 3 4 5 6 7 8 9 10 11 12 

1 7 9 10 8 11 2 5 3 4 6 12 

1 14 27 40 40 66 14 40 27 40 66 144 


The set of numbers in the second line is a permutation of the set of numbers 
in the first, aa' = 1 (mod 13) in every case, and a = a' (mod 13) only when 
a — 1 or 12. 
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proof of Wilson’s theorem. Note that (2 — 1)! s — 1 (mod 2). Thus 
the theorem is true if p = 2, and for the rest of the proof we can assume 
that p is an odd prime. From Lemma 3, we know that we can separate the 
numbers 


2, 3,...,/? — 2 

into (p — 3)/2 pairs such that each pair consists of an integer a and its 
associated a\ which is different from a. For example, for p — 13 the pairs 
are 


(2, 7), (3, 9), (4, 10), (5, 8), (6,11). 

Exercise 3. What are the pairs when p = 11? 

The product of the two integers in each pair is congruent to 1 (mod p), 
so it follows that 

2-3 • • * (p - 2) = 1 (modp). 

Hence 

(p - 1)! = 1-2-3 • • • (p — 2)(p — 1) = 1-1-0? - 1)= — 1 (modp), 

and we have proved half of the theorem. It remains to prove the other half 
and show that if 

(3) (n - 1)! = -1 (mod n), 

then n is a prime. Suppose that n = ab for some integers a and b, with 
a n. From (3), we have 

n\(n - 1)! + 1, 

and since a\n 9 we have 

(4) a\(n - 1)! + 1. 

But since a <n — 1, it follows that one of the factors of (n — 1)! is a 
itself. Thus 

(5) a\(n - 1)!. 

But (4) and (5) imply that a\l. Hence the only positive divisors of n are 1 
and n, and thus n is a prime. 

Exercise 4. Verify that (/? — 1)! = — 1 (modp) for p = 3, 5, and 7. 
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Problems 

1. What is the remainder when 314 159 is divided by 7? i , 

2. What is the remainder when 314 162 is divided by 163? - X ' 

3. What is the last digit of 7 355 ? 

4. What are the last two digits of 7 355 ? 

5. Show that 

( P ~~ 1 )(P — 2) - (p — r) = (—l) r r! (mod p), 
for r = 1, 2, - 1. 

6. Note that 

6! = — 1 (mod 7), 

5!1! == 1 (mod 7), 

4!2! = — 1 (mod 7), 

3 !3! = 1 (mod 7). 

Try the same sort of calculation (mod 11). 

7. Guess a theorem from the data of Problem 6, and prove it. 

8. (a) Calculate (n - 1)! (mod n) for n = 4, 6, 8, 9, and 10. 

(b) Guess and prove a theorem. 

9. Show that 

2(p - 3)! + 1 = 0 (mod/?) 
if pis an odd prime greater than 5. 

10. (a) Prove that if r\ = (-l) r (mod p), then 

(p — r — 1)! = —1 (mod />). 

(b) Find an example of such a p and r. 

11. (a) Show that 

(& + l) p — k p = 1 (mod /?), 

for k = 0 , 1, . . .. 

(b) Derive Fermat’s Theorem from this. 

12. In 1732 Euler said, “I derived [certain] results from the elegant theorem, 
of whose truth I am certain, although I have no proof: a n - b n is divisible 
by the prime n + 1 if neither a nor b is.” Prove this theorem, using Fermat’s 
Theorem. 

13. Suppose that p is an odd prime. 

(a) Show that 

1p-i + 2 *-i +••.+(/,- l)p~i ss -l ( m od p). 

(b) Show that 

1* + 2* + • • • + (p - l)p = o (mod /?). 
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(c) Prove that if 2 m ^ 1 (mod p), then 

1« + 2 m + • • • + (p — l) w == 0 (mod p). 

14. Leo Moser has proved—in Scripta Mathematical vol. 22 (1956), p. 288—a 
theorem from which Fermat’s Theorem and part of Wilson s Theorem can 
be deduced: if p is prime, then 

a p (p - 1)! = a(P ~ 0 (mod p) 
for all a. Show that this implies Fermat’s Theorem and that 
(p - l)t = -1 (mod p). 

15. Show that the converse of Fermat’s Theorem is false by calculating 2 340 
(mod 341) and noting that 341 = 11*31. 

16. A composite n such that n | (2 n — 2) is called a pseudoprime. There are 
infinitely many, and the smallest two are 341 and 561. Verify that 561 is a 
pseudoprime. 

17. A composite n such that n | ( a n — a) for all a is called an absolute pseudoprime. 
The smallest absolute pseudoprime is 561. Show that 341 is not an absolute 
pseudoprime by verifying that 341 | (11 341 — 11). 

18. Show that for any two different primes p , q , 

(a) pq | (a*+ q - a p+1 - a q+1 + a 2 ) for all a. 

(b) pq | ( a pq — a p — a q + a) for all a. 

19. Show that if p is an odd prime, then 2 p \ (2 2p ~ l - 2). 

20. If p is an odd prime and (a,/?) = 1, then what values can a (p 1)12 assume, 
modulo /?? 

21. For what n is it true that 

p | (1 + n + a 2 + • • • + n p ~ 2 )2 

22. Show that every odd prime except 5 divides some number of the form 
111 ... 11 (k digits, all ones). 

23. If p is an odd prime, and if (a, p) = 1, n \ p — 1, and a = c n (mod /?), prove 
that 

p | (a (p ~ l)ln - 1). 
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The Divisors of 
an Integer 


It would be natural now to continue studying congruences by taking up 
quadratic congruences, but partly for the sake of variety, we will take up a 
different subject and return to congruences later. 

Let n be a positive integer. Let d(n) denote the number of positive divisors 
of n (including 1 and «), and let u(n) denote their sum. That is, 

d(n) = ^2 1 and <r(n) - ^ d. 

d\n d| n 

(This notation may be unfamiliar. If so, now is the time to look at Appendix 
B, p. 196.) These functions occur frequently, and in this section we will 
derive some of their properties. In the next section we will use them to study 
perfect numbers, a subject that engaged the ancient Greek mathematicians 
and has received constant attention ever since. 

Exercise 1. Verify that the following table is correct as far as it goes, and 

complete it. 

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
d(n ) 122324243 4 

If/ 7 i s a prime, then d(p) = 2, because the only positive divisors of p are 1 
and p. Since p 2 has divisors 1, p, and p 2 , then d(p 2 ) = 3. 

Exercise 2. What is dip 3 )? Generalize to d(p"), n = 4, 5. 

Up q, then pq has divisors 1 ,p,q, and pq, so d(pq) = 4. (In this section, 
as elsewhere, p and q will stand for primes.) Similarly, the divisors of p 2 q are 
L P> P 2 , q, pq, and p 2 q, so d(p 2 q) = 6. 
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Exercise 3. What is d(p 3 q)l What is d(p n q) for any positive w? 

After Exercises 2 and 3, you may have guessed 

THEOREM 1. If p\ l pt ■■■ Pk is the prime-power decomposition of n (recall 
that this means that , > 1 for all i and pi Pi if i ^ j), then 

d(n) = (e x + l)(e 2 + l)(e 3 + 1) • • • (e k + 1). 

Expressed in the more compact product notation, we could write 

k 

if n = II pV, then d(n) = ]J (<?< + 1) 

i =1 1 

or even 

if n = U p ap , then d(n) = JJ (a p + 1). 

p\n v\ n 

proof. Let D denote the set of numbers 
(1) P ! ip f i * * • pt 0 <fi<e { . 

We claim that D is exactly the set of divisors of n. First, we note that every 
number in the set is a divisor of n 9 because we can find for each number in 
(1) an integer whose product with the number is n \ namely, 

p e r h p e r h • • * p e r fk - 

Second, suppose that d is a divisor of n. If p\d , then p\n 9 so each prime in 
the prime-power decomposition of d must appear in the prime-power 
decomposition of n. Thus 

d = p f iP2 • • * Pk, 

where some (or all) of the exponents may be zero. Moreover, no exponent 
fi is larger than e { . (If it were, we would have a situation in which p£\d and 
d\n, which implies pi\n. This is impossible if fi > £;.) Thus every divisor of 
n is a member of the set D. Thus D is identical with the set of divisors of n. 

Each fi in (1) may take on e* + 1 values. Thus there are 

(ci + l)(e 2 + l)(e 3 + 1) • • • (e k + 1) 

numbers in Z>, and because of the unique factorization theorem, they are all 
different. This proves the theorem. 

Exercise 4. Calculate d( 240). 

Now we will get a formula for <r(n). 
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Exercise 5. Verify that the following table is correct as far as it goes, and 

complete it. 

» 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

cr(n) 1 3 4 7 6 12 8 15 

As with d(n), some special cases are easy. For example, a(p) = p + 1 for 

all primes p. Furthermore, the divisors of p 2 are 1, p, and p\ so a(p 2 ) = 
l+p+p 2 = (p°- l)/(p- 1). 

Exercise 6. What is <r(p 3 )? <x(pq), where p and q are different primes? 

Exercise 7. Show that <r(2 n ) = 2" +1 — 1. 

Exercise 8. What is a(p n ), n = 1,2,...? 

Let us calculate a(p e q f ), where p and q are different primes, and see if it 
suggests a general result. The divisors of p'q f are 


1 


p 2 

p e , 

9 

pq 

p 2 q 

p e q. 

9 2 

pq 2 

pY 

p e q\ 

9^ 

pq f 

pV 

peq/. 


If we add across each row, we get 

a(pY) = (1 + p + • • • + p e ) + q(l + p + ■■■ +p e ) 
+ q 2 (i + P + ■ ■ ■ + p e ) + ■ ■ ■ 

+ q f 0 + P+ ■■■ +p e ) 

= (1 + 9 + • • • + 90(1 + p + ■ ■ ■ + p e ). 

Or, summing the geometric series. 


Together with 


a(p e q f ) = 


pe+l _ 1 q /+1 _ 1 

P - 1 9 - 1 


this might suggest 


<r(pO 


pe+i _ i 

P-1 ’ 


theorem 2. If the prime-power decomposition of n is pi'pg • • • p'f then 


( 2 ) 


a(n) = 


pl - +1 - 1 
Pi - 1 


/>2 +1 - 1 
Pi — 1 


pl t+1 -1 

Pk — 1 


proof. We want to show that the sum of the divisors of n is 


(3) (!+/>!+•••+ Pi)(\ +/>!+•••+ p%) •••(!+/>*+■••+ p e k). 
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for (3) is the same as the right-hand side of (2). Each term in the sum (3), 
after the parentheses have been removed by repeated multiplication, is a 
product of k factors: one from the first parenthesis, one from the second, 
and so on. Thus each term has the form 

p\Pz * Pk 

with 0 <fi < e„ i = 1, 2,. ., k. But these are exactly the divisors of n. 


Exercise 9. Calculate <j(240). 

Both d and a are members of an important class of number-theoretic 
functions: the multiplicative functions. We will now define this term, verify 
that d and a are multiplicative functions, and explain why the idea is im¬ 
portant. A function /, defined for the positive integers, is said to be multipli¬ 
cative if and only if 

(m, n) = 1 implies f(mn) = f(m)f(n). 

A simple example of a multiplicative function is given by f(n ) = n. Another 
is/(«) = n\ 

theorem 3. d is multiplicative . 

proof. Let m and n be relatively prime. Then, no prime that divides m 
can divide n , and vice versa. Thus if 

m = pTpS • • • pt and n — ql'qi 2 * • * qf 

are the prime-power decompositions of m and n 9 then no q is a p and no p 
is a q, and the prime-power decomposition of mn is given by 

mn = pi'pt? • • • pl k q f iq 2 • * ‘ ql T - 
Applying Theorem 1, we have 

d(mn) = ((ei + 1)(^2 + 1) • * * iPk + l))((/i + IX /2 + 1 )•••(/*■+ 1)) 

= d(m)d(n ), 

and this proves the theorem. 


theorem 4. a is multiplicative . 

PROOF. The idea is exactly the same as in Theorem 3. With m and n 
relatively prime, as in that theorem, we apply Theorem 2 to get 


n ei + l _ 1 

o(mn) = P - -j- 

Pi ~ l 

= a(m)a(ri). 


n ei + i 

Pk 


1 


q'i +1 


1 


q ! ; 


+1 


1 


d k - 1 $1 - 1 


0r - 1 
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The reason multiplicative functions are important is this: if we know the 
value of a multiplicative function/for all prime-powers, then we can find the 
value of/for all positive integers. To see this, we note 

theorem 5. If f is a multiplicative function and the prime-power de¬ 
composition of n is pi‘p e 2 ■ ■ ■ pl k , then 

An) =/(/>?)/(/>?) • ■■ Apt). 

proof. The proof is by induction on k. The theorem is trivially true for 
k = \. Suppose it is true for k — r. Because 

(P 1 P 2 • • • p e r',p e rTi) = 1 , 

we have, from the definition of a multiplicative function 

ACPtpt ■ ■ ■ p e r’)Pr+\) =Ap\'p% • ■ ■ pV)A P n\). 

From the induction assumption, the first factor is 

Apl'p? ■ ■ ■ P e r) = Apt)f(pS) • • • f(pVh 
and this, together with the preceding equation, completes the induction. 

For an example, suppose that f(p') = cp‘ 1 for all primes p and all e, 
e > 1 . The first few values of f are 

n 2 3 4 5 6 7 8 9 10 11 12 , 

An) 1 1 4 1 1 1 12 6 1 1 4 , 

/(3141) = /(3 2 -349) =/(3 2 )/(349) = 6-1 = 6 , 

and we can calculate/(n) for any n in a similar manner. 

Exercise 10. Compute/(«) for n = 13, 14, . . ., 24. 

We will apply Theorem 5 of this section in Section 9 to get a formula for an 
important number-theoretic function, Euler’s ^-function. 


Problems 

1 . Calculate (a) d{ 42 ), (b) d{ 420 ), (c) 44200 ). 

2 . Calculate (a) 442), (b) 4420), (c) 44200). 

3. Use Table C (p. 218) to calculate (a) 410,001), (b) 410,008), (c) 4100,001). 

4. Use Table C to calculate (a) 410,001), (b) 410,008), (c) 4100,001). 
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5. Descartes noted, in 1638, that 

<r(p n ) - P n 


p n — 1 


P-1 


for n — 1,2,.... Verify that this is so. 

6. Cardano was the first to mention d(n) when, in 1537, he said that iipup^ . . ., 
p k are distinct primes, then 

d( Pl p 2 • • • p k ) - 1 = 1 4- 2 + 2 2 + • • • + 2 k ~ l . 


Verify that this is so. 

7. Show that a(ri) is odd if n is a power of two. 

8. (a) Prove that if/(«) is multiplicative, then so is f(ri)/n. 

(b) Disprove that if f(n) is multiplicative, then so is f(n) - n. 

9. What is the smallest integer n such that d(n) = 8? Such that d(n) = 10? 

10. Does d(n) = k have a solution n for each kl 

11 . In 1644 Mersenne asked for a number with 60 divisors. Find one smaller 
than 10,000. 

12. Find infinitely many n such that d(n) = 60. 

13. Show that 

^2 1 /d = <r(ri)/n. 

d\n 

14. If p is an odd prime, for which & is 1 + p + ••• + P k odd? 

15. For which n is <r(n) odd? 

16. If n is a square, show that d{n) is odd. 

17. If d(n) is odd, show that n is a square. 

18. Find all 17 solutions of 


in integers (positive or negative). 

19. How many solutions does 

i + ui 

have for a given positive integer N1 

20. Prove Theorem 2 by induction on k. 

21. Find infinitely many n such that <r(n) < <r(/i - 1). 

22. If N is odd, how many solutions does x 2 — y 2 = N have? 

23. If N is odd, show that x 2 - y 2 = 2N has no solutions. 

24. Develop a formula for a-M, the sum of the squares of the positive divisors 
of n . 



The Divisors of an Integer 


55 


25. Guess a formula for 


where A: is a positive integer. 


0*(«) = X dk ’ 

d\n 


26. Show that the product of the positive divisors of n is n dMI2 . 



SECTION 


Perfect Numbers 


A number is called perfect if and only if it is equal to the sum of its positive 
divisors, excluding itself. For example, 6 is perfect, because 6 = 1+2 + 3. 
So is 28 perfect, because 28 = 1+2 + 4 + 7 + 14. But 18 is not perfect, 
because the sum of its positive divisors, excluding itself, is 1 + 2 + 3 + 
6 + 9 = 21. We study perfect numbers because, for mystical reasons, such 
numbers have been given a lot of attention in the past; because they provide 
practice with the <r-function; and most important, because Euler proved a 
satisfying theorem that allows us to determine all even perfect numbers. 
Long before Euler, Euclid found some perfect numbers; we will follow in his 
footsteps. 

In symbols, the sum of the positive divisors of n , excluding itself, is 
a(n) — n. Hence a number is perfect if and only if afn) = 2n. To find solutions 
to this equation, we will need to use a result proved in Section 7—namely, 
that o- is a multiplicative function, or 

(1) if (m, n) = 1, then o(mri) = a(m)<r(ri). 

With its aid, we can prove 

theorem 1 (Euclid). If 2 P — 1 is prime, then 2 P ~ 1 (2 P — 1) is perfect. 

proof. Let n = 2 P ~ 1 (2 P — 1). Because 2^ — 1 is prime, we know that 
<r( 2 p - 1) = 2*. Then, noting that 2 p ~ l and 2 P - 1 are relatively prime 
and applying (1), we have 

a(n) - a(2 p ~ 1 (2 p - 1)) - a(2^ 1 M2 p - 1) = (2 P - l)-2* = 2 n. 


Thus n is perfect. 



Perfect Numbers 


57 


As you may already have found, if you solved Problem 13, Section 2, 
2” — 1 is composite if n is composite (because if n = ab , then 

2 n 1 = 2 ah — 1 = (2 a — lX2 a(W) + 2 a(fr-2) + • • • + 1)). 

Thus 2 n — 1 can be prime only if n is prime. In a search for perfect numbers 
of the form 2 n-1 (2 n — 1), we thus have only to consider prime values of n . 
And every time we find a prime p such that 2^ — 1 is prime, we can construct 
a perfect number. The first few values of 2 P — 1 are 

P 2 3 5 7 11 13 

2 P — \ 3 7 31 127 2047 8191 

and all of these except 2047 = 23 -89 are prime. Thus we have five perfect 
numbers: 

2 ( 2 2 - 1 ) = 6 , 

2 2 (2 3 - 1) = 28, 

2\2 b - 1) = 496, 

2 6 (2 7 - 1) = 8128, 

2 12 (2 13 - 1) = 33550336. 

An example of a larger perfect number is 

191561942608236107294793378084303638130993721548169216. 

Now we will show that the numbers 2 p ~ 1 (2 p — 1) with p and 2 P — 1 prime 
are the only even perfect numbers. 

theorem 2 (Euler). If n is an even perfect number, then 

n = 2 p ~ 1 (2 p — 1) 

for some prime p, and 2 P — 1 is also prime. 

proof. If n is an even perfect number, then n = 2 e m, where m is odd 
and e > 1. Since c r(m) > m, we can write a(m) = m + s, with s > 0. 
Then 2 n = a(n) becomes 

2 €+1 m = (2 e+1 — IXm + s) = 2 e+1 m — m + (2 e+1 — l)^. 

Thus 

m = (2*+ l - 1 )s, 

which says that 5 is a divisor of m and s < m. But <r(m) = m + s; thus s is 
the sum of all the divisors of m that are less than m. That is, s is the sum 
of a group of numbers that includes s. This is possible only if the group 
consists of one number alone. Therefore, the set of divisors of m smaller 



58 


SECTION 8 


than m must contain only one element, and that element must be 1. That 
is, s = 1, and hence m = 2 e+1 — 1 is a prime. 

We repeat the argument, because it is slippery. Let the divisors of m be 

1, d 2 , d z , . . ., d k , m. 

Then <r(m) = m + s, or 

s — 1 + d 2 + dz + * • • + dk- 

But s is a divisor of m and s < m, so s equals one of 1, d 2 , . . ., d k . The 
only way that can be possible is if s = 1. 

We have shown that 5=1. Thus <j(m) = m + 5 = m + 1. This says 
that m is prime. From (2), m = 2 e+1 - 1. The only numbers of this form 
that can be prime are those with e + 1 prime. Hence m = 2 P — 1 for some 
prime p, and this completes the proof. 

Thus the even perfect numbers determined in Theorem 1 are the only 
even perfect numbers. As for odd perfect numbers, no one knows if there are 
any, and no one has proved that none can exist. It is known that if there is 
an odd perfect number, then it is quite large: in 1967 it was announced that it 
must be greater than 

1 , 000 ,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooa 

and there are many other conditions that odd perfect numbers must satisfy. 
But no combination of conditions has so far served to show that there are no 
odd perfect numbers: it may be that there is one, but so huge that it is out of 
the range of human computation. 

The problem of finding even perfect numbers is, after Theorem 2, the same 
as the problem of determining primes p such that 2 P — 1 is also prime. Primes 
of the form 2 p — 1 are called Mersenne primes. In the seventeenth century, 
Mersenne claimed that 2 V — 1 was prime for 

/>= 2, 3, 5,7,13, 17,31,67, 127, 257, 

and for no other primes less than 257. His guess was not accurate: he erred 
in including 67 and 257, for 

2 67 — 1 = 193707721-761838257287, 

and 2 257 — 1 is also composite. He further erred in excluding 19, 61, 89, and 
107. But don’t think harshly of Mersenne: in the seventeenth century, there 
were no mathematical journals to announce new discoveries; instead, almost 
everyone wrote to Mersenne, and Mersenne wrote to almost everyone else, 
enclosing the latest mathematical news. He thus spread the results of Fermat, 
for one, and sped the development of mathematics; it is fitting that he have 
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a set of primes named after him. The complete list of currently known primes 
p such that 2 P — 1 is prime is 

2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127, 521, 607, 1279, 

2203, 2281, 3217, 4253, 4423, 9689, 9941, 11213, 

and to each of these there corresponds an even perfect number: 23 in all. The 
first twelve were discovered before the invention of high-speed computers; 
the later ones are so enormous as to be beyond the reach of hand computa¬ 
tion. The search for Mersenne primes has gone on (the last few were discovered 
very recently) in the hope of seeing some sort of pattern in the primes p, so 
that theorems could be guessed and maybe proved. Some conjectures have 
been advanced, but without any indication as to how to go about proving 
them, and in fact, no important theorems have been proved. It is not even 
known if there are infinitely many such primes. 

To close the section, we will mention another kind of number that used 
to excite some people: amicable numbers. Consider 220 and 284. Since 
220 = 2 2 - 5 -11, it follows that 

*(220) - 220 = *(2 2 )*(5)*(11) - 220 = 7-6-12 - 220 
= 504 - 220 = 284. 

And since 284 = 2 2 - 71, we have 

*(284) - 284 = *(2 2 )*(71) - 284 = 7-72 - 284 
= 504 - 284 = 220. 

So, in some sense, 220 and 284 go together. In general, we say that m and n 
are amicable (or are an amicable pair) if and only if 

<r(m) — m = n and *(«) — n = m. 

Equivalently, we could say that m and n are amicable if and only if 

*(m) = *(n) = m + n. 

Exercise 1. Verify that 1184 and 1210 are amicable. 

It used to be thought by some that if one person carried a talisman of some 
sort containing the number 220, and another person had one with 284, they 
would be favorably disposed to each other. Numbers undeniably have 
power: it might be worth a try today. Amicable numbers attracted the atten¬ 
tion of respectable mathematicians as late as the early twentieth century 
(the amicable pair in Exercise 1 was first discovered as late as 1866); Euler 
found many such pairs, and long lists of them exist. (Besides those already 
mentioned, the amicable pairs less than 10,000 are 2620, 2924 ; 5020, 5564; 
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and 6232, 6368.) But there are no general theorems on amicable numbers as 
beautiful as Euclid’s and Euler’s theorems on perfect numbers, and amicable 
numbers are not taken very seriously today. We will leave them—and other 
numbers of similar type—to the problems that follow. 


Problems 

1. Verify that 17296 = 2 4 -23*47 and 18416 = 2 4 -1151 are amicable. (This pair, 
discovered by Fermat, was the first to be found after 220, 284, which was 
known to the Greeks.) 

2. It was long thought that even perfect numbers end alternately in 6 and 8. 
Show that this is wrong by verifying that 

212(213 _ i) == 2 16 (2 17 - 1) ss 6 (mod 10). 

3. In 1575, it was observed that every even perfect number is a triangular 
number. Show that this is so. 

4. In 1652, it was observed that 

6 = 1 + 2 + 3, 

28 = 1 + 2 + 3 + 4 + 5 + 64- 7, 

496 = 1+2 + 3+ ••• +31. 

Can this go on? 

5. Show that if m and n are amicable, then 

J2 d = J2 d = m + n - 

d\m d\n 

6. Show that if m and n are amicable, then 



7. Let 

P = 3-2*-1, 
q = 3 • 2 e-1 - 1, 
r = 32 . 2 2 * -1 - 1 , 

where e is a positive integer. If p , q , and r are all prime, show that 2 e pq and 
2 e r are amicable, (e = 2, 4, and 7 give amicable pairs, but for no other 
e < 200 are p , q 9 and r all prime.) 

8. Show that no prime can be one of an amicable pair. 

9. If p e is one of an amicable pair, show that 

«</>•>-*(f£r) 

10. (a) Show that <r(l + p) < 1 + p + p 2 . 

(b) Use this to show that p 2 can never be one of an amicable pair. 
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11. If a(n ) = kn , then n is called a k-perfect number. Verify that 672 is 3-perfect 
and 2,178,540 = 2 2 - 3 2 -5 *7 2 • 13 -19 is 4-perfect. 

12. Let $(«) = a(n) — 2n. If s(n) = 0, then n is perfect. If .y(/f) > 0, we say that n 
is abundant. If s(n) < 0, we say that n is deficient. 

(a) Verify that 12 and 24 are abundant and that 8 and 14 are deficient. 

(b) Classify the positive integers less than or equal to 20 as abundant, 
deficient, or perfect. 

(c) It was long thought that every abundant number was even. Show that 
945 is abundant. 

(d) Show that n(n + 1) is abundant for n = 3, 4, 5, 6, 7, 8, 9, but deficient 
for n = 10. 

(e) If/? > 3 and 2p + 1 are prime, show that 2p(2p + 1) is deficient: in fact, 
s(2p(2p + 1)) — — 2/? 2 + Sp + 6. 

(f) Show that pq (pq ^ 6) is deficient. 

(g) Let n = 2*(2* +1 — 1). If 2 k+1 — 1 is composite, show that n is abundant. 

(h) If n = 2 k (2 k+1 - 1) is perfect, d | n y and 1 < d < n, show that d is 
deficient. 

(i) If n = 2*(2 fc+1 - 1) is perfect and p < 2 k+1 — 1 is prime, show that 2 k p 
is abundant. 

13. Show that p e (p a prime, greater than 2 and e > 1) is deficient. 

14. If a has order e modulo p and a ^ 1, show that all even perfect numbers 
end in 6 or 8. 

15. If n is an even perfect number and n > 6, show that n s= 1 (mod 9). 

16. Show that if p is odd, then 

2o~ l (2” - 1) = 1 + 9 (mod 81). 

^For the notation see Appendix B, p. 196.^ 

17. Euler showed that any odd perfect number must be of the form 

p4a + i Q 2 i 

p an odd prime, a and Q integers. Fill in any missing details in this sketch 
of his proof: 

Let n = PiPz • • • P k be the decomposition of n into powers of distinct odd 
primes. Let Q { = cr(/\), / = 1, 2, If a(n) = 2n, then 

2PiP 2 • • • P k = Q 1 Q 2 • • • Q k . 

Thus, one of Q h Q 2 , . . . , Q k —say Qi —is double an odd number, and the 
remaining ones are odd. Thus P 2i Pz, . . . P k are even powers of primes. 
Also, Pi = p** +1 for some prime p and integer a. 

18. Here is Euler’s original proof of Theorem 2. Fill in any missing details 

Let n = 2 k m be perfect, m odd. The sum, (2* +1 — 1 )a(m), of the divisors 
of n must equal 2 n. Thus 

m/a(m) = ( 2 k+l — l)/2* +1 , 

a fraction in lowest terms. Hence m = (2* +1 — 1 )c for some integer c. If 
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c = 1, then m = 2 k+1 — 1 must be prime, because <r(m) = 2* +1 . If c > 1, 
then <r(m) > m + (2* +1 — 1) + c + 1. Thus 

<r(m) ^ 2 k+i (c + 1 ) ^ 
m ~ m 2* +1 - I’ 

a contradiction. 



SECTION 


Euler’s Theorem 
and Function 


Fermat’s Theorem states that 

if (a, p) — 1, then aP~ l = 1 (mod p). 

It is natural to ask if there is a generalization of this to composite moduli: 
Given any integer m, is there a number /(m) such that a f(m) = 1 (mod m)? 

note that this cannot hold unless ( a , m) = 1, for if a and m have a com¬ 
mon divisor greater than 1, then m | (a k — 1) is impossible for any k > 0. 
Let us look at tables of powers of a (mod m), where a and m are relatively 
prime, for m = 6, 9, and 10: 

m — 6 m = 9 m = 10 


a 

a 2 

a a 2 

a 3 a 4 

a 5 

a 6 

a 

a 2 

a 3 

a 4 

1 

1 

1 1 

1 1 

1 

1 

1 

1 

1 

1 

5 

1 

2 4 

8 7 

5 

1 

3 

9 

7 

1 



4 7 

1 4 

7 

1 

7 

9 

3 

1 



5 7 

8 4 

2 

1 

9 

1 

9 

1 



7 4 

1 7 

4 

1 







8 1 

8 1 

8 

1 





Evidently, 












a 2 =5 1 (mod 6) 

if 


(a, 6) = 

1, 





a 6 2 s 1 (mod 9) 

if 


(a, 9) = 

1, 





a 4 = 1 (mod 10) 

if 


(a, 10) = 

1, 




so the number f(m) exists for m = 6, 9, and 10. 


Exercise 1. Show that a 6 ss 1 (mod 14) for all a relatively prime to 14. 
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If your eye is very sharp indeed, you might have noticed that f (6) = 2 and 
that there are two positive integers less than 6 and relatively prime to 6; 
/(9) = 6, and there are six positive integers less than 9 and relatively prime to 
it;/(10) = 4, and there are four positive integers less than 10 and relatively 
prime to it; and a similar statement holds for 14. So, you might guess (and if 
you worked more examples, you would almost certainly guess) 

theorem 1. Suppose that m > 2 and (a, m) = 1. If 0(m) denotes the 
number of positive integers less than m and relatively prime to it , then 

aHm) == i (mod m y 

Note that this guess is correct in the special case when m = p, a prime. 
Every positive integer less than p is relatively prime to it, so <£(/?) = p — 1, 
and we know that a*- 1 s 1 (mod p) when ( a , p) — 1. 

In this section we will prove Theorem 1, and we will develop a formula for 
calculating <t>(n) from the prime-power decomposition of n. Theorem 1 was 
first proved by Euler, and <j> is called Euler's <j>-function. 

The idea used to prove Fermat’s Theorem is that 

if ( a , p) = 1, then the least residues (mod p) of 
a, 2a, . . ., (p — 1 )a are a permutation of 
1,2, 1. 

This is also the key to Euler’s generalization: 

lemma 1. If(a 9 m)= 1 and r u r 2 , ..., r^ m) are the positive integers less 
than m and relatively prime to m, then the least residues (mod m) of 

(1) ar u ar 2 , . . ., ar Hm ) 

are a permutation of 

I'll *2, • • • j 

Exercise 2. Verify that Lemma 1 is true if m = 10 and a = 3. 

proof of lemma 1. Since there are exactly </>(m) numbers in the set (1), 
to prove that their least residues are a permutation of the <j>(m) numbers 
n, r 2i , r 0(TO) we have to show that they are all different and that they are 
all relatively prime to m. To show that they are all different, suppose that 

ar { = arj (mod m) 

for some i and j (1 < / < <K.m), 1 < j < <Km)). Since (a, m) = 1, we can 
cancel a from both sides of the congruence to get r { = r 3 (mod m). Since 
ri and r 3 are least residues (mod m), it follows that r { = r 3 . Hence, ^ r 3 
implies art ^ ar 3 (mod m ), and so the numbers in (1) are all different. 
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To prove that all the numbers in (1) are relatively prime to m, suppose 
that p is a prime common divisor of and m for some /, 1 < i < 0(m). 
Since p is prime, either p | a or p | r t . Thus either p is a common divisor of 
a and m or of r { and m. But (a, m) = ( r i9 m) = 1, so both cases are impos¬ 
sible. Hence (ar i9 m) = 1 for each i, i = 1, 2, , 0(m). 

The proof of Euler’s Theorem proceeds similarly to the proof of Fermat’s 
Theorem: 

proof of theorem 1. From Lemma 1 we know that 


r%r 2 • ■ • r* (m) = (ar^ari) • • • (ar Hm) ) 

= • • • r Hm) ) (mod m). 

Since each of r u r 2 , . . ., ^ (m) is relatively prime to m, it follows that their 
product is also; thus that factor may be cancelled in the last congruence, 
and we get 

1 = a* (m) (mod m). 

The rest of the section will be mainly devoted to the properties of <f>\ our 
goal is to find a way of calculating <j)(n) by some method other than actually 
counting all the positive integers less than n and relatively prime to it. 

Exercise 3. Verify that the entries in the following table are correct. 

n 23456789 10 
<Kn) 1 2 2 4 2 6 4 6 4 

In order that <£(«) exist for all positive integers n, we define 0(1) to be 1. 
With this definition, Theorem 1 is true for all positive integers m. 

Exercise 4. Verify that 3 0{8) = 1 (mod 8). 

Exercise 5. Which positive integers are less than 4 and relatively prime to it? 
What is the answer if 4 is replaced by 8? By 16? Can you induce a formula for 
<K2 n ), * = 1,2,...? 

In general, it is not hard to see what 0(/? n ) is, where p is a prime and n is 
a positive integer. 

lemma 2. 00?”) = p n ~~\p — 1) for all positive integers n. 

proof. The positive integers less than or equal to p n which are not 
relatively prime to p n are exactly the multiples of p: 

I p, 2 p, 3 , ( p n ~ l )p , 
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and there are p n ~ l of them. Since there are in all p n positive integers less 
than or equal to p n , we have 

4>(p n ) — p n — p n ~ l = p n ~ l (p — 1). 

Exercise 6. Verify that the formula is correct for p = n = 3. 

Thus we know </> for all prime-powers. If we knew that <t> was a multi¬ 
plicative function, then we could apply Theorem 5 of Section 7 to get a for¬ 
mula for <j>(n). That </> is in fact multiplicative we will now demonstrate in a 
theorem whose proof, in common with many other proofs in number theory, 
is neither long, technical, nor complicated; it is just hard. First we need an 
easy lemma: 

lemma 3. If (a, m) = 1 and a = b (mod m), then (b, m) = 1. 

proof. This follows from the fact that b = a + km for some k. 

corollary. If the least residues (mod m) of 
(2) r u r 2 , . . ., r m 

are a permutation of 0, 1, . . ., m — 1, then (2) contains exactly <£(m) 
elements relatively prime to m. 

We can now prove 

theorem 2. 4> is multiplicative . 

proof. Write the numbers from 1 to mn as follows: 

1 m+1 2m+1 ... (n — 1 )m + 1 

2 m + 2 2m+ 2 ... (n — l)m + 2 

m 2m 3m ... mn 

Suppose that (m, r) = d and d > 1. Then we claim that no element in the 
rth row of the array: 

r m + r 2m + r ... km + r ... (n— l)m + r 

is relatively prime to mn. This is so because if d \ m and d | r , then d \ mn 
and d \ (km + r) for any k. So, if we are looking for numbers that are rela¬ 
tively prime to mn, we will not find any except in those rows whose first 
element is relatively prime to m. 
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Exercise 7. How many such rows are there? 

For an example, let us take n = 5 and m = 6. Then the array is 


1 

7 

13 

19 

25 

2 

8 

14 

20 

26 

3 

9 

15 

21 

27 

4 

10 

16 

22 

28 

5 

11 

17 

23 

29 

6 

12 

18 

24 

30 


No element in the second, third, fourth, or sixth row is relatively prime to 
mn = 30, because the first element in each of those rows is not relatively 
prime to m = 6. All numbers relatively prime to 30 are found in the two 
remaining rows, 

1 7 13 19 25 
5 11 17 23 29 

Suppose we can show that there are exactly <j>(ri) numbers relatively 
prime to mn in each of the rows that have first elements relatively prime 
to m. Since there are <£(m) such rows, it will follow that the number of 
integers in the whole array that are relatively prime to mn is <£(«)<£(ra): 
that is, (n, m) = 1, and <j>(mn) = and the theorem will be proved. 

But the numbers in the /*th row (where r and m are relatively prime) are 

(3) r, m + r, 2m + r, . . ., (n — 1 )m + r 9 

and we claim that their least residues (mod n) are a permutation of 

(4) 0, 1, 2, . . ., (n - 1). 

To verify this claim, all we have to do is show that no two of the numbers 
in (3) are congruent (mod «), because (3) contains n elements, just as does 
(4). This is easy: suppose that 

km + r = jm + r (mod n), 

with 0 < k < n and 0< j < n. Then km = jm (mod «), and since (m, n) = 
1, we have k s= j (mod n). On account of the inequalities on k and y, it 
follows that k = y. Hence, if k ^ y, then km + r ^ jm + r (mod «), and 
no two elements of (3) are congruent (mod n). 

By the Corollary to Lemma 3, we have that (3) contains exactly 4>(n) 
elements relatively prime to n. But from Lemma 3, every element in the 
rth row of the array is relatively prime to m. It follows that the rth row of 
the array contains exactly </>(«) elements relatively prime to mn. As we 
noted before, this is enough to complete the proof. 
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In the example, the least residues (mod 5) of the numbers in the two rows 
that included all of the elements relatively prime to 30 are 

1 2 3 4 0 
0 12 3 4 

and each row contains <£(5) = 4 numbers relatively prime to 30. Thus 
8 = <£(30) = <£(6)0(5). 

We can now get a formula for 

theorem 3. If n has a prime-power decomposition given by 
n — Px p2 • pk , 

then 

<m = P r\pi - i)pr\ P 2 - i) * • • p e r l {p k - i). 

proof. Because 0 is multiplicative, Theorem 5 of Section 7 applies to 
give 

0(«) = <Kpi)<Kp2 2 ) • • ■ <Kp e k)- 

If we apply Lemma 2 to each term on the right, the theorem is proved. 

Exercise 8. Use Theorem 3 to calculate 0(72), 0(74), and 0(76). 

The formula of Theorem 3 can be written in another form, which is neater 
and sometimes useful: 

corollary. If n = pfpg • • • pl\ then 

The proof of this corollary is left to the reader. 

We conclude this section with a theorem we will need in the next section. 
Exercise 9. Calculate ^ 0(<7) 

d\n 

(a) For n = 12, 13, 14, 15, and 16. 

(b) For n = 2*, k > 1. 

(c) For n = [fi, k > 1 and p an odd prime. 

You should have guessed by now that the following theorem is true. 
THEOREM 4. If n > 1, then 

X) <Kd) = n. 

d\n 
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proof. It would be natural to try to apply the formula of Theorem 3 
to get this result. This would be difficult; instead we use a clever idea first 
thought of by Gauss. Consider the integers 1,2 We will put one 
of these integers in class C d if and only if its greatest common divisor with 
n is d. For example, if n — 12, we have 

Cl = {1,5,7,11}, C 2 ={2, 10}, 

C 3 ={3,9), C 4 ={ 4,8}, 

Ce={6}, C 12 = {12}. 

Exercise 10. What are the classes C d for n — 14? 

We have m in C d if and only if (m, n) = d\ that is, if and only if 
(m/d, n/d) = 1. Thus, from the definition of the Euler ^-function, the 
number of elements in class C d is <\j(n/d). 

Exercise 11. Check that this is correct for n = 12 and n = 14. 

♦ 

Since there is a class for each divisor of n, the total number of elements 
in all the classes C d is 

2 <fcn/d). 

d\n 

But this is just w, since each integer 1, 2, . . ., n is in exactly one class. 
Hence 

« = E = E 

d\n d\n 

and the theorem is proved. 


Problems 

1. Calculate <£(42), <£(420), and <£(4200). 

2. Calculate <£(10,001) and <£(100,001). 

3. Verify that a* = 1 (mod 15) if (a, 15) = 1. 

4. Which are the positive integers less than 18 and prime to it? Verify that 
Lemma 1 is true with m = 18 and a = 5. 

5. Perfect numbers satisfy a(n) — 2n . Which n satisfy <f>(n) = 2n? 

6. Show that if n is odd, then <K4fl) = 2<£(«). 

7. 1 + 2 = (3/2)</>(3), 1 + 3 - (4/2)<K4), 1 + 2 + 3 + 4 = (5/2)0(5), 

1 + 5 = (6/2)<£(6), 1+24-3 + 4 + 5 + 6 = (7/2)0(7), and 1 + 3 + 5 + 
7 = (8/2)<£(8). Guess a theorem. 
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8. Show that 

52 <r(p) - 52 <Kp) = d< J>- 

P<X p< X p<x 

9. Prove Lemma 3 by starting with the fact that there are integers r and s such 
that ar + ms — 1. 

10. If (a, m) = 1, show that any * such that 

x = (mod m) 

satisfies ax = c (mod m). 

11. (a) If p is an odd prime, how many elements in the sequence 

1*2, 2-3, 3-4, ...,/>(/?+ 1) 
are relatively prime to p ? 

(b) If p is an odd prime, how many elements in the sequence 

1 • 2, 2 • 3, 3 • 4, . . ., p%p 2 + 1) 

are relatively prime to pi 

(c) Any guesses for a general theorem ? 

12. Find four solutions of = 16. 

13. Let n = dm. Show that there are <t)(m) positive integers less than n whose 
greatest common divisor with n is d. 

14. Show that > <j>(m)<j>(n) if m and n have a common factor greater than 1. 

15. Let <j> (2) (n) = </>(</>(«)), 4> i3) (ri) = </>(</> (2> («)), and so on. Let e(n) denote the 
smallest integer such that 

4 >(e(«))(„) = 2. 

Calculate e(n) for 

(a) n = 3, 4, 5, 6, 7, 8, 9. 

(b) n = 2\k>2. 

(c) n = 3*, k > 1. 

(d) n = 2*3>, k > l,y > 1. 

16. Show that (w, n) = 2 implies ) = 2(j>(m)(j)(n). 

17. If (m, «) = />, how is 0(w«) related to ? 

18. Show that <£(«) = n/2 if and only if « = 2 k for some positive integer k. 

19. Show that <£(«) = n/2 if and only if n = 2*3' for some positive integers 
k and j. 

20. Show that if 6 | n, then <f>(ri) < n/2. 

21. Show that if n — 1 and n + 1 are both primes and n > 4, then <£(/i) < n/2. 

22. Suppose we know that 

<Knp) = P<£(«) if P I and 

<Knp) = (p - 1)<K«) if P I n. 

Deduce from these the formula for <£(«). 
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23. Calculate 

X)(-i r d m 

d\n 

for 

(a) n = 12, 13, 14, 15, 16. 

(b) n ~ p, p an odd prime. 

(c) n = 2\k>\. 

(d) n — p k , k > 1 and p an odd prime. 

(e) Guess a theorem. 

24. Find all « such that 4 j <£00- 

25. Show that </>(«) = 14 is impossible. 

26. Find a positive integer A:, k ^ 7, such that </>(«) — 2k is impossible. 

27. Prove the theorem of Problem 7. 

28. In a rectangular coordinate system, put a dot at the point ( n , /w) if and only 
if n and m are relatively prime. Consider one-by-one boxes. 

(a) Can any such box have all four corners dotted ? 

(b) Find a box with no corners dotted. 

(c) Let p be an odd prime. In the row of boxes 

(!,/>+!) (2,/>+l) (p-!,/>+!) (/>,/>+!) 


(!,/>) &/>) (/>-l,rf ( P , P ) 


how many have three corners dotted? 



SECTION 


Primitive Roots 
and Indices 


In Theorem 1 of the last section, we saw that if (a, m) = 1, then there is a 
positive integer t such that a 1 = 1 (mod m), namely t — <X m )- This can be 
proved independently of that theorem as follows. If ( a , m) = 1, then the 
least residues (mod m) of a , a 2 , a 3 , . . . are all relatively prime to m. There are 
<Km) least residues (mod m) that are relatively prime to m and infinitely many 
powers of cr. it follows that there are positive integers j and k such thaty ^ k 
and a* = a k (mod ni). Since ( a , m) = 1, the smaller power of a in the last 
congruence may be canceled, and we have either 

a i-k = i (mod ni) or a k ~ j = 1 (mod m). 

So, if (a, ni) = 1, then there is a positive integer t such that a 1 = 1 (mod m). 
In fact, there are infinitely many, since it follows from a 0(w) = 1 (mod ni) for 
(a, ni) — 1 that, for any positive integer k, 

a t+k<Km) == a f (a fc )* (w) = a 1 = 1 (mod ni). 

The smallest such positive integer will be called the order of a modulo m. For 
example, modulo 7 we have 

a a 2 a 3 a 4 a b a? 

111111 

2 4 1 2 4 1 

3 2 6 4 5 1 

4 2 1 4 2 1 

5 4 6 2 3 1 

6 16 16 1 
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so 3 and 5 have order six (mod 7), 2 and 4 have order three, 6 has order two, 
and 1 has order one. When this idea was introduced by Gauss, he called t the 
exponent to which a belongs (mod m). Gauss’s long phrase is more commonly 
used than our shorter one. 

Exercise 1. What are the orders of 3, 5, and 7, modulo 8? 

The order of an integer (mod m) cannot be just any number: as we now 
show, it must be a divisor of 4fm). 

lemma 1. If (a, m) = 1, a n = 1 (mod m) with n > 0, and a has order 
t (mod m), then 1 1 n. 

proof. Suppose that ( t , n) = d. Then we know that there are integers 
r and s such that rt + sn = d. Hence 

ad = a rt + 8n = (a^fa* 1 ) 8 . 

But by assumption, a n = a 1 = 1 (mod m ); it follows that a? = 1 (mod m). 
But t was assumed to be the smallest positive integer such that a 1 = 
1 (mod m). Hence t < d. But since (t, n) — d , then d is a divisor of /. and 
d < t. Thus d = t 9 and it follows that / is a divisor of n . The proof neglects 
the fact that one of r and s is negative. It can be repaired by defining a~ n 
(mod rri) for n > 0 by a n (a~ n ) = 1 (mod m). 

theorem 1. If (a, m) = 1 and a has order t (mod m\ then 1 1 4fm). 

proof. By Euler’s extension of Fermat’s Theorem (Theorem 1 of the 
last section), == 1 (mod m). The result then follows from Lemma 1 
on setting n = <£(m). 

Exercise 2. What order can an integer have (mod 9) ? Find an example of each. 
As an example of the application of this idea, we prove 

theorem 2. Ifp and q are odd primes and q\a v — 1, then either q\ a — 1 
or q = 2kp + 1 for some integer k. 

proof. Since q \ a*> — 1, we have a*> = 1 (mod q). So, by Lemma 1, the 
order of a (mod q) is a divisor of p. That is, a has order 1 or p. If the order 
of a is 1, then a 1 = 1 (mod q), so q \ a — 1. If on the other hand the order 
of a is p, then by Theorem l,p\ <Hq\ or p | q - 1. That is, q - 1 = rp for 
some integer r. Since p and q are odd, r must be even, and this completes 
the proof. 

corollary. Any divisor of 2 P - 1 is of the form 2kp + 1. 

Exercise 3. Using the corollary, what is the smallest prime divisor of 2 19 — 1 ? 
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If the order of a (mod m) is <p(m), then we will say that a is a primitive root 
of m. Primitive roots, and numbers that have them, are of special interest 
because of the following property: 

theorem 3. If g is a primitive root of m , then the least residues , modulo 
m, of 

g, g\ • • •, g* (m) 

are a permutation of the (ffm) positive integers less than m and relatively 
prime to it . 

For example, 2 is a primitive root of 9, and the powers 

2 , 2 2 , 2 3 , 2 4 , 2 5 , 2 6 

are, (mod 9), 

2, 4, 8, 7, 5,1. 

proof of theorem 3. Since (g, m) = 1, each power of g is relatively 
prime to m. Moreover, if 

gi = gk (mod m), 1 < j < 1 < k < <K m \ 

and if we assume that j > k (as we may do with no loss of generality), then 

gj-k i (mod m). 

But 0 < j — k < <£(m); because g is a primitive root of m, 
g* = 1 (mod m), 0 < r < <^>(m) 

is possible only for t = 0. Hence j — k = 0 andy = k. 

Exercise 4. Show that 3 is a primitive root of 7. 

Exercise 5. Find, by trial, a primitive root of 10. 


Not every integer has primitive roots—for example, 8 does not, as we saw 
in Exercise 1. We will now set out to show that each prime has a primitive 
root. The proof is not easy, requires a good deal of preparation (Lemmas 
2 to 4), and, because it is an existence proof, it does not show how to find 
the primitive root. For these reasons, you do not lose too much if you take 
the result on faith; be assured that it is true. 

If a has order d (mod p ), then ( a k ) d = 1 (mod p) for k — 1, 2,. . ., d. Some 
of the integers a 2 , a 3 , . . . , a d have order d, and some have smaller order. For 
example, a d has order 1. 

Exercise 6. The order of 3 (mod 10) is 4. Find the orders of 3 2 , 3 3 , and 

3 4 (mod 10). 
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The next lemma tells which powers of a have the same order as a. 

lemma 2. Suppose that a has order d {mod p). Then a k has order d {mod p) 
if and only if (fc, d) = 1. 

proof. Suppose that {k,d)~ 1, and denote the order of a k by t. We 
have 

1 = {c^y = {a k ) d (mod p), 

so from Lemma 1, 1 1 d. Because t is the order of a k , 

{a k y = a kt = 1 (mod p), 

so from Lemma 1 again, d \ kt. Since (/c, d) ~ 1, it follows that d \ t. This 
fact, together with the fact that t ( implies t = d. 

To prove the converse, suppose that a and a k have order d and that 
{k, d) = r. Then 

1 = a d = {a d ) k/r = {a k ) d/r (mod p); 

because d is the order of a k 9 Lemma 1 says that d j {d/r). This implies that 
r = 1. 

We now need a lemma about the solutions of polynomial congruences 
(mod p). Though it is an important theorem, we do not use it elsewhere. 

lemma 3. If f is a polynomial of degree n, then 

(1) f{x ) = 0 {mod p) 

has at most n solutions . 

proof. Let 


f{x) = a n x n + a n -. x x n ~ l + • • • + a 0 

have degree n \ that is, a n ^ 0 (mod p). We prove the lemma by induction. 
For n = 1, 

a\X + a 0 = 0 (mod p) 

has but one solution, since (<zi, p) = 1. Suppose that the lemma is true for 
polynomials of degree n — 1, and suppose that / has degree n. Either 
f{x) = 0 (mod p) has no solutions or it has at least one. In the first case, 
the lemma is true. In the second case, suppose that r is a solution. That is, 
/O') = 0 (mod p) 9 and r is a least residue (mod p). Then because x — r is a 
factor of x* - r l for t = 0, 1 , . . ., we have 

fix) =f{x) — f{r) 

= cin{x n - r n ) + a n ^{x n ~ l - r n ~ l ) + • • • + afx — r) 
s (x - r)g{x) (mod /?), 
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where g is a polynomial of degree n — 1. Suppose that s is also a solution 
of (1). Thus 

f(s) - 0 - r)g(s) = 0 (mod p). 

Because p is a prime it follows that 

s = r (mod p) or g(s) s 0 (mod p); 

from the induction assumption, the second congruence has at most n — 1 
solutions. Since the first congruence has just one solution, the proof is 
complete. 

Note that Lemma 3 is not true if the modulus is not a prime. For example, 
x 2 + x = 0 (mod 6) 

has solutions 0, 2, 3, and 5. 

lemma 4. If d\p — 1, then x 4 = 1 (modp) has exactly d solutions. 

proof. From Fermat’s Theorem, the congruence x*- 1 = 1 (mod p) has 
exactly p — 1 solutions, namely 1, 2, . . ., p — 1. Moreover, 

XP- 1 — 1 = (x^ — IXxp -1 -'* + XP- 1 - 2 ^ + * * • + 1) 

= (^ - 

From Lemma 3, we know that h(x) = 0 (mod p) has at most p — 1 — d 
solutions. Hence x d = 1 (mod p) has at least d solutions. Applying Lemma 
3 again, we see that it has exactly d solutions. 

We are at last prepared to prove 

theorem 4. Every prime p has </>(/? — 1) primitive roots. 

proof. Theorem 1 says that each of the integers 

(2) 1, 2,. . . ,p — 1 

has an order that is a divisor of p — 1. For each divisor d of p — 1, let 
\p(d) denote the number of integers in (2) that have order d. Restating what 
we have just said: 

E m = p-i- 

d\p-l 

From Theorem 4 of Section 9, we have 

(3) E Md) = E «*<*)• 

d\p—l d\p—l 

If we can show that \ftd) < <£(d) for each d 9 it will follow from (3) that 
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\p(d) = <fj(d) for each d. In particular, the number of primitive roots of p 
will be \p(p - 1 ) = <K P — !)• 

Choose some d. If Hd) = 0, then <Hd) < <Kd) and we are done. If 
4id) ^ 0, then there is an integer with order d; call it a. The congruence 

(4) x 4 = 1 (mod p ) 

has, according to Lemma 4, exactly d solutions. Furthermore, (4) is satis¬ 
fied by the d integers 

(5) a, a 2 , a 3 ,a 1 , 

and because no two of these have the same least residue (mod p), they give 
all the solutions. From Lemma 2, the numbers in (5) that have order d are 
those powers a k with (k,d) = 1. But there are <tfd) such numbers k. Hence 
Md) = <fid) in this case. As noted above, this completes the proof. 

We have actually proved more than was stated in Theorem 4. Although we 
will not use what we have proved, it is worth stating as a 

corollary. If p is a prime and d \ (p — 1), then the number of least 
residues (mod p) with order d is <p(d). 

Exercise 7, Use the table of powers (mod 7) at the beginning of this section 
to verify that the corollary is true for p — 1. 

Theorem 4 does not actually help us to find a primitive root of a prime. 
To find one, we may use tables or trial. Here is a table giving the smallest 
positive primitive root, g p , for each prime p less than 100. 

P 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 

gp 122322325232635 

p 53 59 61 67 71 73 79 83 89 97 

g P 2222753235 

No method is known for predicting what will be the smallest positive primi¬ 
tive root of a given prime p, nor is there much known about the distribution 
of the 4Kp — 1) primitive roots among the least residues modulo p. For 


example, the primitive roots of 71 and 73 are 

7 11 13 21 22 28 5 

ii 

13 

14 

15 

20 

31 33 35 42 44 47 

26 

28 

29 

31 

33 

34 

52 53 55 56 59 61 

39 

40 

42 

44 

45 

47 

62 63 65 67 68 69 

53 

58 

59 

60 

62 

68 

Primitive roots of 71 

Primitive 

roots of 73 


There are other numbers besides primes that have primitive roots. It can 
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be proved that the only positive integers with primitive roots are 1, 2, 4, p e , 
and 2 p e , where p is an odd prime and e is a positive integer. 

Exercise 8. Which of the integers 2, 3, . . ., 25 do not have primitive roots? 

As an example of the application of primitive roots, we will use them to 
prove part of Wilson’s Theorem quickly and elegantly. Let g be a primitive 
root of the odd prime p. From Theorem 3, we know that the least residues 
(mod p) of g, g\ ■ ■ ■, g p ~' are a permutation of 1, 2,. . ., p — 1. Multiplying 
and using the fact that 

l + 2 + 3+ -- -+(p-l) = (p- l)/>/2 
(see Appendix A, (p. 191) for a proof), we get 

1 2 • • • (p - 1) s g-g 2 • • • g”- 1 (mod p) 
or 

(p — 1)! = (gpyp-u/ 2 = g(p-» /2 (mod p ). 

But g^- 1 * 72 satisfies x 2 = 1 (mod p ), and we know, either from Lemma 2 of 
Section 6 or from Lemma 4 of this section, that 

giv i) /2 == i or — 1 (mod p). 

But the first case is impossible, since g is a primitive root of p. Thus (p - 1)1 = 
— 1 (mod p). 

Logarithms are undeniably useful, and an analogous notion can be defined 
for integers modulo m, if m is an integer that has primitive roots. Let g be a 
primitive root of wi. For/c with (k, ni) = 1, define an index of k (mod tri) 9 with 
respect to g, to be an integer t such that 

(6) g* = k (mod m). 

Because m has primitive roots, such a t exists. By the least index of k (mod m), 
with respect to g (written ind 9 k ), we will mean that integer t that satisfies (6) 
and is in addition a least residue (mod <K m ))* Such a number exists because 
from (6) it follows that if h and h are indices of k (mod m), then h ^ h 
(mod For example, consider the primitive root 2 of 5. We have 

2° =1, 2 1 = 2, 2 2 = 4, and 2 3 = 3 (mod 5), 

so 

ind 2 1 = 0, ind 2 2=1, ind 2 4 = 2, and ind 2 3 = 3. 

Exercise 9. Calculate the least indices of the integers (mod 7), with respect to 
the primitive root 5. 

Indices are useful in computation in the same way as logarithms: 
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theorem 5. If m is a number with primitive roots and ind 0 k denotes the 

least index of k (mod m), with respect to the primitive root g, then 

(7) ind 0 ab = ind g a + ind g b (mod <t>(m)) 

(8) \nd g a n = n \nd g a (mod 4>(m)). 

proof. Let ind g a = r and ind 0 b = s. Then g r = a and g s = b (mod m). 

Thus 

ab = g r+s (mod m). 

Hence r + s is an index of ab (mod m), and so 

ind Q ab = r + s (mod <tfm)). 

This proves statement (a). Statement (b) may be proved by repeated appli¬ 
cation of (a). 

Exercise 10. Verify that, (mod 7), 

ind 5 2 -f- ind 5 6 = ind 5 12, 

6 ind 5 2 = ind 5 64. 

As with logarithms, indices turn multiplication problems into addition 
problems. If we have a table of least indices (mod ra), with respect to any 
primitive root of m, then Theorem 5 allows us to solve congruences with 
comparative ease, just as tables of logarithms, to any base, simplify compu¬ 
tations with real numbers. For example, using the primitive root 2 of 19, we 
can construct the following table of least indices: 


n 

i 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

ind 2 n 

0 

1 

13 

2 

16 

14 

6 

3 

8 

17 

12 

15 

n 

13 

14 

15 

16 

17 

18 







ind 2 n 

5 

7 

11 

4 

10 

9 








We can use such a table to solve congruences. For example, if 

I3x = 16 (mod 19), 

then, from Theorem 5, 

ind 2 13x = ind 2 13 + ind 2 x = ind 2 16 (mod 18); 
using the table, 

ind 2 x = 4 — 5 = 17 (mod 18). 

From the table again, we see that x == 10 (mod 19). Another example, which 
would be difficult to solve with other methods, is 


x 13 s 16 (mod 19). 
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From Theorem 5, 

13 ind 2 x = ind 2 16 = 4 (mod 18). 

This has the solution ind 2 x = 10 (mod 18), so from the table, x s= 17 (mod 19) 
satisfies the original congruence. 


Problems 

1. Which of the following integers have primitive roots? 

(a) 198, 199, 200, 201, 202, 203. 

(b) 10198, 10199, 10200, 10201, 10202, 10203. 

2. What are the orders of 2, 4, 7, 8, 11, 13, and 14, modulo 15? 

3 . (a) Construct a table of least indices modulo 29 with respect to the primitive 
root 2. 

(b) Solve, using the table, 9x = 2 (mod 29). 

(c) Solve, using the table, x 9 = 2 (mod 29). 

4 . Given that ind 5 45 = 45 (mod 96), how many solutions are there to (a) 
x 7 = 45 (mod 97), (b) jt 8 = 45 (mod 97), (c) x 9 = 45 (mod 97)? 

5. (a) Show that 2 is a primitive root of 19. 

(b) Show that 2 is not a primitive root of 23. 

(c) Is 10 a primitive root of 11 ? 

6. If ( a , m) 7 * 1, does there exist a positive integer t such that a 1 ss 1 (mod m)? 

7. A says, “Look. These five pages of computation show that 

457 911 = 1 (mod 10021).” 

B says (after a glance at Table C, or perhaps Table A), “You err.” Is B right? 

8. If g is a primitive root of m , prove that g“ = g b (mod m) if and only if 
a = b (mod <t>(m)). 

9. (a) Show that if g is a primitive root of p , then so is the least residue of g k 
if (£» p — V) ^ 1. 

(b) Find the twelve primitive roots of 37. 

10 . (a) Find all of the primitive roots of 11. 

(b) What is the index of 7 with respect to each? 

11 . If g is a primitive root of a prime p , show that ind g (— 1) = (p — l)/2. 

12 . Suppose that 2 is a primitive root of an odd prime p and ind 2 p — 1 — r. 

(a) Show that ind 2 p — 2 = r + 1. 

(b) What is x if ind 2 x — r + 2 ? 

13 . Which integers have order 6, modulo 31 ? 

14 . If a has order e modulo p, show that 

a e-i a e~2 _J_ 1 = 0 (mod p). 
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15. (a) If g and h are primitive roots of an odd prime p , then g = h a (mod p) 
for some integer a. Show that a is odd. 

(b) Show that if g and h are primitive roots of an odd prime p , then the 
least residue of gh is not a primitive root of p. 

16. Show that if a has order 3 (mod /?), then a + 1 has order 6 (mod p). 

17. Show that 131,071 = 2 17 — 1 is a prime. 

18. Prove that if p and q are odd primes and q | a p + 1, then either q\a + \ or 
q = 2 kp + 1 for some integer k. 

19. Show that (2 19 + l)/3 is a prime. 

20. If g is a primitive root of a prime /?, show that it is impossible for ind e (n — 1), 
ind e n , and ind g (n + 1) to be in arithmetic progression for any n. 

21. (a) Show that if m is a number having primitive roots, then the product of 
the positive integers less than or equal to m and relatively prime to it is 
congruent to — 1 (mod m). 

(b) Show that the result in (a) is not always true if m does not have primitive 
roots. 

22. The relation (loga 6)(log 6 a) = 1 is well known. 

(a) What is the analogous statement for indices? 

(b) Prove it. 

23. If loga b = log 6 a, then it is known that b = a or 1/a. Suppose that g and h 
are primitive roots of an odd prime p and ind ff h = ind A g. What can be 
concluded ? 
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After studying linear congruences, it is natural to look at quadratic con¬ 
gruences: 

Ax 2 + Bx + C = 0 (mod m). 

In this section we will restrict the moduli to odd primes; in Appendix C we 
will see how to handle general quadratic congruences. 

We will assume that A ^ 0 (mod p ), because if A = 0 (mod p), then 

(1) Ax 2 + Bx + C = 0 (mod p) 

would be a linear congruence, not a quadratic congruence. We know that 
there is an integer A' such that A A' = 1 (mod p). Hence (1) has the same 
solutions as 

(2) x 2 + A'Bx + A'C = 0 (mod p). 

Exercise 1. Convert 2x 2 + 3x + 1 =0 (mod 5) to a quadratic whose first 
coefficient is 1. 

If A'B is even, we can complete the square in (2) to get 

if A'B is odd, we can change it to p + A'B , which is even, and then complete 
the square. In either case, we have replaced (1) with an equivalent congruence 
of the form 


(3) 


y 2 = a (mod p)\ 
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thus, if we can solve this congruence, we can solve any quadratic congruence 
(mod p ). 

Exercise 2. Change the quadratic in Exercise 1 to the form (3). 

Exercise 3 (optional). By inspection, find all the solutions of the congruence 
in Exercise 2. 

Such congruences do not always have solutions. For example, modulo 5, 

0 2 s 0, l 2 ee 4 2 = 1, and 2 2 = 3 2 s 4, 

so x 2 = a (mod 5) has a solution for a = 0, 1, or 4 and no solution for a = 2 
or 3. We note that x 2 = 0 (mod p) has only the solution x = 0 (mod p). We 
now show that if p \ a, then solutions of x 2 = a (mod p) come in pairs. This 
should be no surprise; since r 2 = (—r) 2 , we have r 2 = (— rf (mod p), so if r 
is a solution of x 2 = a (mod p), then so is the least residue (mod p) of — r. 
Thus if r is a solution, so is p — r. 

theorem 1. Suppose that p is an odd prime. If p\ a, then x 2 = a (mod p) 
has exactly two solutions or no solutions . 

proof. Suppose that the congruence has a solution, and call it r. Then 
p — r is a solution too, and it is different from r. (For if r = p — r (mod p), 
then 2r = 0 (mod p); since (2 ,p) = 1, we get r = 0 (mod p ), which is 
impossible.) Let s be any solution. Then r 2 = s 2 (mod p\ whence 
p | (r — sXr + s). Thus 

p\(r-s) or p\(r + s). 

In the first case, s = r (mod p). In the second case, s = p — r (mod p). 
Since s, r , and p — r are all least residues, we have s = r or p — r; these 
are thus the only solutions. 

This theorem is not true if the modulus is not prime. For example, x 2 == 1 
(mod 8) has four solutions. 

Exercise 4. If p > 3, what are the two solutions of x 2 = 4 (mod p)2 

It follows from Theorem 1 that if a is selected from the integers 1,2,..., 
P — 1, then x 2 = a (mod p) will have two solutions for (/? — l)/2 values of 
a and no solutions for the other (p - l)/2 values of a. For example, x 2 = a 
(mod 7) has two solutions when a = 1, 2, or 4 and no solutions when a — 3, 
5, or 6, as can be seen from the following table: 

x 1 2 3 4 5 6 

x 2 (mod 7) 1 4 2 2 4 1 

Exercise 5. For what values of a does x 2 = a (mod 11) have two solutions? 
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It would be nice to be able to tell the two groups apart. In this section we 
will do this by deriving Euler's criterion: 

theorem 2. If p is an odd prime and p\ a, then x 2 ss a {mod p) has a 
solution or no solution according as 

a (p i )/2 =1 or — 1 {mod p). 

First we introduce some new words: if x 2 = a (mod m) has a solution, then 
a is called a quadratic residue (mod m). If the congruence has no solutions, 
then a is called a quadratic nonresidue (mod m). There are also cubic residues, 
fourth-power residues and so on, but assuming there is no danger of con¬ 
fusion, we will omit the adjective quadratic and refer to residues and non¬ 
residues for short. 

Euler’s criterion can be easily derived using primitive roots. 

proof of theorem 2. Let g be a primitive root of the odd prime p. Then 
a = g k (mod p) for some k. If k is even, then x 2 = a (mod p) has a solution, 
namely the least residue of g k/2 ; further, by Fermat’s Theorem, 

a iv-1)/2 = (gkyp -w == (gfc/2)( P -i) = \ (mod p). 

If k is odd, then 

n<p- D/2 = (g(p-D/ 2)fc = (- If = -1 (mod p ), 

and also x 2 = a (mod p) has no solution: if it did have one, say r, we would 
have 

1 = r p~ i == (r 2 ) ( ^i )/2 = a (p ~ 1)/2 = —1 (mod p), 
which is impossible. 

As an example of the application of the criterion, let us see if x 2 = 7 
(mod 31) has a solution. We must calculate 7 (3l-1)/2 = 7 16 and see what its 
remainder is upon division by 31. Of course we do not need to carry out the 
actual division: we have 

7 2 = 49 s 18 (mod 31); 

squaring, we get 

7 4 = 18 2 s 324 = 14 (mod 31), 

78 = 142 = i 9 6 = 10 (mod 31), 

and 

7 16 SE 10 2 = 100 S 7 (mod 31). 

Since 7 and 31 are relatively prime, we may divide the last congruence by 7 
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to get 7 15 ss 1 (mod 31). It follows from Euler’s criterion that x 2 = 7 (mod 31) 
has a solution. 

Though Euler’s criterion tells us when x 2 = a (mod p ) has solutions, it 
gives us no way of actually finding them. Of course, it is possible to substitute 
x = 1, 2, 3, 4, . . . until a solution is found, but this procedure can be long 
and tiresome. The following method—adding multiples of the modulus and 
factoring squares—is sometimes more convenient. For example, take x 2 = 7 
(mod 31), which we know to have a solution. Adding 31 repeatedly, we have 

x 2 = 7 = 38 = 69 = 100 = 10 2 (mod 31), 

and we see immediately that the congruence is satisfied when x — 10 or—10; 
the two solutions are thus 10 and 21. That example was easy; a more typical 
one is x 2 = 41 (mod 61), which Euler’s criterion shows to have a solution. 
We have 

x 2 = 41 = 102 = 163 s 224 = 4 2 -14 (mod 61), 
so 

(x/4f = 14 = 75 s 5 2 -3 (mod 61). 

Consequently, 

(x/4-5) 2 = 3 s 64 = 8 2 (mod 61), 

and 

x 2 = (4 -5 -8)»s 16(P = 38 2 (mod 61). 

Thus x = ±38 (mod 61), and the two solutions are 38 and 23. This method 
will always produce the solutions, with more or less labor. 

Exercise 6 . Find the solutions of x 2 s 8 (mod 31). 

Euler’s criterion is sometimes cumbersome to apply, even to congruences 
with small numbers like x 2 = 3201 (mod 8191). We will now develop a method 
for deciding when an integer is a quadratic residue (mod p). The method is 
relatively easy to apply, even when the numbers are 3201 and 8191. It is based 
on the famous quadratic reciprocity theorem, which has many applications 
other than the one we will use it for. 

We start by introducing notation to abbreviate the long phrase, “x 2 = a 
(mod p) has a solution.” We define the Legendre symbol , (a/p), where p is an 
odd prime and p \ a, in the following manner: 

(a/p) =1 if a is a quadratic residue (mod p), 

(a/p) — — 1 if a is a quadratic nonresidue (mod p). 

For example, (3/5) = —1 because x 2 ^ 3 (mod 5) has no solutions, and 
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(1/5) = 1, because 1 is a quadratic residue (mod 5). Neither (7/15) nor (91/7) 
is defined, the first because the second entry in the symbol is not an odd prime, 
and the second because 7 | 91. 

Exercise 7. What is (1/3)? (1/7)? (1/1.1)? In general, what is (1 //>)? 

Exercise 8. What is (4/5)? (4/7)? (4/p) for any odd prime p ? 

Exercise 9 (optional). Induce a theorem from the two preceding exercises. 

To find out whether x 2 = 3201 (mod 8191) has a solution, we can evaluate 
(3201/8191). To do this, we will need some rules on how Legendre symbols 
can be manipulated. We will start with three simple but important properties. 

theorem 3. The Legendre symbol has the properties 

(A) if a = b (mod p), then (a/p) = (b/p), 

(B) if p\ a, then (a 2 /p) = 1, 

(C) if p\a and p \ b, then (ab/p ) = (a/p)(b/p). 

In the above properties and throughout the rest of this section, we will 
agree that p and q represent odd primes, and that the first entry in a Legendre 
symbol is not a multiple of the second entry; with these conventions, all 
Legendre symbols are defined. 

proof of theorem 3. (A): Suppose that x 2 = a (mod p) has a solution. 
If a = b (mod p), then x 2 = b (mod p) also has a solution—the same one. 
This shows that 

(4) if (a/p) = 1 and a = b (mod p), then (b/p) = 1 . 
Exercise 10. Verify that 

( 5 ) if (a/p) = — 1 and a = b (mod p), then (b/p) = — 1 . 

Together, (4) and (5) show that (A) is true. 

(B) : Clearly, x 2 = a 2 (mod p) has a solution—namely, the least residue 
of a (mod p). 

(C) : This important property of the Legendre symbol, in combination 
with the quadratic reciprocity theorem, makes the symbol useful for com¬ 
putations. In words, (C) says that the product of two residues is a residue; 
the product of two nonresidues is a residue; and the product of a residue 
and a nonresidue is a nonresidue. To prove (C) we use Euler’s criterion: 
in terms of the Legendre symbol, it says 

(a/p) = 1 if a (p ~ 1)/2 = 1 (mod p ), 

and 

(a/p) = —1 if a (p “ 1)/2 = —1 (mod p). 
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Comparing the l’s and — l’s, we see that 

(6) (a/p) = a (p ~ 1)/2 (mod p). 

So, from (6) and the fact that (xy) n = x n y n (mod p), we have 

(ab/p) = (ab) ip - 1)/2 = a (p ~ 1)/2 b ip ~ 1)/2 = (a/p\b/p) (mod p). 

We have not yet proved (C); we have only shown that 
{ab/p) e (a/p)(b/p) (mod p). 

But the left-hand side of the congruence is either 1 or — 1, and so is the 

right-hand side. Hence, the only way that the two numbers can be con¬ 
gruent modulo p is if they are equal. We have now proved (C). 

We can also use (6) to give quick proofs of (A) and (B). For example, to 
prove (B), we have from (6) 

(a 2 /p) = (a 2 )c^-i) /2 = a?- 1 = 1 (mod p) 
by Fermat’s Theorem. Since {a 2 /p) = 1 or —1, it follows that {a 2 /p) = 1. 

Exercise 11. Prove (A) with the help of (6). 

Exercise 12. Prove that (4 a/p) = {a/p) for all a and p. 

Exercise 13. Evaluate (19/5) and (—9/13) by using (A) and (B). 

The quadratic reciprocity theorem tells us how ( p/q) and (q/p) are related. 
The theorem was guessed by Euler years before it was first proved by Gauss, 
who eventually gave several proofs. This is an example of a deep and impor¬ 
tant theorem whose statement was arrived at by observation. Consider the 
following tables: 


P P 


5 

7 

11 

13 

17 

19 

23 

5 

7 11 

13 

17 

19 

23 

3 -1 

1 

-1 

1 

-1 

1 

-1 

3 -1 

-1 1 

1 

-1 

-1 

1 

5 

-1 

1 

-1 

-1 

1 

-1 

5 

-1 1 

-1 

-1 

1 

-1 

7 


1 

-1 

-1 

-1 

1 

7 

-1 

-1 

-1 

1 

-1 

11 



-1 

-1 

-1 

-1 q 

11 


-1 

-1 

1 

1 

13 




1 

-1 

1 

13 



1 

-1 

1 

17 





1 

-1 

17 




1 

-1 

19 






1 

19 





-1 


(p/q) (q/p) 


Can you by observation see any relation between {p/q) and {q/ p)? These 
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tables are perhaps too small to allow any firm guesses to be made, but note 
that the columns in both tables are the same for p — 5, 13, and 17. So are 
the rows in both tables the same for these three primes. What 5, 13, and 17 
have that the rest of the primes less than 29 do not is the property of being 
congruent to 1 (mod 4). On this evidence, we might make the correct guess: 

if either p or q is congruent to 1 (mod 4), then 

(p/q) = (q/p). 

All of the entries not covered by this rule change sign from one table to the 
next. This behavior can be explained by the following hypothesis: 

if p and q are both congruent to 3 (mod 4), then 

(p/q) = -(p/p)- 

These guesses are in fact generally true, and they make up 

theorem 4 ( The quadratic reciprocity theorem). If p and q are odd primes 
and p ss q ^ 3 (mod 4), then (p/q) = ~~(q/p)- Otherwise , (p/q) = (q/p)- 

We will postpone the proof of this theorem until the next section, but we 
will not hesitate to apply it for lack of a proof. Suppose that we want to see 
if x 2 = 85 (mod 97) has a solution. That is, we want to evaluate (85/97). With 
Theorems 3 and 4, we can carry the evaluation to a conclusion. We have 

(7) (85/97) = (17-5/97) = (17/97X5/97) 

by property (C) in Theorem 3. We will attack each factor in (7) separately. 
Because 97 = 1 (mod 4) (and, for that matter, 17 = 1 (mod 4) too), the 
quadratic reciprocity theorem says that 

(17/97) = (97/17). 

Property (A) in Theorem 3 says that 

(97/17) = (12/17) 

and 


(12/17) = (4-3/17) = (4/17)(3/17) 

(by (C)) 

= (3/17) 

(by (B)) 

= (17/3) 

(by Theorem 4) 

= (2/3) 

(by (A)) 

= -1 

(by inspection). 
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The other factor is simpler: 

(5/97) = (97/5) (by Theorem 4) 

= (2/5) (by (A)) 

= — 1 (by inspection). 

Putting these calculations back in (7), we get 

(85/97) - (17/97X5/97) = (—IX—1) = 1; 

thus the congruence has a solution. By applying (A) first, we could have eval¬ 
uated (85/97) in another way: 

(85/97) = (-12/97) = (-1/97X4/97X3/97) = (-1/97X3/97). 

We see that 

(3/97) = (97/3) = (1/3) = 1, 

so (85/97) = (—1/97); if we know (—1/97), we then know (85/97). 

If you look at a number of examples of Legendre symbols, it will become 
evident that to evaluate any one by using Theorems 3 and 4, it is enough to 
know what (—1 /p) and (2/p) are for any p. Euler’s criterion quickly gives 
us (— l/p): 

theorem 5. If p is an odd prime , then 

(-l/p) =1 if p = 1 (mod 4), 

and 

(—l/p) — — 1 if p = 3 (mod 4). 

In words, — 1 is a quadratic residue of primes congruent to 1 (mod 4), and 
a nonresidue of all other odd primes. 

proof. Euler’s criterion says that 

(“ l/p) = (“ l) (p ~ 1)/2 (mod/?); 

since (p — l)/2 is even or odd according as p is congruent to 1 or 3 (mod 4), 
the theorem is proved. 

In the example we were just considering, (=-1/97) = 1 because 97 = 1 
(mod 4). 

Theorem 5 tells us that we can sometimes find square roots of — 1 modulo 
p: whenever p = 1 (mod 4), — 1 has a square root (mod p). 

Exercise 14. For which of the primes 3, 5, 7, 11, 13, 17, 19, and 23 is —1 a 
quadratic residue? 

Exercise 15. Evaluate (6/7) and (2/23)(ll/23). 
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It is not so easy to determine whether 2 has a square root (mod p ). Euler’s 
criterion says that 

(2/p) s 2^ /2 (mod p), 

but it is not obvious for which primes 2 (p ~ 1)/2 is congruent to 1 (mod p). We 
will find out in the next section. For now, we state the result: 

theorem 6. If p is an odd prime, then 

(2/p) =1 if p s= 1 or 1 (mod 8), 

(2/p) = — 1 if p = 3 or 5 (mod 8). 

Theorem 6 together with Theorems 3 to 5 enable us to evaluate any 
Legendre symbol. For example, we can now evaluate (3201/8191). The cal¬ 
culations go as follows: 

(3201/8191) = (3/8191X11/8191X97/8191); 

(3/8191) - -(8191/3) = -(1/3) = -1, 

(11/8191) = -(8191/11) = —(7/11) = (11/7) = (4/7) - 1, 

and 

(97/8191) - (8191/97) = (43/97) = (97/43) = (11/43) 

= -(43/11)= -(-1/11)= 1. 

Thus we see that (3201/819I) = (—1)(1)(1) = — 1. Compare the labor of evalu¬ 
ating (3201/8191) as we have just done with that of determining by trial and 
error whether x 2 = 3201 (mod 8191) has a solution. To calculate l 2 , 2 2 , . . . , 
4095 2 and divide each by 8191 is no light task. Theorems 3 to 6 are, for this 
task at least, an enormous help. 


Problems 

1. Which of the following congruences have solutions? 

(a) x 2 = 7 (mod 53), (c) x 2 = 14 (mod 31), 

(b) * 2 s 53 (mod 7), (d) * 2 s 625 (mod 9973). 

2. Find solutions for the congruences of Problem 1 that have them. 

3. Solve 

(a) x 2 + x + 1 ^0 (mod 5), 

(b) x 2 + * s 0 (mod 5), 

(c) x 2 + x — 1 = 0 (mod 5). 
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4. (a) How many solutions has x 2 = 1 (mod 16)? 

(b) Does this contradict Theorem 1 ? 

5. Solve 

(a) 2x 2 + 3jc + 1 s 0 (mod 7), 

(b) 3x 2 + x + 4 = 0 (mod 7). 

6. Which integers a, 1 < a < 30, are quadratic residues (mod 31)? 

7. Calculate, modulo 23, 

(a) 2“ (b) 3 11 , (c) 4 11 , (d) 5", (e) 22“ (f) 21“ 

8. For which of /? = 3, 5, 7, 11, 13, and 17 is x 2 s -2 (mod p) solvable? 

9. Calculate 

(a) (33/71), (b) (34/71), (c) (35/71), (d) (36/71). 

10. Calculate (a) (1234/4567), (b) (4321/4567). 

11. Show that if p = q + 4a (p and q odd primes), then (p/q) = (a/q). 

12. Show that if p = 12k + 1 for some k, then (3 /p) = 1. 

13. Does x 2 = 53 (mod 97) have a solution? Does x 2 = 97 (mod 53)? 

14. Show that Theorem 6 could also be written 

(2/p) = (-l)<*-»/» 

15. Prove, using Legendre symbols, that the product of three quadratic non¬ 
residues (mod p) is a nonresidue (mod p). What is the product of two non¬ 
residues and a residue? 

16. The quadratic reciprocity theorem is sometimes stated as follows: If p and q 
are odd primes, then 

(p/q)(q/p) = (-l) ( *- 1)( ‘-i> /4 . 

Is it the same theorem ? 

17. A says, “I bet 7 divides n 2 + 1 for some n” B says, “You’re on.’’ Who wins? 

18. Show that if a is a quadratic residue (mod p) and ab = 1 (mod p), then b is a 
quadratic residue (mod p). 

19. Does x 2 = 211 (mod 159) have a solution? 

20. Generalize Problem 18 by finding what condition on r will guarantee that if a 
is a quadratic residue (mod p) and ab = r (mod p), then b is a quadratic 
residue (mod p) ? 

21. Suppose that p = q + 4u, where p and q are odd primes. Show that 
(a/p) = (a/q). 
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In this section we will prove the two theorems stated and used without proof 
in the last section: the quadratic reciprocity theorem, and the theorem that 
enables us to evaluate (2/p). The proofs are not easy, especially the proof of 
the quadratic reciprocity theorem. At the base of both theorems is the 
following result, sometimes called Gauss's Lemma: 

theorem 1 . Suppose that p is an odd prime , p \ a, and there are among 
the least residues (mod p) of 



exactly g that are greater than (p — l)/2. Then x 2 = a (mod p) has a solu¬ 
tion or no solution according as g is even or odd. Otherwise stated , 

(a/p) = (-iy. 

Before proving the theorem, we will illustrate its application by taking 
a = 5 and p = 17. We have (p — l)/2 = 8, and the integers 

5, 10, 15, 20, 25, 30, 35, 40 

have least residues (mod 17) 

5, 10, 15, 3, 8, 13, 1, 6. 

Three of these are greater than (p — l)/2. Theorem 1 then says that 5 is a 
quadratic nonresidue (mod 17), which is so. 
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Exercise 1. Check that the theorem gives the right result in this case by applying 
Euler’s criterion and showing that 5 8 = — 1 (mod 17). 

PROOF OF THEOREM 1. Let 


r h r i9 . . ., r* 

denote those among the least residues (mod p) of 
a,2a,...,((p— l)/2)a 
that are less than or equal to (p — l)/2, and let 

*Slj <^2> • • • j Sg 

denote those that are greater than (p — l)/2. Thus k + g = (p — l)/2. 
To prove the theorem, it is enough, by Euler’s criterion, to show that 

aS*- D/2 = (— 1 ) g (mod p) 9 

and this is what we proceed to do. (In the example above, k = 5, and 
g = 3; the set of r’s is {5, 3, 8, 1, 6), and the set of s's is (10, 15, 13}.) 
Both in the example and in general, no two of the r’s are congruent 
(mod p). Suppose that two were. Then we would have for some k x and k 2 , 

k x a = k 2 a (mod p) 9 0 < k x < (p — l)/2, 0 < k 2 < (p — l)/2. 

Because ( a 9 p ) = 1, it follows that k x = k 2 . For the same reason, no two 
of the s ’s are congruent (mod p). Now, consider the set of numbers 

(1) r l9 r 2 , ... 9 r k9 p - s u p - s 2i ... 9 p - s g . 

Each integer n in the set satisfies 1 < n <(p — l)/2, and there are 
(/? — l)/2 elements in the set. Gauss noticed, and we will now prove, 
that the numbers in the set are all different. From this it will follow that 
the elements in (1) are just a permutation of the integers 

(2) l,2,...,(/>- l)/2, 

and thus the product of the elements in (1) is the same as the product of 
the elements in (2). From this the theorem will follow. In the example we 
considered, the set of r’s was (5, 3, 8, 1, 6}, and the set of {p — s )’s was 
(7, 2, 4} ; between them, they include all the integers from 1 to 8. 

To show that the elements in (1) are distinct, we have only to show that 

p — Sj (mo dp) 

for any i and y, because we have already seen that the r’s and s ’s are 
distinct among themselves. Suppose that for some i and j we have 

ri = p — Sj (mod p). 
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Then /%■ + Sj = 0 (mod p). Since r* = ta (mod p) and Sj = ua (mod p) for 
some t and u with t and u positive integers less than or equal to (p — l)/2, 
we would have 

{t + u)a ss 0 (mod p); 

since (a,p) = 1, we have t + u = 0 (mod p), and this is impossible, be¬ 
cause 2 < t + u < p — 1. Thus all of the elements in the set (1) are 
distinct, and consequently are a rearrangement of the elements in (2). 
Hence, 

(3) nr 2 • • • r k (p - s x ){p - s 2 ) • • • (p - s g ) = 1 -2 • • ((/? - l)/2). 

Because p — Sj = ~Sj (mod/?) for all j 9 and because there are g such 
terms, (3) becomes 

(4) nr 2 • • • r k sis 2 * • • s g (— \) g = ! (mod/?). 

But r i, r 2 , , r k9 s u s 2 , . . ., s g are, by definition, the least residues (mod p) 
of 

a, 2a,. . ., ((/? - l)/2)a 

in some order, so that the product r x r 2 • • • r k s x s 2 • • • s g is congruent 
(mod p) to a(2a)(3a) ••■((/?— l)/2)cz. Thus (4) gives 

a (^i)/ 2 ( _ i )ff (^ZLi) ! ss ) ! (mod p). 

The common factor is relatively prime to p and may be cancelled to give 

~ 1 (mo dp). 

If we multiply both sides of the last congruence by (— \)° 9 we have 
a (p ~ D/2 = (— \) g (mod p). 

But we know that a (p “ 1)/2 = {a/p) (mod/?). Putting the last two con¬ 
gruences together, and noting that if the two numbers are congruent 
(mod /?), then they must be equal, we have 

(*//?) = (-IX 

and this is what we wanted to prove. 

Exercise 2. Apply the theorem to determine whether x 2 = 7 (mod 23) has a 
solution. 

We will now apply the last theorem to evaluate {2/p) for any odd prime p. 
According to the theorem, we need to find out how many of the least residues 
(mod /?) of 
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(5) 2,4,6,...,2(V) 

are greater than (p — l)/2. Since all the numbers in (5) are already least 
residues, none of them being larger than p, we have only to see how many 
of them are greater than (p — l)/2. Let the first even integer greater than 
(p — 0/2 be 2a. Then 

( 6 ) P -^ < 2a < £-=2 + 2 . 


Exercise 3. Note that the number g we are looking for is 

P - 1 


8 = 


-(a- iy 


Exercise 4. Use (6) to show that g is determined by 

Exercise 5. Verify that the entries in the following table are correct. 


p 3 5 

g 1 1 

(-0* -l -1 


7 

11 

13 

17 

19 

23 

29 

2 

3 

3 

4 

5 

6 

7 

1 

-1 

-1 

1 

-1 

1 

-1 


After verifying the entries, you may have noticed for which primes g is 
even and for which it is odd. If not, suppose that p = 1 (mod 8). Then 
p — 1 + 8/c for some k, and ( p — l)/4 = 2k. Hence g = 2k, and g is even. 
So, if p = 1 (mod 8), then (2/p) = 1. Similarly, if p — 3 + 8k for some k, 
then (p — l)/4 = 2k + 1/2, g is odd, and (2/p) = —1. 

Exercise 6. Check the cases p = 8k + 5 and p = 8k + 7. 

Exercise 7. We do not need to consider p = 8A:, 8k + 2, 8k + 4, or 8k + 6. 

Why not? 


Thus we have proved 

theorem 2. If p is art odd prime , then 

(2/p) = 1 if p=l or l(mod8), 

(2/p) = —1 if p = 3 or 5 (mod 8). 

As an example of the use of Theorem 2, we will state and prove a result 
that is a digression, but one that is pleasing and perhaps a little surprising. 
Although we know when a number has primitive roots, finding the actual 
roots is, in general, not easy. For example, 2 is a primitive root of 3, 5, 11, 
13, 19, 29, 37, 53, 59, 61, 67, and 83 among the primes less than 100, and it 
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is not a primitive root of the others. No theorem has been proved that will 
predict the primes of which 2 is a primitive root, and it has not even been 
proved that 2 is a primitive root of infinitely many primes. But we do have 

theorem 3 . If p and 4/7+1 are both primes , then 2 is a primitive root 
of 4/? + 1. 

proof. Let q = 4/7 + 1. Then <f>(q) = 4/7, so 2 has order 1, 2, 4, /?, 2p, 
or 4/7 (mod#); we want to show that the first five cases are impossible. 
We have 

2 2p = 2 (9-1)/2 = (2/#) (mod q) 

by Euler’s criterion. But p is odd, so Ap = 4 (mod 8), and = 4/7 +1 = 5 
(mod 8); we know from Theorem 2 that 2 is a quadratic nonresidue of 
primes congruent to 5 (mod 8). Hence 

2 2p = — 1 (mod #), 

so 2 does not have order 2/?. Nor can the order of 2 be any of the divisors 
of 2/7, which are of course 1, 2, and p. Since 2 does not have order 4 either 
(2 4 = 1 (mod q) implies q | 15, so q = 5, which is impossible), the theorem 
is proved. 

We will now give Gauss’s third proof of the quadratic reciprocity theorem. 
Those with a developed sense of mathematical esthetics find this proof almost 
breathtakingly elegant. It depends on Gauss’s Lemma (Theorem 1) and on 
the lemma we will now prove. 

lemma 1. Ifp and q are different odd primes , then 


lifKfra- 


P 1 


q - i 
2 


The notation [kq/p] denotes the greatest integer not larger than kq/p. If 
this notation is unfamiliar, see Appendix B (p. 196). 


Exercise 8. Verify that the lemma is true for p = 5 and q = 7. 

proof of the lemma. The idea of the proof is geometrical. It is an 
example of how analytic geometry can dramatically simplify some proofs. 
For convenience in notation, let 


S(p,q) = 


(p-l)/2 


k = 1 



we are thus trying to prove that 

S(p, q) + S(q,p ) = (/> - m - l)/4. 
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As noted in Appendix B, \kq/p\ is the number of integers in the interval 
0 < x < kq/p. Hence \kq/p] is equal to the number of lattice points (that 
is, points whose coordinates are integers) that lie on the line x — k and 
below the line y = qx/p and on or above the line y = 1. Looking at the 
figure for k = 1, 2,. . ., (p — l)/2, we see that 

(p-l)/2 

S(p> q) = X [kq/p] 

k= 1 

is the number of lattice points inside or on the boundary of the poly¬ 
gon ABCD. 



In the same way, we can see that S(q, p) is the number of lattice points 
inside or on the boundary of the polygon ADE. Since (< q , p) = 1, there are 
no lattice points on the segment AD . It follows that S(p, q) + S(q,p ) is 
the number of lattice points inside or on the boundary of the whole rec¬ 
tangle with vertices at (1, 1), B , C, and E. This number is easy to count: 
it is ((p — l)/2 )-((q — l)/2i_ and thisjproves the lemma. 

theorem 4 (the quadratic reciprocity theorem). If p and q are odd 
primes , then 

(P/q){q/P ) = (-1 )(p~ 1 )(^D/4. 


Note that this is equivalent to the way we stated the theorem earlier 
(Theorem 4 of Section 11): If p = q~ 3 (mod 4), then ( p/q ) = — ( q/p ); 
otherwise, (p/q) = (q/p). This is so because (p — 1 )(q — l)/4 is even unless 
p = q = 3 (mod 4). 



SECTION 12 


proof. As in the proof of Gauss’s Lemma, let us take the least residues 
(mod p) of 

q, 2q, 3q ,. . . 

and separate them into two classes. Put those less than or equal to 
(p — l)/2 in one class and call them 

n, r 2 ,. . ., r k , 

and put those greater than (p — l)/2 in another and call them 

S 2 , • • • 5 Sg. 

Thus k + g = (p — l)/2. The conclusion of Gauss’s Lemma was that 
( q/p ) = (— 1)°. For ease in notation, let 

R = + r 2 + • • • + r k and S = si + $2 + * * * + «V 

In the course of proving Gauss’s Lemma, we showed that the set of 
numbers 

(7) r i, r 2 ,, r k9 p - s u p s a 

was a permutation of 

(8) 1,2 l)/2. 

It follows that the sum of the elements in (7) is the same as the sum of 
the elements in (8). Remember that in the proof of Gauss’s Lemma, we 
took the product of the elements in (7) and equated it to the product of 
the elements in (8). Here, then, is a possible starting point of this proof: 
Gauss may have thought (in German), “What would happen if I equated 
the sums instead of the products?” and then constructed the proof. What¬ 
ever it was that he thought, the lesson to be learned is that proofs often 
do not start at the beginning. The sum of the numbers in (8) is, by a 
well-known formula (1 + 2 + • • ■ + n = n(n + l)/2; see Appendix A, 
p. 191, for a proof). 

The sum of the elements in (7) is 

L r i + L cp - s i) = R+gp- s. 

3=1 j=l 


Thus we have 

(9) 


R = S-gp + (p*~ l)/8. 
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The least residue (mod p) of jq(j = 1,2 ,...,(p- 0/2) is the remainder 
when we divide jq by p. We know the quotient, [jq/p], so if we let tj denote 
the least residue (mod p) of jq, we have 


j =1,2,. 


or 


or 

( 10 ) 


jq = [jq/p]p + U, 

,(p — l)/2. If we sum these equations over j, we have 

(p-l)/2 (P-1)/ 2 (p-l)/2 

J2 jq= £ [/?// , ]/ ? + £ 

j=l i-l i-l 


(p-l)/2 (p-O/2 * ff 

£ / = /> £ [/<///>] + 

y—1 y=i 3 = 1 j=i 


q(p 2 ~ 0 / 8 =^,?) + ^+ 5 . 


Substituting into this from (9), we get 

q(p 2 - 0/8 = pS(p, q) + 2S-gp + (p* - 0/8, 


or 


(11) (q - l)(p 2 - l)/8 = p(S(p, q)-g) + 2S. 

In (11), the left-hand side is even (because ( p 2 — l)/8 is an integer and 
q — 1 is even), and 2S is even. It follows that the remaining term in (11) 
is even, and so S(p, q) — g is even. Hence 

(— l)<S(p,e)— q = J. 


Since (— \)° = ( q/p) 9 then 

( 12 ) (-iys(*.o = { -iy = (q/ p y 

Now we can repeat the argument with p and q interchanged—nowhere 
have we required q to have a property that p does not—and get 

(13) (-1 y^ = (p/q). 

Multiplying (12) and (13), we have 

*)+s( q , P ) = (p/q)(q/p\ 


and from Lemma 1, we have 

(_1)(p-i)(s-i>/4 = (p/q)(q/ p ). 


which is what we wanted. 
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Problems 

1. Adapt the method used in the text to evaluate (2/p) to evaluate O/p). 

2. Show that 3 is a quadratic nonresidue of all primes of the form 4 n + 1. 

3. Show that 3 is a quadratic nonresidue of all Mersenne primes greater than 3. 

4. (a) Prove that if p = 7 (mod 8), then p | (2 (p ~ 1)/2 — 1). 

(b) Find a factor of 2 83 — 1. 

5. (a) If p and q = 1 Op + 3 are odd primes, show that (p/q) = O/p). 

(b) If p and q = 10/? -f 1 are odd primes, show that (p/q) = (—1 /p). 

6. (a) Which primes can divide n 2 + 1 for some n ? 

(b) Which odd primes can divide n 2 + n for some n? 

(c) Which odd primes can divide n 2 + 2n + 2 for some nl 

7. (a) Show that if p s 3 (mod 4) and a is a quadratic residue (mod p ), then 

p — a is a quadratic nonresidue (mod p). 

(b) What if p = \ (mod 4)? 

8. If p > 3, show that p divides the sum of its quadratic residues. 

9. (a) Suppose that p > 5 is prime. Show that —3 is a quadratic residue 

(mod p) if p = 1 or 7 (mod 12) and a nonresidue if p s 5 or 11 (mod 12). 

(b) Suppose that p is an odd prime, p^ 3, and p \a. Suppose that x 3 s a 
(mod p) has a solution r. Then 

(x — r)(x 2 + xr + r 2 ) = 0 (mod p). 

Show that x 2 + xr + r 2 = 0 (mod p) has two solutions different from r if 
and only if p = 1 or 7 (mod 12). 

(c) If p > 5, show that the number of distinct nonzero cubic residues 
(mod p) is 

p — 1 if p = 5 or 11 (mod 12) 

(p — l)/3 if p = 1 or 7 (mod 12). 

10. If p is an odd prime, evaluate 

(1 2/p) + (2-3/p) +■••+((/>- 2)(p - l)/p). 

11. Show that if p = 1 (mod 4), then x 2 = 1 (mod p) has a solution given by the 
least residue (mod p) of ((p — l)/2)!. 
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Numbers in 
Other Bases 


One of the great accomplishments of the human mind, and one that made 
mathematics possible, was the invention of our familiar notation for writing 
integers. We write integers in a place-value notation, with each place indi¬ 
cating a different power of 10. For example, 

314,159 = 3 -10 5 + 110 4 + 4 1 0 3 + MO 2 + 5-10 1 + 9-10°. 

There is no reason why some integer other than 10 could not be used for the 
same purpose. The choice of 10 is only an anatomical accident. In fact, other 
integers—we will call them bases —have been used in the past. The Baby¬ 
lonians of 3,000 years ago sometimes used the base 60, and the ancient 
Mayans used the base 20. Today, numbers written in the bases 2, 8, and 16 
are used by computers. In this section, we will look at integers in bases other 
than 10. 

We start by looking at a special case. 

theorem 1. Every positive integer can be written as a sum of distinct 
powers of two. 

For example, 22 = 2 4 + 2 2 + 2 1 and 23 = 2 4 + 2 2 + 2 1 + 2°. But 
24 = 2 3 + 2 3 + 2 3 is not a proper representation, because the powers of 
two are not distinct. 

Exercise 1. Write 31 and 33 as sums of distinct powers of two. 

proof of theorem 1. The idea of the proof is to take an integer n and 
subtract from it the largest power of 2 that is smaller than it—say 2 k . Then 
we do the same for n — 2 k . If we continue this process, we will eventually 
get a representation of n in the form that we want. To make this argument 
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rigorous, we prove the theorem by induction: 1 = 2°, 2 = 2\ and 
3 = 2° + 2\ so the theorem is true if the integer is 1, 2, or 3. Suppose, 
now, that every integer k 9 k < n — 1, can be written as a sum of distinct 
powers of 2. We want to show that n can also be so written. We know that 
n falls between some two distinct powers of 2; that is, there is an integer r 
such that 

(1) 2 r <n< 2 r+1 . 

Exercise 2. What is r if n = 74? If n = 174? 

The largest power of 2 not larger than n is 2 r . Let n! = n — 2 r . Then 
n' < n — 1, so the induction assumption tells us that it can be written 
as the sum of distinct powers of two: 

n' = 2 ei + 2 e * + * • • + 2 ei , 


where e* ^ e, if / ^ j. Since n r = n — 2 r , we have 

(2) n = 2* + 2 C1 + 2" + • • • + 2% 

and so n can be written as a sum of powers of two. To complete the proof, 
we need to show that r is different from any of e h e 2 , , e k . 

Exercise 3. Why is this so? 

We now show that the representation (2) is unique. 

theorem 2. Every positive integer can be written as the sum of distinct 
powers of 2 in at most one way. 

proof. Suppose that n has two representations as a sum of distinct 
powers of 2. We will show that the representations are really the same. To 
make the notation less clumsy, we note that any sum of distinct powers 
of 2 can be written in the form 

(3) do + d v 2 + d 2 - 2 2 + d r 2* + • • • + d k -2 k 

for some k, where di = 0 or 1 for each i. Conversely, every such sum is a 
sum of distinct powers of 2. Hence it is immaterial whether we write n in 
the form (2) or (3), and (3) has the advantage of having no subscripts on 
the exponents. If n has two representations, we have 

n == do -I - d\*2 + d 2 -2 2 + • • • + dk’2 k 
= eo + e\ * 2 + e 2 ■ 2 2 + • • • + e k • 2 k 9 

where di = 0 or 1 and e { = 0 or 1 for each i. (Note that we lose no gen¬ 
erality in assuming that the two representations have the same number of 
terms. If one is longer than the other, we can add zero terms to the shorter 
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one until the two have the same length.) Subtracting the second repre¬ 
sentation in (4) from the first gives 

(5) 0 = (do — eo ) + (di — ei)2 + (d 2 — e 2 )-2 2 + • • • + (</* — ek)'2 k . 
Hence 2 | (d 0 — e 0 ). But since do and e 0 are either 0 or 1, it follows that 

— 1 < do — e 0 < 1. 

Since the only multiple of 2 in that range is zero, do = e Q . Thus the first 
term in (5) disappears, and we may divide what remains by 2 to get 

(6) 0 = (dx - ex) + (d 2 - e 2 )-2 + •••+(</* — ^)-2 M . 

The same argument as before shows that dx = ei. Dropping the term 
d x — e x from (6), dividing by 2 and applying the same argument again, 
we get d 2 = e 2 . And so on: d z — e 3 = di — e 4 = • = d k — = 0, and 

the two representations in (4) were the same. 

Theorems 1 and 2 show that every n can be written in exactly one way 
in the form 

(7) do + dx-2 + d 2 *2 2 + dr 2 Z + + d k -2 k 

for some k , where each d is either 0 or 1. This is like the ordinary decimal 
representation for integers. It is so like it that we can write numbers of the 
form (7) in the same style as we usually write integers. The powers of 2 and 
the plus signs in (7) are not essential, since the thing that determines n is the 
sequence do, dx, ..., d k . We will write the expression (7) as 

(8) (dbdt-x • • • dxdo) 2 , 

and say that we have written the integer in the base 2. The subscript 2 reminds 
us that d r is multiplied by 2 r . For example, 

101001 2 = 1 + 0-2 + 0*2 2 + l-2 3 + 0*2 4 + 1-2 5 
= 1 + 8 + 32 = 41. 

In the other direction, 

94 = 64 + 16 + 8 + 4 + 2 

= 1 * 2 6 + 0 - 2 6 + 1 - 2 4 + 1 * 2 3 + 1 * 2 2 + 1 - 2 1 + 0 * 2 ° 

= 1011110 2 . 

Exercise 4. Evaluate 1001 2 , 111 2 , and 1000000 2 . 

Exercise 5. Write 2, 20, and 200 in the base 2. 

We know that every integer can be uniquely expressed in the form 
do + dx • 10 + dr 10 2 + • • • + d k • 10* 
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for some k, with 0 < d l < 10, / = 0, 1,. . ., k, and Theorems 1 and 2 show 
that every integer can be uniquely expressed in the form 

do + tfi-2 + d 2 *2 2 + ••• +*• 2 k 

for some k , with 0 < d { < 2, / = 0, 1, . . ., k. What we can do for 2 and 10, 
we ought to be able to do for any integer greater than 1. In fact, we can. We 
will prove 

theorem 3. Let b > 2 be any integer {called the base). Any positive 
integer can be written uniquely in the base b; that is, in the form 

(9) n = do + dvb Ar drb 2 + • • • + d k b k 

for some k, with 0 < di < b, i = 0, 1, . . ., k. 

proof. We will first show that each integer has such a representation 
and then show that it unique. To show that there is a representation, 
we could adapt the proof of Theorem 1, but the proof that we will present 
here (which could also be applied to Theorem 1) gives a construction for 
the digits of n in the base b . Divide n by b: the division algorithm says 

n = q\b -f- do, 0 < do < b. 

We can divide the quotient by b , 

qi = qib + d\, 0 < di < b, 

and continue the process, 

qi — q$b + di, 0 fC di < b, 
q$ = q±b + dz, 0 < dz < b, 

and so on. Since n > qi > qi > q% > • and each qi is nonnegative, the 

sequence of #’s will sooner or later terminate. That is, we will come to k 
such that 

q k = 0-b + d k 0 <d k <b. 

But then 

n = do + q\b — do + {di + q 2 b)b = do + d\b + q 2 b 2 
= do + d\b + {di + q%b)b 2 = do + dib + dib 2 + q^b z 

= do + dib + dib 2 + • • • + q k b k 
= do + dib + dib 2 + • • • + d k b k , 
and this is the desired representation. 
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To show that it is unique, we use the same idea we used in the proof of 
Theorem 2. Suppose that n has two representations: 

n = do + d\b -f- d 2 b 2 + ■ • • + dkb k 
= + eib + e 2 b 2 + • • • + e k b k 

for some k , where 

(10) 0 < di < b and 0 < < b 

for / = 0, 1, . . ., k. (As in Theorem 2, there is no loss in generality in 
assuming that the two representations have the same number of terms.) 
Subtracting one representation from the other gives 

0 = (do- Co) + (tfi - ejb + (d 2 - e 2 )b 2 + •••+(*- e k )b k . 

We see that b | {d Q — e 0 ). From (10) it follows that d 0 = e 0 . 

Exercise 6. Complete the proof. 

For short, we will write 

do + d\b + • * * + djfi = ( dfcdk-x * • • cWoV 

For example, 

111 7 = 1 + 1*7 + 1 *7 2 = 57 10 . 

(We will usually omit the subscript b when b = 10. Unless noted otherwise, 
every integer without a subscript is written in base 10.) 

To find the representation of a base-10 integer in the base b 9 the scheme 
used in the proof of Theorem 3 is as good as any. For example, to write 
31415 in the base 8, we perform repeated divisions by 8: 

31415 = 8*3926 + 7, 

3926 = 8*490 + 6, 

490 = 8*61 + 2, 

61 = 8*7 + 5, 

7 =8*0 + 7, 

and hence 31415i 0 = 75267 8 . {Check: 

75267 8 = 7 + 6*8 + 2*8 2 + 5*8 3 + 7*8 4 = 7 + 48 + 128 + 2560 + 28762 
= 31415.) 

To make the arithmetic easier, the divisions may be arranged differently. 
For example, we have 31415i 0 = 160406 7 : 
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quotients remainder 

7) 31415 

4487 6 

641 0 

91 4 

13 0 

1 6 

0 1 


Problems 

1. Write 1492 in the base (a) 2, (b) 3, (c) 7, (d) 9, (e) 11. 

2. Calculate 

(a) 3141 5 , (b) 3141 6 , (c) 3141 7 , (d) 3141,. 

3. Solve for x : (a) 1234 = *5, (b) 234s = (c) 123* = 1002 4 . 

4. Verify that the entries in the following addition table in the base 7 are correct, 
and complete it. 


+ 

1 

2 

3 

4 

5 

6 

10 

1 

2 

3 

4 

5 

6 

10 

11 

2 

3 

4 

5 

6 

10 

11 

12 

3 

4 

5 

6 

10 

11 

12 

13 

4 

5 

6 

10 

11 

12 

13 

14 

5 








6 








10 









5. Verify that the entries in the following multiplication table in the base 7 are 
correct, and complete it. 



2 

3 

4 

5 

6 

10 

2 

4 

6 

11 

13 

15 

20 

3 

6 

12 

15 

21 

24 

30 

4 

11 

15 

22 

26 

33 

40 

5 







6 








6. All numbers in this problem are in the base 7. Calculate 


(c) 42 -12, 

(d) 314-152. 


(a) 15 + 24 + 33, 

(b) 314 + 152 + 265 + 351, 
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7. Evaluate as rational numbers in the base 10 

(a) (.25) 7 , (b) (.333 . . .) 7 , (c) (.545454 . . .) 7 . 

(By {.did 2 ^ 3 . • .)& we mean di/b + d 2 /b 2 + d 3 /b 3 + • • *.) 

8. In which bases b is 1111& divisible by 5? 

9. (a) Show that 123 7 , 132 7 , 3 1 2 7 , 231 7 , 321 7 , and 213 7 are even integers. 

(b) Show that in the base 7, an integer is even if and only if the sum of its 
digits is even. 

(c) In which other bases is it true that if an integer is even, then any permuta¬ 
tion of its digits is even ? 

10. (a) Show that 121 3 = 4 2 , 121 4 - 5 2 , and 121 5 = 6 2 . 

(b) Guess and prove a theorem. 

(c) Evaluate 169 6 in base 10 (b > 10). 

11. If a and b are positive integers, then a 2 ends with an even number of zeros, 
and 10Z > 2 ends with an odd number of zeros. Hence \0b 2 = a 2 is impossible 
in nonzero integers, and it follows that 10 1/2 is irrational. 

(a) Adapt the above proof to integers in the base b {b not a square) to show 
that b 1/2 is irrational. 

(b) Show that b 1/m (b not an mth power, m = 3, 4, . . .) is irrational by the 
same argument. 

12. Consider the following lists: 



List 1 



List 2 




List 4 


1 

9 

17 

25 

2 

10 

18 

26 


4 

12 

20 

28 

3 

11 

19 

27 

3 

11 

19 

27 


5 

13 

21 

29 

5 

13 

21 

29 

6 

14 

22 

30 


6 

14 

22 

30 

7 

15 

23 

31 

7 

15 

23 

31 


7 

15 

23 

31 




List 8 




List 16 






8 

12 

24 

28 


16 

20 

24 

28 





9 

13 

25 

29 


17 

21 

25 

29 





10 

14 

26 

30 


18 

22 

26 

30 





11 

15 

27 

31 


19 

23 

27 

31 




Pick a number from 1 to 31—any number—and see which of the above lists 
it appears in. If you add the numbers of the lists in which the number appears, 
you will get the number you picked. Why does this trick work ? 

13. Prove that every positive integer can be written uniquely in the form 

n = e 0 + 3e t + 3 2 e 2 + 3 3 e 3 + ■ • • + 3 k e k 
for some k, where = — 1 , 0, or 1 , i = 0, 1 , . . ., k. 

14. An eccentric philanthropist undertakes to give away $100,000. He is eccentric 
because he insists that each of his gifts be a number of dollars that is a power 
of two, and he will give no more than one gift of any amount. How does he 
distribute the money? 

15. (a) Prove that every positive odd integer can be represented in the form 

n = d 0 + dr2 + d 2 -2 2 + ... +d k -2\ 
where di = 1 or — 1, / = 0,1,. . ., k, but the representation is not unique. 
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(b) A and B play a series of games, the first for $1, the second for $2, and 
so on, the stakes being doubled each time. After eight games, A is $31 
ahead. Which games did he win? 

16. If weights can be placed in both pans of a balance, what is the minimum 
number of weights needed to weigh objects weighing 1, 2, . . ., 100 pounds? 
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In this section, we will take a close look at arithmetic in the base 12. In doing 
this, we will re-examine the familiar processes of addition, subtraction, mul¬ 
tiplication, and division in an unfamiliar setting. After completing the exer¬ 
cises, you should realize how expert you really are at computation (in the 
base 10), and what enormous labor it takes to become quick at arithmetical 
operations. We all worked hard in the third grade. Any base would serve as 
well as 12 to give practice, but some parts of arithmetic—notably decimals— 
are nicer in the base 12 than they are in the base 10. Besides, there is a good 
deal of twelveness in everyday life: items are measured by the dozen and 
gross, there are 12 months in the year, 12 inches in a foot, half a dozen feet 
in a fathom, two dozen hours in the day, and 30 dozen degrees in the circle. 
The reason for this abundance of twelves is the easy divisibility of 12 by 3, 4, 
and 6; we want to make such divisions much more often than we want to 
divide things by 5. Counting by tens is the result of a really unfortunate 
accident; how much better ordered the world would be if we had six fingers 
on each hand! Because we don’t, it is unlikely that we will ever abandon 
counting by tens, even though counting by dozens is manifestly better. But 
there is a Duodecimal Society of America that devotes itself to educating 
the public in preparation for the day when the change is made. Although the 
public is still largely untouched, the Society looks forward to that day with 
faint but unquenchable hope. 

In order to count by dozens, we need two new digits to represent 10i 0 
and 11 10 . From now on in this section, all numbers will be duodecimals — 
that is, written in the base 12, unless otherwise indicated with a subscript. 
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The settled notation among duodecimalists for 10i 0 and llio seems to be 
X and s, the Greek letters chi and epsilon. But they are pronounced “dec” 
and “el.” Thus duodecimal counting goes 

1, 2, 3, 4, 5, 6, 7, 8, 9, x, e, 10, 11, ..., lx, 1 £ , 20, ..., 

30, . . ., 40, . . ., X 0, . . ., e0, . . ., 100, . . . . 


We need names for duodecimal numbers. The Duodecimal Society advo¬ 
cates “do” (from dozen) for 10 and “gro” for 100, so that, for example, 
15 is “do five” and 327 is “3 gro 2 do 7.” Unfortunately, the Society’s names 
for larger and smaller multiples of a dozen, of which a dozen examples are 
given here, 


10 Do 
100 Gro 
1000 Mo 
10000 Do-mo 
100,000 Gro-mo 
1,000,000 Bi-mo 


.1 Edo 
.01 Egro 
.001 Emo 
.0001 Edo-mo 
.00001 Egro-mo 
.000001 Ebi-mo 


may sound just close enough to baby talk to give you the giggles (2, 201,110 
is “2 bi-mo, 2 gro-mo, mo, gro, do”), but .37x5 can always be read “point 
three seven dec five,” and if you want to call lx and 5e “decteen” and 
“fifty-el” instead of “do dec” and “five do el,” most probably only the most 
fanatical duodecimalists would object. 

Addition of duodecimals is not hard if we remember to carry one when¬ 
ever we sum to a dozen. Here is the addition table for six: 


6 6 6 6 

6 6 

6 

6 

6 

6 6 

6 

12 3 4 

5 6 

7 

8 

9 

X £ 

10 

7 8 9 x 

s 10 

ii 

12 

13 

14 15 

16 

And here are some summations: 






5 

31 


123 


XXX 


4 

41 


456 


eee 


3 

15 


789 


X £ X 


2 

9 


xeO 


£ X £ 


12 

94 


2036 


3996 



Exercise 1. Calculate 9 + 4, x + £> £ 1 + ls» an d 16+19 + 37. 


Although we can carry the addition tables in our heads without too much 
trouble, we need a multiplication table to look at when we multiply, just as 
when we learned to multiply in the base x- 
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Duodecimal Multiplication Table 



2 

3 

4 

5 

6 

7 

8 

9 

X 

s 

10 

2 

4 

6 

8 

X 

10 

12 

14 

16 

18 

lx 

20 

3 

6 

9 

10 

13 

16 

19 

20 

23 

26 

29 

30 

4 

8 

10 

14 

18 

20 

24 

28 

30 

34 

38 

40 

5 

X 

13 

18 

21 

26 

2 s 

34 

39 

42 

47 

50 

6 

10 

16 

20 

26 

30 

36 

40 

46 

50 

56 

60 

7 

12 

19 

24 

2 s 

36 

41 

48 

53 

5x 

65 

70 

8 

14 

20 

28 

34 

40 

48 

54 

60 

68 

74 

80 

9 

16 

23 

30 

39 

46 

53 

60 

69 

76 

83 

90 

X 

18 

26 

34 

42 

50 

5x 

68 

76 

84 

92 

xo 

s 

Exercise 2. Vei 

lx 29 38 47 56 65 74 83 

rify that the x-times table is correct. 

92 

xl 

sO 


With the aid of the table, multiplication is no problem. For example, 


34 

1755 

XX 

5 

X 

ss 

148 

14262 

9s2 


9s2 

X912 

Exercise 3. Calculate 14-2, 14-3, and 9-*- s. 

With enough practice, we could absorb the entries of the table and learn 
to do without it; eventually, “9 times 9” would produce “6 do 9” purely 
by reflex. 

Division is slightly harder, even with the aid of the table, because lack of 
experience may lead us to choose the wrong digit in a quotient. It takes 
practice to be able to see at a glance how many x5’s there are in 763. 

Exercise 4. How many are there? 

Here are some worked-out divisions: 


5)456( X 8 22)456(20 31 )4159( 140 

42 44 31 

36 16 105 

34 104 

2 19 


Exercise 5. Calculate 1966/6 and 1111/5. 

In duodecimals, 1/3 and 1/6 have terminating expansions—-1/3 = 4/10 = 
.4 and 1/6 = 2/10 = .2—and this is more pleasant than the case in the 
base x- The expansion of 1/5, however, does not terminate: 
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.2497 

5)1.0000 

x 

20 

18 

40 

39_ 

30 

2s 

1 

So 1/5 = .24972497 .... We will signify the repeating part of a repeating 
decimal by putting a bar over it; thus we will write 1/5 = .2497. We will 
continue to call such things “decimals,” even though some other name 
(“doimals,” perhaps?) would be more appropriate. 

Exercise 6. Calculate the decimal representation of 1/7. 

Here is a table of reciprocals up through one decth and one elth (or, in 
other words, through dec edo and el edo). 


n 

2 3 

4 

5 6 

7 

8 

l/n 

n 

.6 .4 

9 

.3 

X 

.2497 .2 

s 

.186x35 

.16 

\/n 

.14 

.12497 

.1 




Half of these terminate, and one elth, like one ninth in the base x> has a 
particularly simple repeating part. 

To convert from decimals to rational numbers, we use the same principles 
as in base x- For example, .25 = 25/100. Is this fraction in its lowest terms? 
Neither numerator nor denominator is divisible by five, and because of our 
inexperience with duodecimals, we may find it hard to recognize any common 
factor, or the lack of one. Here is a short factor table: 


2 prime 

11 prime 

21 = 5 2 

3 prime 

12 = 2-7 

22 = 211 

4 = 2 2 

13 = 3-5 

23 = 3 3 

5 prime 

14 = 2 4 

24 = 2 2 -7 

6 - 2-3 

15 prime 

25 prime 

7 prime 

16 = 2-3 2 

26 = 2-3-5 

8 = 2 3 

17 prime 

27 prime 

9 = 3 2 

18 = 2 2 -5 

28 = 2 5 

X = 2-5 

19 = 3-7 

29 = 3-s 

e prime 

lx = 2 s 

2 X = 2-15 

10 = 2 2 -3 

le prime 

2s = 5-7 


20 = 2 3 -3 

30 = 2 2 -3 2 
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Since 25 is a prime, it follows that 25/100 is in its lowest terms. 

Repeating decimals can be converted to fractions in the usual way. For 
example, let N = .6666 .... Then ION = 6.6666 . . ., so ION — N = 6 . 
Thus eN = 6 , and N — 6 /e; this is a fraction in its lowest terms. 


Problems 

1. Continue the factor table in the text to 40. 

2 . Calculate (a) 3141 + 5926, (b) 3141 - 5926, (c) 3141-5926, (d) 3141/5926 
to three places. 

3. Calculate (a) 2 10 , (b) 9 !, (c) 1/3 3 . 

4. Show that .292929 . . . = 3/11. 

5. Take your age, add 11 , double the result, then multiply by 6 and subtract 110 . 
Show that the number you calculate is 10 times your age. 

6 . Which is more, $4e.s6 or $(59.95) x ? 

7. If * is 0 , 1, 4, or 9, show that the last digit of x n is * for n = 2 , 3 , ... . 

8 . Show that the last digit of a square is 0, 1, 4, or 9 . 

9. Show that the last digit of x n 9 n = 2, 3, . . . 

(a) is 0 if x = 6 

(b) is 4 if jc = x 

(c) is x if x = 3, 5, 7, 8 , or e and n is odd. 

X. From Problems 7, 8, and 9, conclude that the last digit of n = 2, 3, . . . 
is never 2 , 6 , or x for any *. 

s. With which digits can a prime end ? 

10. Show that any integer whose last digit is 3, 6 , 9, or 0 has 3 for a factor. 

11. Show that any integer whose last digit is 4, 8 , or 0 has 4 for a factor, and that 
any integer whose last digit is 6 or 0 has 6 for a factor. 

12 . (a) True or false? 19 2 = 361. 21 2 = 441. 23 2 = 529. 

(b) Can you explain the phenomenon in (a) ? 

13. All of 5, 15, 25, 35, and 45 are prime. Can this go on? 

14. Write as rational numbers in lowest terms 

(a) 3.14 (b) .090909_ 

15. Write as repeating decimals (a) 22/7, (b) 1/11. 

16. Find 2 1/2 correct to two places. 

17. Show that any integer whose digits sum to a multiple of e is divisible by e. 

18. Using the fact that 1001 = 7-11-17, develop tests for the divisibility of an 
integer by 7, 11, and 17. 
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19. The Duodecimal Society of America also advocates the do-metric system 
of weights and measures: 1000 yards to the mile, 10 ounces to the pound, 
and 10 flounces to the pint. The Society relates distance, weight, and volume 
by requiring that a cubic yard hold 1000 pints of water, which weigh 1000 
pounds. If we keep the yard as it is now, how do the do-metric mile, pint, and 
pound compare to the ordinary mile, pint, and pound? 

lx- (a) How many days are there in the year ? 

(b) What other three-digit numbers have the same property—that is, 
dydA, = ((rfi + 1 M4>) x ? 

(c) Are there any four-digit numbers with this property? 





SECTION lU 

Decimals 


Some fractions have nice decimal expansions (1/8 = .125); others are not 
as nice, but still tolerable (1/3 = .333 . . .); and others are not nice at all 
(1/17 = .0588235294117647 . . .). In this section we will see which fractions 
are nicest, and we will find a way of determining how long the repeating part 
of a repeating decimal is without having to carry out the actual calculation of 
the decimal. In doing so, we will use nothing deeper than the division algo¬ 
rithm and some congruences. 

We will denote 


by 


di/10 + d 2 / 10 2 + d 9 / 10 3 + • • (0 < d k < 10) 

,d\d 2 dz .... 


A bar over part of a decimal will indicate that this part repeats indefinitely. 
For example, 


.0147 = .0147474747 ... and 1/3 = .3. 

Exercise 1 . Write .0147 as a rational number. 

Exercise 2. Write 7/41 as a decimal with a bar over its repeating part. 

Let us make a table of the decimal expansions of the reciprocals of the 
first few integers and see if we can notice any pattern in them. A zero in the 
period column means that the decimal terminates. 
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n 

1/n 

Period 

n 

i /« 

Period 

2 

.5 

0 

16 

.0625 

0 

3 

.3 

1 

17 

.0588235294117647 

16 

4 

.25 

0 

18 

.05 

1 

5 

.2 

0 

19 

.052631578947368421 

18 

6 

.16 

1 

20 

.05 

0 

7 

.142857 

6 

21 

.047619 

6 

8 

.125 

0 

22 

.045 

2 

9 

X 

1 

23 

.0434782608695652173913 

22 

10 

.1 

0 

24 

.0416 

1 

11 

.09 

2 

25 

.04 

0 

12 

.083 

1 

26 

.0384615 

6 

13 

.076923 

6 

27 

.037 

3 

14 

.0714285 

6 

28 

.03571428 

6 

15 

.06 

1 

29 

.0344827586206896551724137931 

28 

The integers in the table whose decimal reciprocals terminate are 



2, 4, 5, 8, 10, 16, 20, 25, 

and one thing these numbers have in common is that they are all of the form 
2 a 5 & for some nonnegative integers a and b. We might guess that the decimal 
expansion of the reciprocal of any number of this form terminates. The next 
three such numbers are 32, 40, and 50, and 

1/32 = .03125, 1/40 = .025, 1/50 = .02 

all terminate. In fact, this guess is right. 

THEOREM 1. If a and b are any nonnegative integers , then the decimal 
expansion of l/2 a 5 6 terminates. 

proof. Let M be the maximum of a and b. Then 

10 M (l/2 a 5 6 ) = 2 M ~ a 5 M - b 

is an integer—call it n. Clearly, n < \0 M . Thus 

1 _ j}_ 

¥5 b “ 10 M ’ 

so the decimal expansion of l/2°5 6 consists of the digits of «, perhaps 
preceded by some zeros. 

Exercise 3. Calculate M for 16, 20, and 25, and compare with the table to see 
that it gives the correct length of the expansion. 

Exercise 4. How many places are there in the expansions of 1/128, 1/320, and 
1/800? 
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The converse of Theorem 1 is also true. 

theorem 2. If l/n has a terminating decimal expansion , then n = 2 a 5 6 
for some nonnegative integers a and b. 

proof. Let the terminating decimal expansion of l/n be 

l/n = .did 2 • * <4 

= </ i /10 + < 4/102 + • •. + < 4 / 10 *. 

Then 

l/n = (<410*- 1 + d 2 10*- 2 + *.. + d h )/ 10*. 

Call the integer in parentheses m. Then the last equation is 
l/n = m/10* or mn = 10*. 

The only prime divisors of 10* are 2 and 5, and so the only prime divisors 
of n are 2 and 5. This proves the theorem. 

Theorems 1 and 2 completely take care of terminating decimals. Among 
the expansions in the table that do not terminate are some with long periods, 
including n = 17, 19, 23, and 29. In each case, n is a prime and the period of 
l/n is n — 1. But not all primes p have period p — 1 for their reciprocals: 
1/13 has period 6, not 12, and 1/11 has period 2, not 10. As a first step in 
investigating the lengths of the periods of reciprocals, we prove 

theorem 3. The length of the decimal period of l/n is no longer than 
n — 1. 

proof. Let t be such that 10 1 < n < 10 m . Then using the division 
algorithm repeatedly, we have 

10 <+1 = den + r u 0 < n < n, 

I0n = d 2 n + r 2 , 0 < r 2 < n , 

0) 10 r 2 = <4« + r 3 , 0 < r z < n, 

* • 5 * * • 5 

10ffe = dk±in + ?k+u 0 < rk+i < n, 

• • • 5 .... 

Note that each d k is less than 10, because for k = 2, 3, . . ., 
d k n = 10r*_x — r k < 10r A1 < lOn, 

and 

din = 10 (+1 - n < 10‘+ l = 10* 10* < lOn. 

From (1) we see that 

O) f k /n = d k 11 /10 + r k 11 /10/). 
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If we divide both sides of the first equation in (1) by 10‘ +1 « and apply (2) 
over and over, we get 

1 /n = rfi/10 1+1 + r 1 /«10 i + 1 

= </i/10 (+1 + d 2 /l0‘ +i + r 2 /nlO t+i 
= di/lO‘ +1 + dil 10 ,+2 + d 3 /10‘+ 3 + r 3 /n\0 l+i 

= r?i/10 1+1 + d»l 10‘+ 2 + d 3 / 10‘+ 3 + dflO t+i + • • • , 

and thus d h d 2 , d 3 . . . are the digits in the decimal expansion of 1/n. For 
example, for n = 7 we have 

10= 1-7 + 3, 

30 = 4-7 + 2, 

20 = 2-7 + 6, 

60 = 8-7 + 4, 

40 = 5-7 + 5, 

50 = 7-7 + 1, 

10 = 1-7 + 3, 


and so the decimal expansion of 1/7 is .142857. 

Each of the remainders r u r 2 , . . . may assume one of the n values 0, 1, 
2, 1. Hence, among the n + 1 integers r u r 2 , . . ., r n+u there must 

be two that are equal. (If you put n + 1 objects in n boxes, one box will 
contain two objects.) If = r*, then it follows from (1) that dk +1 = dj+i> 
dk+ 2 = d j+2 , . . ., and the decimal repeats, with period no greater than n. 

Exercise 5. Apply the division algorithm to find the decimal expansion of 1/41. 

If n is relatively prime to 10, we can get more information about the period 
of 1/n. 

THEOREM 4. If (n, 10) = 1, then the period of 1/n is r, where r is the 
smallest positive integer such that 10 r = 1 (mod ri). 

proof. We first note that the integer r exists. The least residues (mod n) 
of 1,10,10 2 ,10 s ,..., 10 n_1 may assume only the values 1, 2, 3,.... n — 1, 
because no power of 10 is divisible by n. Again we have n objects to be put 
in n — 1 boxes: there exist nonnegative integers a and b, a ^ b and both 
smaller than n, such that 10“ = 10 6 (mod ri). Dividing the congruence by 
the smaller power of 10, which is possible since (n, 10) = 1, will give r. 

Since lO 1- = 1 (mod ri), we know that 


(3) 


10 r — 1 = kn 
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for some integer k. Written in the base 10, k has at most r digits (because 
k < 10 r ). Let 

k = d r -idr-2 * * * d\do = d r ~ ilO r_1 + d r - 2 10 r ~ 2 + • • • + d\\0 + do, 

where 0 < d k < 10 for k = 0, 1, . . ., r. Then from (3) 

1 k __ dr—id r —2 * * • do 1 

n ~ 10'- 1 " lfr 1 -la-- 

= (.dr-ldr-2 • • • do)( 1 + 10 -r + 10+ • • •) 

= Mr-ldr-2 ’ ' do. 


This shows that the period of l/n is at most r. (The sequence 


123123123123. .. 

repeats after every ninth digit, but its period is three.) We must show that 
the period is no smaller than r . Suppose that the period of \/n is s 9 with 
s < r. We will show that 10 s s 1 (mod n), and this contradicts the assump¬ 
tion that r is the smallest positive integer such that 10 r s= 1 (mod n ). The 
division algorithm in (1) says that for any k. 


Thus 

and in general, 


lOr* = r k +1 (mod n). 


10 2 r k = \0r k+1 s r k+2 (mod n\ 


10% = r k + t (mod n) 


for any positive t. If l/n is periodic with period s 9 then d k + 8 = d k for all 
sufficiently large k, and hence r k + 8 = r k : this is not obvious enough, and 
more detail is needed. 

10 % s rk+ 8 3 r k (mod n) 


for all sufficiently large /c. If we can show that (r k , ri) = 1 for all k 9 it will 
follow that 10 s 3 1 (mod n) 9 and the theorem will be proved. But from 

10 r*_i = d k n + r k 

it follows that if p | r k and p \ n 9 then p | lO^-i* Since (10, ri) = 1, we have 
p | i for all k. But from 

10 * = din + n 

we get p | 10, which is impossible. Hence ( r k9 ri) = 1, and the theorem is 
proved. 


The foregoing discussion could have been phrased in the language of 
primitive roots, with a gain in elegance and a loss in length. But we have not 
done this, following instead the principle that a cannon should not be used 
to shoot flies. 
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Exercise 6. Apply Theorem 4 to find the period of 1 /41. 

Unfortunately, there are no general rules for looking at an integer and 
discovering what the number r is. Even among the primes, those for which 
r = p — 1 (7, 17, 19, 23, 29, . . .) are scattered in a pattern no one has yet 
been able to decipher. 

So far we have considered reciprocals only. But the general rational number 
is no more difficult. It is clear that if we multiply a fraction by an integer that 
cancels no factors in its denominator, we do not change the period of its 
decimal expansion. The same holds for division by any number of the form 
2 a 5 6 . Hence l/2 a 5 6 « has the same period as 1 /n, and if (c, n) = 1, then c/n 
has the same period as l/n. With these remarks, Theorem 4 lets us determine 
the period of the decimal expansion of c/n for any n not of the form 2 a 5 & : 


theorem 5. If n 2 a 5 b and (c, n) = 1, then the period of the decimal 
expansion of c/n is r , the smallest positive integer such that 


where 


and («i, 10) = 1. 


10 r = 1 (mod «i), 
n = 2 a 5 b ni 


From Theorem 5 and Lemma 1 of Section 10 it follows that the period of 
c/n must be a divisor of <t>(n/). 


Problems 

1. Find the periods of the expansions of 

(a) 1/66, (b) 1/666, (c) 1/4608, (d) 1/925, (e) 1/101, (f) 1/1001. 

2. Find the smallest positive integer r such that 10 r = 1 (mod n ) if n is (a) 33, 

(b) 37. 

3. A says, “With enormous labor, I have calculated the length of the period of 
1/31415. It is exactly 15707.” B says, “You made a mistake.” Is B correct? 

4. Fill in any missing details in the argument in the text that l/n and l/2 6 5 b n 
have the same period for any nonnegative integers a and b. 

5. Prove that if the decimal expansion of l/n in the base b (that is, 

l/n = dfb + d 2 /b 2 + d z /b 3 + • •., 0 <d k <b) 

terminates, then every prime divisor of n is a divisor of b. 

6. Prove that if every prime divisor of n is a divisor of b , then the decimal 
expansion of 1 /n in the base b terminates. 
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7. Which of the reciprocals of 13, 14, . . ., 25 have terminating decimal expan¬ 
sions in the base 12? 

8. Prove that if (n, b) = 1, then the period of the decimal expansion of 1/n 
in the base b is the smallest positive integer such that b r = 1 (mod ri). 

9. In the base 2, what is the period of the decimal expansion of (a) 1/3, (b) 1 /5, 

(c) 1/7, (d) 1/9, (e) 1/11 ? 

10 . Calculate the decimal expansions in the base 2 of (a) 1/3, (b) 1/5, (c) 1/9. 

11 . In the base 12, what is the period of the decimal expansion of (a) 1 /7, (b) 1/11, 
(c) 1/17? 

12 . Calculate the decimal expansion in the base 12 of (a) 1/13, (b) 1/14. 

13. Calculate the following decimal expansions. 

(a) 1/9 2 in the base 10. 

(b) 1/7 2 in the base 8. 

(c) 1/6 2 in the base 7. 

(d) Guess a theorem. 

(e) Prove it. 

14 . Show that 


oo 



n = 1 


is irrational. 




SECTION 


Pythagorean 

Triangles 


More than 3500 years ago the Babylonians knew that the triangle whose sides 
have length 120, 119, and 169 is a right triangle. They knew many other such 
triangles too, including those with sides 

4800, 4601, 6649, 

360, 319, 481, 

6480, 4961, 8161, 

2400, 1679, 2929, 

2700, 1771, 3229, 

but it is not clear to what use they were put. In this section we will determine 
all such triangles. 

The famous Pythagorean Theorem , which was first proved around 2500 
years ago, states that if x and y are the legs of a right triangle and z its hypot¬ 
enuse, then 

x 2 -f- y 2 = z 2 . 

Many proofs are known, including one constructed by James Garfield 
(before he was President of the United States). Mathematical knowledge is 
thus not a disqualification for high office. A right triangle whose sides are 
integers we will call a Pythagorean triangle. (Strictly speaking, the sides are 
not integers; they are line segments whose lengths are denoted by integers, 
but no confusion can arise that is not willful.) The problem of finding all 
Pythagorean triangles is the same as that of finding all solutions in positive 
integers of 

( 1 ) 


x 2 + y 2 = z 2 . 




Pythagorean Triangles 


123 


We first note that we may as well assume that x and y are relatively prime. 
Suppose not : let x 2 + y 2 = z 2 and (x, y) = d. Then d | z, and 

( x/df + (y/df = (z/df, 

and we also know that ( x/d , y/d) = 1. This shows that any solution of (1) 
may be derived from a solution in which the terms on the left are relatively 
prime, by multiplication by a suitable factor. Thus when we find all solutions 
of x 2 + y 2 = z 2 with (x, y) = 1, we will be able to find all solutions of 
x 2 + y 2 = z 2 . 

Exercise 1. If (x, y) = 1 and x 2 + y 2 = z\ show that (y, z) = (*, z) = 1. 

We will call a solution x = a> y = b, z = c of x 2 + y 2 = z 2 in which 
a , and c are positive and (a, fc) = 1 a fundamental solution. From Exercise 1 
it follows that if a , b, c is a fundamental solution, then no two of a , 6, c, 
have a common factor. 

lemma 1. If a, b y c is a fundamental solution of x 2 + y 2 = z 2 , f/icn exactly 
one of a and b is even. 

proof. The integers a and b cannot both be even in a fundamental 
solution. 

Exercise 2. Why not? 

Nor can a and b both be odd. Suppose that they were. Then a 2 = 1 (mod 4) 
and b 2 = 1 (mod 4). Thus 

c 2 = a 2 + t 2 = 2 (mod 4), 

which is impossible. The only possibility left is that one of a and b is even 
and the other is odd. 

corollary. If a , b, c is a fundamental solution, then c is odd. 

proof, a 2 + b 2 ss 1 (mod 2). 

Before we proceed to derive an expression for all the fundamental solutions 
of (1), we need to prove 

lemma 2. If r 2 = sf an*/ (^, /) = 1, f/iew both s and t are squares . 

proof. Write out the prime-power decompositions of s and t: 

s = pt'p? - • • pi k 
t = qi'qi' 

From ( 5 , t) = 1, it follows that no prime appears in both decompositions. 




124 


SECTION 16 


Because of the unique factorization theorem, the prime-power decomposi¬ 
tion of r 2 can be written 

r 2 = st = pl l p§ • • • Pkqiqi 2 * * • q? 9 

and the p’s and q’s are distinct primes. Since r 2 is a square, all of the 
exponents e h e 2 , . . ., e k , /i,/ 2 , . . . ,fj are even. Thus s and t are squares. 

Exercise 3 (optional). Prove Lemma 2 by induction on r as follows. The lemma 
is trivially true for r — 1 and r — 2. Suppose that it is true for r < n — 1. Note 
that n has a prime divisor p , and /? | 5 or p \ t, but not both. Also, p 2 1 n 2 . Apply 
the induction assumption to n/p 2 . 

The next lemma gives a condition that fundamental solutions of (1) must 
satisfy. 

lemma 3. Suppose that a , b , c is a fundamental solution of x 2 + y 2 = z 2 , 
and suppose that a is even . Then there are positive integers m and n with 
m > n, (m, n) = 1 and m ^ n (mod 2) such that 

a = 2m«, 
b = m 2 — n 2 , 
c = m 2 + n 2 . 

(Note that we lose no generality in assuming that a is even. Lemma 1 tells 
us that exactly one of a and b is even, so we may as well call the even 
member of the pair a , b by the name of a.) 

proof. Since a is even, a = 2r for some r. So, a 2 = 4 r 2 ; from a 2 = c 2 — 
b 2 follows 

(2) 4r 2 = (c + b)(c - b ). 

We know that b is odd, and from the Corollary to Lemma 1, we know that 
c is odd too. Thus c + b and c — b are both even. Thus we can put 

(3) c + b = Is and c — b = 2t. 

Then 

(4) c = s + t and b = s — t. 

Substituting (3) into (2), we get 4r 2 = (2s)(20, or 

r 2 = st. 

If s and f are relatively prime, we can apply Lemma 2 and conclude that 
s and t are both squares. In fact, s and t are relatively prime, as we now 
show. Suppose that d | s and d | t. From (4) it follows that d \ b and d \ c. 
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But from Exercise 1, we know that ft and c are relatively prime. Hence 
d = ±1 and ( 5 , t) = 1. Lemma 2 says that 

s = m 2 and / = n 2 

for some integers m and n , which we may assume to be positive. Thus 
a 2 = 4 r 2 = 4sf = Am 2 n 2 

or a — 2 mn. From (4), 

c = s + t = m 2 + n 2 , 
b = s — t = m 2 — n 2 . 

Having established the last three equations, we need now only establish 
that m > n, (m , ri) = 1, and m ^ n (mod 2) to complete the proof. The 
inequality follows because b is part of a fundamental solution and hence 
positive. 

Exercise 4. Suppose that d | m and d | n. Show that d \ a and d \ b. Conclude 
that (m, n) ~ 1. 

Exercise 5. Suppose that m = n = 0 (mod 2). Show that a and b are both even, 
which is impossible. 

Exercise 6. Suppose that m s n = 1 (mod 2). Show again that a and b are 
both even. 

Exercises 4, 5, and 6 have completed the proof of Lemma 3. 

We have shown that if a , b, c is a fundamental solution, then a , b , and c 
satisfy the conditions of Lemma 3. It is also true that if a , ft, c satisfy the 
conditions of Lemma 3, then a , ft, c is a fundamental solution of x 2 + y* = z 2 . 
We prove this in 

lemma 4. If 

a — 2 mn, 
b = m 2 — n\ 
c = m 2 + n 2 9 

then a, ft, c is a solution of x 2 + y 2 — z 2 . If in addition , m > n, m and n are 
positive , (m, n) = 1, m ^ n (mod 2), a, ft, c /s a fundamental 
solution . 

proof. To see that a, ft, c is a solution is a matter of computation: 

a 2 + ft 2 = (2mnf + (m 2 — n 2 f 

= 4mV + m 4 — 2m 2 /i 2 + n 4 = m 4 + 2 w 2 az 2 + n 4 
= (m 2 + m 2 ) 2 = c 2 . 

It remains to show that (m, n) = 1 and m ^ n (mod 2) imply that (a, ft) - 




126 


SECTION 16 


1. Suppose that p is an odd prime such that p | a and p | b. From c 2 — a 2 + 
b 2 it follows that p | c. From p | b and p | c it follows that p \ (b + c) and 
p | (b — c). But 

b + c = 2 m 2 and b — c = —In 2 . 

So, p | 2m 2 and p | 2 n 2 . Since p is odd, this implies that p | m 2 and p | n 2 , 
and hence that p \ m and p | n. Since m and n are relatively prime, this is 
impossible. The only way in which a and b could fail to be relatively prime 
is for both to be divisible by 2. But b is odd because b = m 2 — n 2 and one 
of m, n is even and the other is odd. Thus (a, b) = 1, and because m > n, 
b is positive. Because m and n are positive, a is positive. Thus a , b, c is a 
fundamental solution. 

We restate Lemmas 3 and 4 as 

theorem 1. All solutions x = a, y — b, z = c to x 2 + y 2 = z 2 , where 
a , 6, c are positive and have no common factor and a is even , are given by 

a = 2 mn, 
b = m 2 — n 2 , 
c = m 2 + « 2 , 

where m and n are any relatively prime integers , not both odd , and m> n. 
Here is a table of some fundamental Pythagorean triangles with small sides: 


m 

/i 

a 

b 

c 

a 2 

b 2 

c 2 

2 

1 

4 

3 

5 

16 

9 

25 

3 

2 

12 

5 

13 

144 

25 

169 

4 

1 

8 

15 

17 

64 

225 

289 

4 

3 

24 

7 

25 

576 

49 

625 

5 

2 

20 

21 

29 

400 

441 

841 

5 

4 

40 

9 

41 

1600 

81 

1681 

6 

1 

12 

35 

37 

144 

1225 

1369 

7 

2 

28 

45 

53 

784 

2025 

2809 


Problems 

1. Besides those in the above table, how many Pythagorean triangles are there 
with hypotenuse less than 50? 

2. Find a Pythagorean triangle all of whose sides are greater than 50. 

3. If (a, b) — d and a 2 + b 2 = c 2 , show that (a, c) ^ ( b , c) = d. 

4 . (a) If m and n generate a , b , c as in Theorem 1 , show that (b + c)/a = m/n. 
(b) Which m , n generate 72 2 + 65 2 = 97 2 ? 
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5. If (a, b) = 1 and ab = c n , does it follow that a and b are «th powers? 

6. If (a, b) = d and ab = c n , show that a/d and b/d are wth powers. 

7. Prove that if the sum of two consecutive integers is a square, then the smaller 
is a leg, and the larger a hypotenuse, of a Pythagorean triangle. 

8 . Bhascara (ca. 1150) found a right triangle whose area is numerically equal to 
the length of its hypotenuse. Show that this cannot happen if the triangle 
has integer sides. 

9 . In all of the Pythagorean triangles in the table in the text, one side is a 
multiple of five. Is this true for all Pythagorean triangles? 

10 . Show that 12 divides the product of the legs of a Pythagorean triangle. 

11 . Show that 60 divides the product of the sides of a Pythagorean triangle. 

12 . Here is a quadrilateral, not a parallelogram, with integer 
sides and integer area: 

(a) What is its area ? 

(b) Such quadrilaterals are not common; can you find 
another ? 

(c) Could you find 1,000,000 more? 

13 . Let the generators of a Pythagorean triangle be consecutive triangular num¬ 
bers. Show that one side of the triangle generated is a cube. 

14 . Prove that 3, 4, 5 is the only solution of x 2 + y 2 = z 2 in consecutive positive 
integers. 

15 . Show that the only Pythagorean triangles with sides in arithmetic progression 
are those with sides 3/z, 4w, 5n, n = 1, 2, 3, ... . 

16 . 3 2 + 4 2 = 5 2 . 5 2 + 12 2 = 13 3 . 7 2 + 24 2 = 25 2 . 9 2 + 40 2 = 41 2 . 

(a) Guess a theorem. 

(b) Prove that the numbers in (a) give the only Pythagorean triangles with 
consecutive integers for one leg and a hypotenuse. 

17 . (a) Look in the table in the text and find two Pythagorean triangles with the 

same area. 

(b) Can you find two others with the same area? 

(c) Prove that two Pythagorean triangles with the same area and equal 
hypotenuses are congruent. 

18 . Show that n 2 + (n -f l) 2 = 2 m 2 is impossible. 

19 . Show that n 2 + (n + l) 2 = km 2 is possible only when —1 is a quadratic 
residue (mod k). 

20 . Note that 4 2 - 3 2 = 7, 12 2 - 5 2 = 7-17, and 8 2 - 15 2 = -7*23. Show that 
a 2 b 2 — c 2 and (7, abc) = 1 imply 7 | (a 2 - b 2 ). 

21 . Although 9 is not the sum of two positive integer squares, it is the sum of two 
positive rational squares. Find them. 

22 . (a) Given a, how would you find b such that a 2 + b 2 is a square? 

(b) Carry out such a procedure for a - 13 and a — 14. 
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23 . Find a Pythagorean triangle whose area is numerically equal to its perimeter. 

24 . (a) 3 2 + 4 2 = 5 2 . 20 2 + 21 2 = 29 2 . 119 2 + 120 2 = 169 2 . To find another 

such relation, show that if a 2 + (a + l) 2 = c 2 , then 

(3a + 2c + l) 2 + (3a + 2c + 2) 2 = (4a + 3c + 2) 2 . 

(b) Find another relation like that in (a). 

(c) If a 2 + (a + l) 2 = c\ let u = c — a — 1 and v = (2a + 1 — c)/2. Show 
that v is an integer and that u(u + l)/2 = v 2 . (This shows that there are 
infinitely many square triangular numbers.) 
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Infinite Descent 
and Fermat's 
Conjecture 


In the section on Pythagorean triangles, we found all of the solutions in 
integers of x 2 + y 2 = z 2 . After disposing of that problem, it would be nat¬ 
ural to try the same ideas on an equation of one higher degree, x 3 + y z = z 3 . 
The same ideas would not work, nor would any others; there is no solution 
in integers of x 3 + y z = z 3 . (There is one exception—a solution in which one 
of the variables is zero. We will call such a solution a trivial solution, treating 
it with the contempt it deserves. When we say “solution” in this section, we 
will mean “nontrivial solution”.) In fact, no one knows any solution in inte¬ 
gers to any of the equations x n + y n = z n for w > 3. Fermat thought he had 
a proof that x n + y n — z n has no nontrivial solutions when n> 3; he wrote 
a note in the margin of his copy of the works of Diophantus saying that he 
had a proof, but that the margin was too small to contain it. It is almost cer¬ 
tain that he was mistaken. But of course we cannot be certain. He may have 
had a proof. Or, he may have realized how deep the proof must lie and wrote 
the comment to keep future generations of mathematicians at work. Are 
Frenchmen practical jokers? 

The statement “x n + y n = z n has no nontrivial solutions if n > 3” is often 
called “Fermat’s Last Theorem”—to distinguish it from the theorem that 
bears his name (see Section 6), but a better name would be Fermat's Conjec¬ 
ture. An enormous amount of work has been devoted to it, but it is still not 
settled one way or the other. The conjecture is known to be true for n < 25,000 
and for many larger values of n , but this is far from a proof. Before the First 
World War, there was a large prize offered in Germany for a correct proof, 
and many amateurs offered attempted solutions. It is said that the great 




130 


SECTION 17 


number theorist Landau had post cards printed which read, “Dear Sir or 
Madam: Your attempted proof of Fermat’s Theorem has been received and 

is herewith returned. The first mistake is on page _, line_ 

Landau would give them to his students to fill in the missing numbers. Many 
powerful mathematicians have worked on the problem. It may be that 
Fermat’s conjecture is forever undecidable one way or the other, for there 
may exist a solution of x w + y n = z n in numbers so large that no one could 
ever find them. There are, after all, integers so big that the world could not 
hold them if they were written out. If they take up that much room, can they 
fit into the head of man? 

The object of this section is to show that Fermat’s conjecture is true for 
n = 4, and in so doing, to illustrate Fermat’s method of infinite descent. 
(You might wonder why we avoid considering the case n = 3. It turns out 
to be harder to show that x 3 + y 3 — z 3 has no solutions than it is to show 
that x 4 + y 4 — z 4 has none, though it is also possible to apply the method 
of infinite descent when n = 3. See, for example, Diophantine Analysis , by 
R. D. Carmichael (Dover, 1959).) We will prove 

theorem 1. There are no nontrivial solutions of 

x 4 y 4 = z 2 . 

Note that this implies that there are no solutions of x 4 + y 4 = z 4 ; if 
a , fc, c were a solution to that equation, we would have a 4 + b 4 = (c 2 ) 2 , 
contrary to Theorem 1. 

proof of the theorem. We will apply Fermat’s method of infinite 
descent. Consider the set of nontrivial solutions of x 4 + y 4 — z 2 . We want 
to show that it is empty. We will suppose that it is not empty and deduce 
a contradiction. Among the set of nontrivial solutions, there is one with a 
smallest value of z 2 . Let c 2 denote this value of z 2 . There may be several 
solutions with this same value of z; if there are, we will pick any one of 
them—it makes no difference which. Call the solution that we pick a, b , 
c. The idea of the proof is to construct numbers r , s, t that also satisfy 
x 4 + y 4 — z 2 , with t 2 < c 2 . Since c 2 was chosen as small as possible, it fol¬ 
lows that the assumption that the set of solutions was not empty was wrong. 
Hence there are no nontrivial solutions. This method is no mere trick, but 
is quite natural. It is very possible that Fermat one day set himself to the 
task of finding solutions of x 4 + y 4 = z 4 ; he may have applied various de¬ 
vices to reduce the equation in the same way as we reduced the equation 
x 2 + y 2 = z 2 ; and maybe he was surprised when the result of his efforts was 
another equation of the same form, but with smaller numbers—surprised 
and pleased too, because this allowed him to conclude that if there was a 
solution, then there was another smaller solution, and then another and an- 
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other and another: an infinitely descending chain of solutions. But since we 
may assume that x, y, and z are positive, this is impossible. (On the other 
hand, Fermat may have sat down and thought, “I will now apply my meth¬ 
od of infinite descent to x 4 + / = z 4 ”; history is silent on the subject.) 

We suppose that we have a nontrivial solution a, b , c with c 2 as small 
as possible. We can suppose that a and b are relatively prime. Suppose 
not. Then there is a prime p such that p \ a and p \ b , and hence p 2 1 c. 
Thus (< a/pf + ( b/p ) 4 = (c/p 2 ) 2 provides a solution to x 4 + y 4 = z 2 with a 
smaller value of z 2 than c 2 , and we have supposed this to be impossible. 

Exercise 1. Show that a and b cannot both be odd. (Consider a* + b A = c 2 
modulo 4.) 

Because (a, b) = 1, a and b cannot both be even, either. Thus one is even 
and one is odd. Since a 4 + £> 4 = c 2 is symmetric in a and b , we can agree 
to call the even member of the pair a,b by the name of a. But now we have 
a fundamental solution of x 2 + y 2 = z 2 as defined in the last section: 

(a 2 ) 2 + (i b 2 f = c 2 , 

(a 2 , b 2 ) = 1, and a 2 is even and b 2 is odd. Hence, by Lemma 3 of the last 
section, there are integers m and n, relatively prime and not both odd, such 
that 

a 2 = 2 mn 9 

(1) b 2 = m 2 — « 2 , 

c = m 2 + n 2 . 

Exercise 2. Show that n is even. (Suppose that n is odd and m is even, and look 
at b 2 = m 2 — n 2 in the modulus 4. Remember that x 2 = — 1 (mod 4) is im¬ 
possible.) 

Because n is even, it follows that m is odd. Put 

n = 2 q. 


Then from (1), a 2 = 4 mq, or 

(2) Q 2 = mq. 

We would like to conclude that m and q are both squares. To do that, we 
need, according to Lemma 2 of the last section, to show that m and q are 
relatively prime. 

Exercise 3. Show that (m, q) = 1. (Suppose not. Then (m, n) ^ 1.) 

So, there are integers t and v such that 
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m — t 2 and q = d 2 . 

Exercise 4. Verify that t and v are relatively prime. (Suppose not. Then 
(m,q) ^ 1.) 

Exercise 5. Note that t is odd. (Suppose not.. Then m is even.) 

So far, we have found out a good many things about a, b , and c. We need 
more yet. We start with the easy observation 


n 2 + (m 2 — n 2 ) = m 2 . 

Substituting into this the various facts we know, 

n = 2q = 2d 2 , m 2 — ri 1 — Z> 2 , m — / 2 , 
the equation becomes 

(2d 2 ) 2 + 6 2 = 0 2 ) 2 , 

so we have another Pythagorean triangle. Is 2d 2 , b, t 2 a fundamental solu¬ 
tion? It is if 2d 2 and b are relatively prime. They are, as we will discover in 

Exercise 6. Supply the reasons for the following implications : 

if p | 2d 2 and p I b , then p \ n and p | b , 
if p | n and p \ b, then p \ n and p | m , 
if (m , n) = 1, then (2d 2 , Z>) = 1. 


With 2d 2 even, we have a fundamental solution of x 2 + y 2 = z 2 , so we 
need only apply Lemma 3 of the last section to show that there are inte¬ 
gers M and N , with (M, N) = 1 and M ^ N (mod 2), such that 

2d 2 = 2MN , 

(3) b = M 2 - N 2 , 

f = M 2 + iV 2 . 

Thus we have d 2 = MjV and (M, IV) = 1. The product of two relatively 
prime integers is a square if and only if both integers are squares (Lemma 2 
of the last section), so there are integers r and s such that 

M = r 2 and N = s 2 . 


From the third equation in (3), we have 


t 2 = (r 2 ) 2 + (s 2 ) 2 , 


or 


r 4 + s 4 = t 2 . 

Here is another solution of x 4 + y 4 — z 2 . It has the property that 


t 2 = m < m 2 < m 2 + n 2 = c < c 2 , 
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which is impossible, because c 2 was chosen as small as possible. This 
contradiction proves the theorem. 

Exercise 7. Why m 2 < m 2 + n 2 l Why not just m 2 < m 2 + n 2 ? 


Here is another, slightly different example of the method of infinite descent, 
considerably less important than Theorem 1. Suppose that we want to find 
integers a, 6 , and c such that 


1 

a 

b 


a b 

1 c 
c 1 


= 1 . 


If we expand the determinant, this is the same as asking for integers a, b , and c 
that satisfy 

(4) x 2 + y 2 + z 2 = 2 xyz. 


Exercise 8. Show that it is impossible for all three of a , b, c to be odd. Show 
that it is impossible for two of them to be even and the other odd. 


It is also impossible for two of them to be odd and the other even. (If this 
were the case, (4), taken modulo 4, would say that 2 = 0 (mod 4).) It follows 
that if a , b, c satisfy (4), then they are all even. So, a/2, b/2 , and c/2 are all 
integers, and dividing (4) by 4 gives 

(5) (a/2) 2 + (b/2) 2 + (c/2) 2 = A(a/2\b/2)(c/2). 

The same arguments used to show that a, b , c were all even will also show that 
a/2, b/2, c/2 are all even. Hence a/4, 6/4, and c/4 are integers, and dividing 
(5) by 4 gives 

(a/4) 2 + (6/4) 2 + (c/4) 2 = 8(a/4X6/4Xc/4). 

The same arguments once again show that a/8, 6/8, and c/8 are integers. 
And so on: we find that a/2 n , 6/2”, and c/2” are integers for all positive 
integers n. The only integers that satisfy that condition are a — 6 = c = 0, 
and thus this is the only solution of (4). 


Problems 

1. Show that x An + y 4n = z 4n , n = 1, 2, . . . , has no nontrivial solutions. 

2. Suppose that we can show that x p + y p = z p has no nontrivial solutions for 
any odd prime p. Conclude from this and Problem 1 that + y n = z n has 
no solutions for any n > 3. 
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3. Show that x v + y p = z p implies p | (x + y — z). 

4. Show that x p ~ l + y p ~ l = z p ~ x has no nontrivial solutions unless p | xyz. 

5. Are there any fundamental solutions of x 2 + (x + 2) 2 = y 2 ? 

6. Consider x 2 + y 2 + z 2 — kxyz. For what values of k does the argument 
carried out in the text show that the only solution to this equation is 
x = y = z ~ 0? 

7. Show that there are no nontrivial solutions to 

(a) x 2 + y 2 = x 2 y\ (b) x 2 + y 2 + z 2 = x 2 ^ 2 . 

8. Show that there are infinitely many nontrivial solutions of 

x n y n = z n+1 

for any n > 1, namely those given by 

x = (ac) rn i y = (bc) rn , z = c\ 

where 

c = a™ 2 + b rn \ 

a and b are arbitrary, and r and s are chosen to satisfy 

r« 2 + 1 = (n + 1)5. 

Does the last equation have infinitely many solutions in positive integers r, 5 ? 

9. Find a solution of x 4 + y 4 = z 5 . 

10. Show that x n + y n = z n has no solutions with both x and y less than « for 
any positive integer n. 

11 . Find solutions to x n + y n = z n_1 . 

12. Show that x n + y n = has nontrivial solutions if ( n , w) = 1. 
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Sums of 
Two Squares 


Among the integers from 1 to 99, the following 57 are not representable as the 
sum of two squares of integers. 

3 6 7 11 12 14 15 19 21 22 23 

24 27 28 30 31 33 35 38 39 42 43 

44 46 47 48 51 54 55 56 57 59 60 

62 63 66 67 69 70 71 75 76 77 78 

79 83 84 86 87 88 91 92 93 94 95 

96 99 

But the remaining 42 are. 

1 2 4 5 8 9 10 13 16 17 18 

20 25 26 29 32 34 36 37 40 41 45 

49 50 52 53 58 61 64 65 68 72 73 

74 80 81 82 85 89 90 97 98 

It would be a good exercise of your inductive powers to look at these lists, 
and in the spirit of the scientific method, try to formulate a hypothesis that 
would explain the presence of a number on its list and which could be used to 
predict results for numbers greater than 99. There is a fairly simple property 
(other than not being representable as a sum of two squares) that the numbers 
in the first list share. As an aid to looking in the right direction, we prove 

lemma 1. If n s= 3 (mod 4), then n = x 2 + y 2 is impossible. 

proof. Since x 2 = 0 or 1 (mod 4) for all integers x , it follows that 

x 2 + y 2 s 0, 1, or 2 (mod 4) 




136 


SECTION 18 


for any x and y, so x 2 + y 2 = 3 (mod 4) is impossible. This lemma 
accounts for the presence of 25 of the 57 numbers in the first list. 

lemma 2. If n is representable, then so is k 2 nfor any k. 

proof. If n = x 2 + y 2 , then k 2 n = (kx) 2 + (ky ) 2 . 

(Instead of “n is representable as the sum of two squares” we will some¬ 
times say “h is representable” for short.) 

If you have given up, here is the answer: 

theorem 1. n cannot be written as the sum of two squares if and only if 
the prime-power decomposition of n contains a prime congruent to 3 (mod 4) 
to an odd power. 

PROOF (of the “if” part). Suppose that p is a prime, p = 3 (mod 4), 
which appears in the prime-power decomposition of n to an odd power. 
That is, for some e > 0, p 2e+1 \ n and p 2e+2 \ n. Suppose that n = x 2 + y 2 
for some x and y. We will deduce a contradiction—namely that — 1 is a 
quadratic residue (mod p), which is impossible, since p = 3 (mod 4). Let 
d = (x, y), *i = x/d, yi = y/d, and m = n/d. Then 

(1) xi + y\ = hi and (*i,yi) = 1. 

If p 1 is the highest power of p that divides d, then n x is divisible by p 2e_2/+1 , 
and this exponent, being odd and nonnegative, is at least one. Thus p | n u 
and since (x x , yi) = 1, we have p \ Xi. Hence there is a number u such that 


xiu = yi (mod p). 

Thus 

(2) o 3 Hi as X? + y\ = x\ + (HXi) 2 = x?(l + h 2 ) (mod p). 

Since (xi, p) = 1, Xi may be cancelled in (2) to give 

1 + u 2 = 0 (mod p). 

This says that — 1 is a quadratic residue (mod p), which is impossible. 
Hence n = x 2 + y 2 is impossible, and the easy part of the theorem is 
proved. 

The rest of the section will be devoted to proving the rest of Theorem 1 
(the “only if” part). We will need two lemmas. 

LEMMA 3. (a 2 + b 2 )(c 2 + d 2 ) = (ac + bd) 2 + (ad - be) 2 for any inte¬ 
gers a, b, c, and d. 
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proof. Multiply it out. 

The result shows that if two numbers are representable, then so is their 
product. 

lemma 4. Any integer n can be written in the form 
n = k 2 pip 2 • * * p r , 

where k is an integer and the p's are different primes . 

Exercise 1. Convince yourself that this is so by considering the prime-power 
decomposition of n. 

As an example of the application of Lemmas 2 and 3, we can get a repre¬ 
sentation for 260 = 2 2 *5*13 from the representations 

5 = 2 2 + l 2 and 13 = 3 2 + 2 2 . 

From Lemma 3, 

65 = 5-13 = (2 2 + 1 2 )(3 2 + 2 2 ) 

= (2-3 + l-2) 2 + (2-2 - 1-3) 2 = 8 2 + l 2 . 

Hence 

260 = 2 2 -65 = (8 • 2) 2 + (1*2) 2 = 16 2 + 2 2 . 

Exercise 2. Write 325 as a sum of two squares. 

Exercise 3. If the prime-power decomposition of n contains no prime /?, p = 3 
(mod 4), to an odd power, then note that 

n = k 2 pip 2 * " p r or n = 2k 2 p\p 2 • • • p r 
for some k and r, where each p is congruent to 1 (mod 4). 

Exercise 3 and Lemmas 2 and 3 imply that to prove the rest of Theorem 1, 
it is sufficient to prove 

theorem 2. Every prime congruent to 1 ( mod 4) can be written as a sum 
of two squares . 

proof. The idea of the proof is this: if/? = 1 (mod 4), then we show that 
there are nonzero integers x and y such that 

x 2 + y 2 = kp 

for some integer k, k > 1. If k > 1, we then construct from x and y new 
integers X\ and y x such that 

x\ + y\ = hp 
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for some fa, with fa < fa This is the step that proves the theorem, because 
if fa > 1, we repeat the process to get integers x 2 and y 2 such that x\ + y\ = 
fap with fa < fa. If we keep on, we will get a decreasing sequence of 
positive integers, k > fa > fa > • • , which must eventually reach 1. 
When it does, we have a representation of p as a sum of two squares. 

First we show that we can find nonzero x and y such that x 2 + y 2 = kp 
for some fa k > 1. Since p = 1 (mod 4), we know that — 1 is a quadratic 
residue (mod p); hence there is an integer u such that u 2 = — 1 (modp). 
That is, p | (u 2 + 1), or 

u 2 + 1 = kp 

for some fa k > 1. Hence x 2 + y 2 = kp always has a solution for some 
fa k> 1; in fact, we can take y — 1. For example, if p = 17, we have 
4 2 + l 2 = 1 • 17; iip = 29, 12 2 + l 2 = 5-29. The number u can be found 
by trial (we can write kp — 1 for k = 1, 2,. . ., and continue until we 
come to a square), or we can use the fact that 

= — 1 (mod p). 

The last congruence (which follows from Wilson’s Theorem) gives a 
construction for u: a long one, perhaps, but one which guarantees a result. 
We now show how to construct Xi and y L . Define r and s by 

k k k k 

(3) r s= x (mod fa), s = y (mod fa), ~2 < r ~ 2’ ~2 <S ~ 2 

From (3), 

r 2 + s 2 = x 2 + y 2 (mod k). 

But we had chosen x and y such that x 2 + y 2 — kp. Hence 

r 2 + s 2 = 0 (mod fa). 


or 

(4) r 2 + s 2 = fa k 
for some fa. It follows from (4) that 

( r 2 + s 2 )(x 2 + y 2 ) = (fak)(kp) - fak 2 p. 
From Lemma 3, however, we have 

(r 2 + s 2 )(x 2 + y 2 ) = (rx + sy) 2 + (ry — sx) 2 . 

Thus 

(5) (rx + sy) 2 + (ry — sx) 2 = fak 2 p. 
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Note that from (3), 


and 


rx + sy ss r 2 + s 2 s= 0 (mod k) 


ry — sx = rs — sr = 0 (mod k). 


Thus k 2 divides each term on the left-hand side of (5); dividing (5) by k 2 , 
we get 




an equation in integers. Let Xi = (rx + sy)/k and y x = (ry — sx)/k . Then 
x? + y\ — kip , and the theorem will be proved when we show that ki < k. 
The inequalities in (3) give 


But 


r* + s 2 < (k/2) 2 + (k/2) 2 = k 2 / 2. 


r 2 + s 2 = kik. 

Thus k x k < k 2 /2 or ki < k/2. Hence ki < k, and the theorem is proved. 
(Note that ki> 1: if ki = 0, then from the last equation, r = s = 0.) 


Exercise 4. Why is r = s = 0 impossible? 


Let us take an example. Starting with 12 2 + l 2 = 5 *29, we will carry 
through the calculations of the theorem to get a representation of 29 as a sum 
of two squares. We have x = 12 , y = 1, and k = 5. We then have r = 12 
(mod 5) and s = 1 (mod 5); choosing r and s in the proper range, we get 
r — 2 and s — 1. Then 

52 .29 = (2 2 + 1 2 )(12 2 + l 2 ) = (2-12+ Ll) 2 + (21 - M2) 2 
= 25 2 + 10 2 . 

Dividing by k 2 = 25 gives 29 = 5 2 + 2 2 , the desired representation. 

Exercise 5. Try the calculation for 23 2 + l 2 = 10*53. 

We will end with some remarks on diophantine equations closely related 
to the sum of two squares. We have completely solved the problem of 
representing integers as the sum of two squares: we know which integers can 
be so represented, and Theorem 2, combined with earlier lemmas, gives a 
method for actually calculating the representation. It is natural now to 
wonder about the representations of integers as the sum of three squares. We 
would expect that more integers can be represented when we have an extra 
square to add, and this is the case. It is a fact that n can be written as a sum of 
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three squares unless n = 4 e (Sk + 7) for some integers e and k. So, the num¬ 
bers smaller than 100 which cannot be written as the sum of three squares are 

7, 15, 23, 28, 31, 39, 47, 55, 60, 63, 71, 79, 87, 92, 95: 

a total of 15, as against 57 when only tw r o squares were allowed. There are 
even fewer exceptions if we look at sums of four squares; in fact, there are 
none at all. Every integer can be written as a sum of four squares, as we will 
show in the next section. 

That would seem to settle the squares. (That is, as far as the mere repre¬ 
sentation is concerned. Of course, there are many, many other questions that 
can be asked, and some that can be answered. For example, how many 
representations does an integer have as a sum of two squares? What is the 
sum of the number of solutions of x 2 + y 2 = n 2 for n = 1, 2,. . . , N1 And 
so on: as soon as one question is settled, others crowd in to take its place.) 
What about cubes? It is true that every integer can be written as a sum of 
nine cubes. No one knows what the corresponding number is for the sum of 
fourth powers (though it is known that every integer greater than 10 10 ® 9 is a 
sum of 19 fourth powers), and it is unknown how many fifth powers are 
needed to represent every number. But the answer is known for sixth, seventh, 
and almost all higher powers—for example, 73 sixth powers will do. Let g(k) 
be the least value of 5 such that every integer can be written as a sum of no 
more than s A:th powers. The problem of finding g(k) is called Waring's 
Problem. In 1770, Waring wrote that every integer was the sum of 4 squares, 
9 cubes, 19 fourth powers, and so on. He was just guessing; it was not until 
1909 that it was proved that the number g(k) exists for each k, and even then 
almost nothing was known about its size for large k. Work since then has 
shown that for 6 < k < 200,000, and for all “sufficiently large” k , 


g(k) = 2* + 



- 2 , 


and it is strongly suspected that this formula is true for all k > 6. (The 
notation [(3/2)*] denotes the integral part of (3/2) fc : see Appendix B, p. 196.) 
Of more interest than g(k) is G(k ), the least value of s such that every suffi¬ 
ciently large integer can be written as a sum of no more than 5 kth powers. 
G(2) = 4 and G(4) = 16, but G is not known for any larger values of k. The 
most that is known in general is that 


k + 1 < G(k) < k( 3 log k + 11). 

The right-hand inequality is extremely difficult and Complicated to prove, and 
its accomplishment (by Vinogradov, building on previous results of Hardy 
and Littlewood) represents one of the pinnacles of number theory. 
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Another famous problem about representing integers as sums of certain 
other integers is GoldbacKs Conjecture. In 1742, Goldbach noted that 

4 = 2 + 2, 6 = 3 + 3, 8 = 5 + 3, 10 = 5 +5, 

12 = 7 + 5, 14 = 7 + 7, . . ., 100 = 97 + 3, 

and guessed that every even integer greater than two could be written as the 
sum of two primes. He asked Euler if he could prove it. Euler failed, and no 
one since has succeeded. The most we can say is that every even integer 
greater than two can be written as a sum of no more than 20,000,000,000 
primes. Using different methods, Vinogradov has shown that every even 
integer which is sufficiently large is a sum of no more than 4 primes. And it 
was later shown that “sufficiently large” could be replaced with “larger than 
e eU m ” (Here, e does not represent an integer, but rather the base of natural 
logarithms, 2.718. . . .) In another direction, it was announced (1966) that 
every sufficiently large even integer is the sum of a prime and an integer that 
has no more than two different prime factors. This is as close as the conjecture 
has come to being settled. (For these results, see Mathematical Reviews , vol. 
34 (1967), reviews 5784 and 7483.) 


Problems 

1. Determine which of the following integers can be written as a sum of two 
squares, and for those that can, find a representation. 

150, 151, 152, 153, 154. 

2. Which of 1965, 1966, 1967, 1968, 1969, 1970 can be written as a sum of two 
squares? 

3. Represent 10,045, 10,048, and 10,049 as sums of two squares. 

4. Prove, directly and without using Theorem 1, that if 7 | n and 7 2 \n> then 
n = x 2 + y 2 is impossible. 

5. Show that if n = 3 or 6 (mod 9), then n is not representable as a sum of two 
squares. 

6. Is it true that if 5 | n and 5 2 \ n, then n = x 2 + y 2 is impossible? 

7. Prove that if m and n are sums of two squares and m | n , then n/m is a sum 
of two squares. 

8. Fermat said 

2/1 + 1 is the sum of two squares when and only when (/) n is even , and (ii) 
2/2 + 1, when divided by the largest square entering into it as a factor must 
not be divisible by a prime 4A — 1. 

Show that this is equivalent to Theorem 1. 
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9. Girard (1632) said that the numbers representable as the sum of two squares 
comprise every square, every prime 4£ + 1, a product of such numbers, 
and the double of any of the preceding. Show that this is equivalent to 
Theorem 1. 

10. Which integers in the range 100 < n < 150 cannot be written as a sum of 
three squares? 

11. Show that 4 | (x 2 + y 2 + z 2 ) implies that x, y, and z are even. 

12. Verify that if n = 7 (mod 8), then n cannot be written as a sum of three squares. 

13. From Problems 11 and 12, show that n = 4«(8 k + 7) for some nonnegative e 
and k implies that n = x 2 + y 2 + z 2 is impossible. 

14. A mathematician said in 1621 that 3n + 1 is not the sum of three squares if 
n = 8A: + 2 or 32k + 9 for some k. Show him to be wrong. 

15. Try to mimic the proof of Theorem 2 to prove a generalization: if (—w/p) = 
1, then there are integers x and y such that p = x 2 + wy 2 . 

16. Show that if n is the sum of two triangular numbers, then 4n + 1 is a sum 
of two squares. 

17. Which integers can be written as the sum of two squares of rational numbers? 



SECTION 


Sums of 
Four Squares 


In this section we will prove that every positive integer can be written as a sum 
of four squares of integers, some of which may be zero. This theorem is quite 
old. Diophantus seems to have assumed that every positive integer is a sum 
of 2, 3, or 4 squares of positive integers, but he never explicitly stated the 
theorem. The first to do so was Bachet (1621). He verified that it was true for 
integers up to 325, but he was unable to prove it. Fermat said that he was able 
to prove it using his method of descent; as usual, he gave no details. In the 
light of subsequent work on the theorem, we may doubt that Fermat’s proof 
was complete. Descartes said that the theorem was no doubt true, but he 
judged the proof “so difficult that I dared not undertake to find it.” (It is 
hard to resist the temptation to read “so difficult that I was unable to find 
it.”) 

Euler next took up the challenge, first working on the problem in 1730. 
In 1743 he noted that the product of two sums of four squares is again a sum 
of four squares, a result fundamental to the proof of the theorem, and indeed, 
he proved the theorem except for one point. In 1751, still pursuing that point, 
Euler proved another fundamental result, namely that 1 + x 2 + y 2 = 0 
(mod p ) always has a solution for any prime p. But the theorem was still out 
of his reach. Finally, in 1770, Lagrange, drawing heavily on Euler’s ideas, 
succeeded in constructing a proof. In 1773, Euler (then 66 years old) gave a 
simpler proof—success after 43 years. 

We start by proving Euler’s two results. 

lemma 1 . The product of two sums of four squares is a sum of four squares. 

proof. The proof is utterly trivial. Its discovery was quite another 
matter, as witness the thirteen-year gap between Euler’s first attack on 
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the problem and his discovery of the following identity (almost any identity 
is trivial when written down by someone else): 


(a 2 + b 2 + c 2 + d 2 )(r 2 + s 2 + t 2 + u 2 ) = (ar + bs + ct + du) 2 

+ (as — br + cu — dtf + (at — bu — cr + ds ) 2 
+ (au + bt — cs — dr) 2 , 

which may be verified by multiplication. (Note that the right-hand side, 
when multiplied out, contains all the terms a 2 r 2 , a 2 s 2 , . . ., d 2 u 2 that appear 
on the left-hand side multiplied out. Note also that it is not impossible to 
see by inspection that all the cross-product terms vanish.) 

It follows from Lemma 1 that, in order to show that every positive 
integer is the sum of four squares, we need only show that every prime 
is the sum of four squares. For example, from 

37 = 6 2 + l 2 + 0 2 + 0 2 


and 


we get 


57 = 7 2 + 2 2 + 2 2 + 0 2 , 


2109 = 57-37 = (6-7 + 1-2 + 0-2 + 0-0) 2 + (6-2 - 1-7 + 0-0 - 0-2) 2 
+ (6-2 -10-0-7 + 0-2) 2 + (6*0 + 1 -2 - 0-2 - 0-7) 2 
= 44 2 + 5 2 + 12 2 + 2 2 ; 

we can similarly decompose any integer into a product of primes and then 
get a representation of it as a sum of four squares if we know a represen¬ 
tation of each prime as a sum of four squares. 


lemma 2 . If p is an odd prime , then 

1 + x 2 + y 2 = 0 (mod p ) 

has a solution with 0 < x < p/2 and 0 < y < p/2. 
proof . The numbers in 

& = {o’, P, 2 2 ,. . ., (^+^) 2 } 

are distinct (mod p). (For from x 2 = y 2 (mod p) follows x = d ~y (mod p).) 
So are the numbers in 

s 2 = {-i - o’, -i - p, -i - 2’,..., -i - (+r^-) 2 } 
distinct (mod p). Si and S 2 contain together (p — l)/2 + 1 + (p — l)/2 + 
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1 = p + 1 numbers. Since there are only p least residues (mod p ), we must 
have one of the numbers in Si congruent to one of the numbers in S 2 : 

x 2 = — 1 — y 2 (mod p) 

for some x and y, and 0 < x < (p — l)/2, 0 < y < (p — l)/2. 

To show that every positive integer is the sum of four squares, we use the 
same method of proof as was used to prove the theorem on integers that are 
the sum of two squares. We express some multiple of p as a sum of four 
squares and then construct a smaller multiple of p also the sum of four squares. 
Repeating the process often enough will give p as a sum of four squares, and 
that is all we need. Since 2 = l 2 + l 2 + 0 2 + 0 2 , the case p = 2 is settled, and 
we can assume hereafter that p is an odd prime. 

lemma 3. For every odd prime p 9 there is an odd integer m 9 m < p, such 
that 

mp = x 2 + y 1 + z 2 + w 2 

has a solution. 

proof. From Lemma 2 we know that there are x aTid y such that 
kp — x 2 + y 2 + l 2 + 0 2 

for some k. Since 0 < x < p/2 and 0 < y < p/2, we have 
kp = x 2 + y 2 + 1 < p 1 /4 + p 2 /4 + 1 < p 2 9 
so k < p. It remains to show that we can suppose k odd. Suppose that 
kp = x 2 + y 2 + z 2 + w 2 

and k is even. Then x } y , z, w are all odd, all even, or two are odd and two 
are even. In any event, we can rearrange the terms so that 

x = y (mod 2) and z = w (mod 2). 

Hence 

k i - (;-¥)' +(^y+ m + (t 2 ) ■ 

If k/2 is even, we can repeat the process and express (k/4)p as a sum of 
four squares. Since k ^ 0, eventually, we will have an odd multiple of p 
written as a sum of four squares. 

Exercise 1. From 


12-17 = 204 = 14 2 + 2 2 + 2 2 + 0 2 
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and 

12 17 = 204 = 13 2 + 5 2 + 3 2 + l 2 , 
find representations of 3 17 as sums of four squares. 

lemma 4. If m and p are odd , 1 < m < p, and 
mp = x 2 + y 2 + z 2 + w 2 , 

then there is a positive integer mi with m\<m such that 
M\P = X? + yi + Zi + w\ 
for some integers Xi, yi, z u wi. 

proof. As in the two-squares theorem, we proceed to construct x u y u 
zi, Wi from x , y, z, w. Choose A, B, C, and D such that 

A = x, B = y, C = z 9 D = w (mod m) 

and such that each lies strictly between —m/2 and m/2. That is, A is the 
numerically smallest residue of x (mod m), and similarly for the others. 
It follows that 

A 2 + B 2 + C 2 + D 2 = x 2 + y 2 + z 2 + w 2 (mod m), 
so 

A 2 + B 2 + C 2 + D 2 = km 

for some k. Since 

A 2 + B 2 + C 2 + D 2 < m 2 /4 + m 2 /4 + m 2 /4 + m 2 /4 = m 2 , 

we have 0 < k < m. (If k = 0, then m divides each of x , z, and w, so 
m 2 1 mp . This is impossible, because 1 < m < /?.) Thus 

m 2 /c/? = (mp)(/cm) - (x 2 + y 2 + z 2 + w 2 )(^ 2 + B 2 + C 2 + D 2 \ 

and from Lemma 1 we have 

m 2 kp = (xyl + + zC + w/)) 2 + {xB - yA + zD - wCf 

+ (xC — yD — zA + wB) 2 + (xD + yC — zB — wA) 2 . 

The terms in parentheses are divisible by m: 

xA + yB + zC + wD = x 2 + y 2 + z 2 + w 2 = 0 (mod m), 

xB — yA + zD — wC == xy — yx + zw — wz = 0 (mod m), 

xC — yD — z/I + wB = xz — yw — zx + wy = 0 (mod m), 

xD + yC — zB — wA ^ xw + yz — zy — wx = 0 (mod m). 
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So, if we put 

Xl = (xA + yB + zC + wD)/m 9 yi = (xB — yA + zD — wC)/m 9 
Zi = (xC — — z,4 + wB)/m , wi = (xD + jC — zi? — wA)/m , 

then we have 


xi+^i + ^i + w? = (/ m 2 kp)/m 2 = kp. 

Since k <m 9 the lemma is proved. 

theorem 1. positive integer can be written as the sum of four integer 

squares. 

proof. Suppose that n = pf p% . . . p*. Starting with Lemma 3, re¬ 
peated application of Lemma 4 gives a solution of pi = x 2 + p 2 + z 2 + w 2 
for each i . From Lemma 1, we can write pV as a sum of four squares for 
each i. Applying Lemma 1 again (k times), we can get a representation of 
pTP 2 . . .pV as a sum of four squares. 


Problems 

1. Express each prime less than or equal to 23 as a sum of four squares. 

2. Express 

(a) 121, (b) 391, (c) 47321 

as a sum of four squares. 

3. Express 5,724,631 as a sum of four squares. 

4. From 53 = 7 2 + 2 2 + 0 2 + 0 2 and Euler’s formula (Lemma 1), find a rep¬ 
resentation of 18179 — 7 3 -53 as a sum of four squares. 

5. If 8 | (x 2 + y 2 + z 2 + w 2 ), show that x, y 9 z, and w are even. 

6. If n = x 2 + y 2 + z 2 + w 2 9 show that by suitable ordering and choice of sign, 
we can get x + y + z to be a multiple of three. 

7. Which numbers among the integers 10, 11, 12, . . . , 20 have a unique rep¬ 
resentation (unique up to the order of the summands) as a sum of four 
squares ? 

8. If n = x 2 + y 2 + z 2 + w 2 and x, y 9 z, w are nonnegative, show that 

min(x, y 9 z, w) < n ll2 /2 < max(x, y, z, h>) < n 112 . 

9. From 2 17-1973 = 67082 = 238 2 + 102 2 + 5 2 + 3 2 , find a representation 
of 17-1973 as a sum of four squares. 

10. Fill in any missing details in Euler’s original proof of Lemma 2. Suppose that 
(—1/p) — 1. Then there is an integer x such that 1 + x 2 = 0 (mod p). So, 
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suppose that (—1//?) = — 1 and that the lemma is false. Then 1 + 1—2 = 0 
shows that (—2/p) = —1 and hence that (2/p) = 1. Then 1 + 2 — 3 = 0 
shows that (—3 /p) = — 1 and that O/p) = 1. In this way, 1, 2, . . ., p — 1 
are all quadratic residues (mod p). 

11. If n > 0 and 8 | n, show that n is not the sum of fewer than eight squares of 
odd integers. 

12. If t is even and x, y, and z have no common factor, show that 

t 2 — x 2 + y 2 + z 2 

is impossible. 




SECTION 

x 2 - Ny 2 = 1 


The theory of diophantine equations has not been perfected. There are not 
many theorems that apply to a really wide class of equations. Usually, special 
equations are attacked with special methods, and what works for x 3 + 3xy + 
y 3 = z 3 may be worthless for solving x 3 + 4 xy + y z — z z . (On the other hand, 
the same method might work for both.) The perfect theorem would be one 
that would let us look at any diophantine equation and decide whether it had 
solutions. It would be even better if the theorem would let us decide exactly 
how many solutions there are, and better yet if it would tell us exactly what 
they are. It is unlikely that this ideal will ever be attained. To illustrate the 
state which the theory of diophantine equations has reached today, here is 
one of the most general theorems now known (general in the sense that it 
applies to a larger class of equations than do other theorems): 

theorem. Let 

F(x, y) = a n x n + a^x^y + a n - 2 x n ~ 2 y 2 + • • • + a 0 y n , 
and suppose that F(x, 1) = 0 has no repeated roots. Then the equation 

F(x, y) = c, 

where c is an integer , has only finitely many solutions if n> 3. 

In particular, this theorem says that ax n + by n = c has, in general, only 
finitely many solutions if n > 3. What if n < 3? We have completely analyzed 
the case n = 1 in the section on linear diophantine equations, and, for n = 2, 
we considered a special case in the section on Pythagorean triangles. The 
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general equation when n = 2 is too complicated for us to treat here. In this 
section, we will treat another special case: 

x 2 — Ny 2 = 1. 

We will show that if we can find one solution of this equation with x > 1, 
then we can find infinitely many. In fact, if we can find the smallest solution 
(the one with x > 1 as small as possible), then we can find all the solutions of 
the equation. 

The equation x 2 — Ny 2 = 1 is commonly called Pell’s equation. This is 
the result of a mistake made by Euler, who called it that. Euler was so eminent 
that everyone has called it that since. But Pell never solved the equation, and 
there is even doubt that he could have. The mathematical historian E. T. Bell 
has written, “Pell mathematically was a nonentity and humanly an egregious 
fraud. It is long past time that his name be dropped from textbooks.” Cer¬ 
tainly, frauds and nonentities do not deserve the immortality of having an 
equation called after them. Henceforth, defying common practice, we will 
call x 2 — Ny 2 = 1 Fermat's equation. 

The equation is always satisfied when x = =fc 1 and y = 0, whatever the 
value of N. We will call solutions in which either x = 0 or y = 0 trivial 
solutions. 

Exercise 1. Find, by trial, a nontrivial solution of x 2 — 2y 2 = 1, and one of 

x 2 - 3 y 2 - 1. 

An efficient way to go about finding a nontrivial solution of x 2 — Ny 2 = 1 by 
trial is to make a table of 1 + Ny 2 for y — 1,2,... and inspect it for squares; 
Table B (p. 216) may be helpful. 

In solving x 2 — Ny 2 = 1, there is no need to consider negative values of 
N. If N < —2, then it is clear that the equation has only the trivial solutions 
with y = 0, because both terms on the left are nonnegative. For N = — 1, 
there are also the solutions x = 0, y = dbl. These are trivial too. Besides 
supposing N to be positive, we can assume that N is not a square. If it is, 
then N = m 2 for some m, and we have 

1 = x 2 — m 2 y 2 = (x — my\x + my). 

The product of two integers is 1 only when both are 1 or both are — 1, and all 
the solutions can thus be quickly found by solving pairs of linear equations. 

Exercise 2 (optional). Show that x — ±1, y — 0 are the only solutions. 

We will hereafter assume that N > 0 and N is not a square. With these 
assumptions, it is always possible to show that x 2 — Ny 2 = 1 always has a 
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solution other than x - d=l, y = 0. We will accept this result on faith and 
not prove it. There are two methods for proving the existence of a nontrivial 
solution: one depends on developing the extensive machinery of continued 
fractions, and the other (first constructed in 1842 by Dirichlet, who improved 
a proof given by Lagrange in 1766) is not short. Expositions of Dirichlet’s 
proof can be found in the books by Griffin, LeVeque, Nagell, Shanks, and 
Uspensky and Heaslet mentioned in the Bibliography. 

Because 

x 2 - Ny 2 = (x + y V NX* — y v' N), 

irrational numbers of the form x + yVN are closely connected with solutions 
of Fermat’s equation. They also have several important properties, which we 
develop in the following lemmas. We will say that the irrational number 

a = r + sV N 

(r and 5 are integers) gives a solution of x 2 - Ny 2 = 1 if and only if r 2 - Ns 2 = 
1. For example, 3 + 2Vl gives a solution of x 2 — 2y 2 = 1 and 8 + 3a/ 7 
gives a solution of x 2 — ly 2 = 1. 

lemma 1. If N > 0 is not a square , then 

x + yy/ N = r + sV N 

if and only if x = r and y = s. 

proof. If x = r and y = s, then clearly x + y ^N = r + sVn. B is 
the converse that is important. To prove it, suppose that x + yVN = 
r + sVN and y ^ s. Then 

VN = 

s - y 

is a rational number. But since N is not a square, VjV is irrational. It 
follows that y = s, and this implies x = r. 

lemma 2. For any integers a, 6, c, d 9 N, 

(a 2 - Nb 2 )(c 2 - Nd 2 ) = (ac + Nbdf - N{ad + bcf. 

proof. Multiply it out. 


Exercise 3. Given that 2 2 — 3 * 1 2 — 1 and 7 2 — 3 * 4 2 = 1, use Lemma 2 to get 
another solution of x 2 — 3>> 2 = 1. 

lemma 3. If a gives a solution of x 2 — Ny 2 = 1, then so does 1/a. 
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proof. Let a — r + sV TV. Then we know that r 2 — Ns 2 = 1, and we 
have 

1 = _ 1 r_-jVN = r — ss/N = f _ 

a r + sV/V r - sVtV r 2 -Ns 2 ’ 

since r 2 + TV(— s) 2 = 1, the lemma is proved. 

lemma 4 . If a and /3 give solutions of x 2 — TVy 2 = 1, then so does a/3. 

proof. Let a = a + bVN and /3 = c + rfV TV. Then 

= (a + 6 V TV)(c + dV TV) = ( ac + Nbd) + {ad + bc)V TV 

and from Lemma 2 we have 

{ac + Nbd) 2 - N{ad + be) 2 = {a 2 - Nb 2 ){c 2 - Nd 2 ) = 1, 
and this shows that a/3 gives a solution. 

lemma 5. If a gives a solution of x 2 — TVy 2 = 1, then so does a k for any 
integer k , positive, negative, or zero. 

Exercise 4. Prove Lemma 5. First show that it is true for all k > 1 by applying 
Lemma 4 and induction. Then show that it is true for k < — 1 by applying 
Lemma 3. Then consider the case k = 0. 

Lemma 5 shows that if we know oi;e number a, a > 1, which gives a 
solution of x 2 — Ny 2 — 1, then we can find infinitely many, namely those 
given by a k , k — 2, 3, . . . . The solutions are all different, because a k+i > a k 
for all k. For example, 3 + 2>/2 gives a solution of x 2 — 2y 2 — 1. So, then, 
do 

(3 + 2V2) 2 = 17 + 12V2 

and 

(3 + 2V2) 3 = (17 + 12V2)(3 + 2V2) - 99 + 70\/2 
and higher powers of 3 + lV 2. 

Exercise 5. Check that (3 + 2 V 2) 2 and (3 + 2V^2) 3 do give solutions of 
*2 _ 23,2 = 1 . 

Exercise 6. a ~ 2 + V3 gives a solution of x 2 — 3y 2 = 1. Find two other 
nontrivial solutions. 

lemma 6. Suppose that a, b, c, d are nonnegative and that a — a + bVN 
and /3 = c + dVN give solutions of x 2 — Ny 2 = 1. Then a < 8 if and only 
if a < c. 
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proof. Suppose that a < c. Then a 2 < c 2 and because a 2 = 1 + Afa 2 
and c 2 = 1 + Nd 2 we have Ato 2 < AW 2 . Because none of b , d , AT are nega¬ 
tive, it follows that b < d. Together with a < c, this gives a < 13. Suppose 
that a < 0. If a > c, then a 2 > c 2 . From this follows b 2 > d 2 , which implies 
a > (3. Since this is impossible, we have a < c. 

Now we are in a position to describe all the solutions of x 2 — Ny 2 = 1. 
Consider the set of all real numbers that give a solution of x 2 — Ny 2 = 1. Let 
d be the smallest number in the set greater than one. Note that Lemma 6 
guarantees that there will be such a smallest element, because the members 
r _|_ s y /n of the set can be ordered according to the size of r, which is an 
integer, and any nonempty set of positive integers contains a smallest element. 
We will call 6 the generator for x 2 - Ny 2 = 1, and we can now prove 

theorem 1. If 6 is the generator for x 2 — Ny 2 = 1, then all nontrivial 
solutions of the equation with x and y positive are given by d k , k = 1 , 2 ,.... 

Note that the restriction of x and y to positive values loses us nothing 
essential, because nontrivial solutions come in quadruples 

{(x, y\ (x, -j>), ( x, y), (-x, -y)} 9 

and exactly one solution has two positive elements. Note also that we say 
nothing about the existence of a generator. It is a fact, as was noted earlier, 
that such a number can always be found. There is a method for getting 6 from 
the continued fraction expansion of Vat by an easy calculation—easy in the 
sense that a computer would make light work of it. For some values of N, 
the computation is quite tedious. Of course, a generator can be found by 
trial, and for a long time, this was the only method available. In the seventh 
century, the Indian mathematician Brahmagupta said that a person who 
can within a year solve x 2 — 92>> 2 = 1 is a true mathematician. Perhaps, and 
perhaps not; but such a person would at least be a true arithmetician, because 
the generator is 1151 120X/92. Solution by trial can also be difficult for 

so innocent-seeming an equation as x 2 — 29j> 2 = 1; its smallest positive non¬ 
trivial solution is x = 9801 and y - 1820. The equation x 2 - 61/ has no 
positive nontrivial solution until x == 1766319049, y = 226153980. You can 
verify that this is a solution by multiplication, if you wish. 

proof of theorem 1. Let x = r, y = s be any nontrivial solution of 
X 2 .— Ny 2 — 1 with r > 0 and s > 0. Let a = r + sVN. We want to show 
that a = 6 k for some k. We know that a > 6 by the definition of generator, 
so there is a positive integer k such that 

6 k < a < 6 k+l . 
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Thus 1 < B~ k a < 0. From Lemmas 4 and 5, we know that 6~ k a gives a 
solution of x 2 — Ny 2 = 1. We have defined 0 to be the smallest number 
that is greater than one and which gives a nontrivial solution. But 6~ k a is 
smaller than 0 and also gives a solution. Hence 6~ k a gives a trivial solution. 
Thus B~ k a = 1 or a = 0*, as we wanted to show. 


Problems 

1. Find the generator for x 2 — Ny 2 = 1 when N is (a) 6, (b) 7, (c) 8, (d) 10, 
(e) ll,(f) 12. 

2. Find two positive nontrivial solutions of x 2 — Ny 2 = 1 when N is (a) 6, 

(b) 8, (c) 12, (d) 14, (e) 63, (f) 99. 

3. Find three nontrivial solutions of x 2 + 2 xy — 2 y 2 — 1. 

4. Determine infinitely many solutions of the equation in Problem 3. 

5. (a) Show that if a 2 > b , then x 2 + 2 axy + by 2 = 1 has infinitely many 

solutions if a 2 — b is not a square. 

(b) If a 2 < b , show that the equation has only solutions in which y = 0, 1, 
or —1. 

(c) What happens if a 2 = b ? 

6. (a) Let a 2mn, b = m 2 — n 2 , and c = m 2 + n 2 be the sides of a Pythago¬ 

rean triangle. Suppose that b = a + 1. Show that (m — n ) 2 — 2n 2 — 1, 
and determine all such triangles. 

(b) Find the smallest two such triangles. 

7. (a) Show that a triangle with sides 2a — 1, 2a, 2a + 1 has an integer area 

if and only if 3(a 2 — 1) is a square. 

(b) Find three such triangles. 

(c) Show that a triangle with sides 2a, 2a + 1, 2a + 2 has a rational area 
if and only if 3((2 a + l) 2 — 4) is a square. 

(d) Show that this is impossible. 

8. Show that if xi + yiV~N is the generator for x 2 — Ny 2 = 1, then all solutions 
Xk 9 yk can be written in the form 

2x k = (xi -f- yVAO* + (*i - yiV'AO*, 

2V Ny k = (xi + yiV AO* - (*i - yiV^)*. 

9. Show that if X\ + yi\^N is the generator of x 2 — Ny 2 — 1 , then 

0 < xi — yiV N < 1. 

10. With reference to the notation used in Problems 8 and 9, what happens to 
x k /y k as k gets larger and larger ? 

11. If x k + y k V2 = (3 + 2V 2) k , calculate (x k /y k ) - V2 for k = 1, 2, 3, 4. 

(V2 = 1.414213562_) 
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12. (a) Show that x 2 — Ny 2 = — 1 has no solutions if N s 3 (mod 4). 

(b) Show that if xi, yi is a solution of x 2 — Ny 2 = — 1 with xi > 1, then 
Uk,u k ,k = 1,2,... are solutions of x 2 — Ny 2 = 1, where 

«* + «yiv = (xi+ yi VN) a . 

13. Show that if x 2 — Ny 2 = k has one solution, then it has infinitely many. 

14. 10 2 + ll 2 + 12 2 = 13 2 + 14 2 . Find another sum of three consecutive squares 
equal to a sum of two consecutive squares. 

15. Show that 1 + n + n 2 is never a square for n > Q. 

16. If xi + yi^/N is the generator for x 2 — Ny 2 = 1 and 

x* + yjfcV N = (xi + yi'/N)*, 
k = 1,2,..., show that 

Xk+l = 2XiXjfc — Xjfc_i, 
y k+ i = 2xiy* - yjk-i. 

17. Apply Problem 16 to extend the sequence of rational approximations to V2 
found in Problem 11 to one more term. 



SECTION 


Formulas for 
Primes 


la the earlier days of mathematics, there was a feeling that “function” and 
“formula” were more or less synonymous. Today, the notion of function is 
more general, but many of us still feel more comfortable with a function if 
we have an explicit formula to look at. There is no difference, really, between 

let / (ri) denote the largest prime factor of n 


and 

s 

let f(n) — lim lim lim ^ (1 — cos 2 ( u\) r ir/ri) 2t . 

r—»0 s—► w t— *0 u = 0 

The first expression is simpler, but perhaps the second lets us feel that we 
somehow have more control over/. (Some primitive people believe that if you 
know a man’s name, then you have power over him. It is the same principle.) 

The importance of formulas is of course not psychological but practical: 
in general, a formula will let us compute things of interest. Thus the formula 
above is less useful than the verbal description: it obscures what / is, and it 
does not lend itself to computation. But if we agree that formulas in general 
are nice things and worth having, then it is reasonable to search for them. We 
might ask for a formula for p n , the nth prime. But the primes are so irregularly 
scattered through the integers that this is probably beyond all reason. The 
next best thing would be to have a formula that would produce nothing but 
primes. The aim of this section is to show that no very simple formula—no 
polynomial formula, in particular—will work, and then to exhibit a formula 
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that produces primes for all n 9 n = 1, 2, 3,..., but which is not, alas, adapted 
to computation: 

m = m. 

The simplest sort of formula to consider is 

f{n ) = an + b. 

If we found such a function that gave nothing but primes, then we would 
have an arithmetic progression, with difference a, consisting entirely of primes. 
Looking through tables of primes, we can find various arithmetic progressions 
of primes, but none of infinite length: for example, 

3, 5,7; 

7, 37,67, 97, 127, 157; 

199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, 2089. 

Exercise 1. If an + b is prime for two different values of n, show that a and b 

are relatively prime. 

Exercise 2 (optional). If 2 \ a, show that an + b can be prime for no more than 

two consecutive values of n. 

In spite of the above partial successes, no arithmetic progression can yield 
nothing but primes, as we now show. Suppose that an + b = p 9 where p is a 

prime. Let n k = n + kp, k = 0, 1,-Then the n*th term of the progression 

is 

an k + b = a(n + kp) + b = (an + b) + akp = p + akp, 

and this is divisible by p for all k. Thus every pth term of the progression is 
divisible by p (because the numbers n k come at intervals of p), and thus the 
progression contains infinitely many composite numbers. 

A sequence {an + b} cannot consist entirely of primes, but it is natural to 
ask whether the sequence can contain infinitely many primes. The answer to 
this is given by Dirichlet’s Theorem: If (a, b) = 1, then the sequence {an + b} 
contains infinitely many primes. For example, among the members of the 
sequence (4 n + 1} are the primes 5, 13, 17, 29, 37, 41, . . ., and among 
{\2n + 7} are 7, 19, 31, 43, 67, ... ; Dirichlet’s Theorem says that we will 
never come to a last prime in either sequence. The condition (a , b) = 1 is 
clearly necessary: {6 n + 3} contains only one prime and {6 n + 4} contains 
none. Dirichlet’s great achievement was in showing that the condition was 
also sufficient. The proof of this theorem is not at all easy, and we will not 
attempt it. Even so, it is possible to prove not only that there are infinitely 
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many primes in the sequence, but to estimate how they are distributed. The 
number of primes in the sequence {an + b} 9 where (a, b) = 1, which are less 
than N is roughly equal to N/^a) log N, where <t> denotes the Euler ^-function. 

We now prove a theorem which shows that arithmetic progressions act in 
a way like the sequence of integers; it also lets us see how many consecutive 
prime terms a progression can contain. 

theorem 1. If p\a f then every pth term of the sequence {an + b} is 
divisible by p. 

proof. Since p \ a, p and a are relatively prime, and so there exist 
integers r and s such that pr + as = 1. Let 

n k = kp — bs, k — 1, 2, ... . 

Then 


an k + b = a(kp — bs) + b = akp — bas + b 

= akp — b(l — pr) + b — akp — b + bpr + b 
— p(ak br). 

Thus p | (an k + b) for every k, k = 1,2,.... Since n k+1 — n k = p, the 

terms an k + b occur p terms apart. 

From Theorem 1, it follows that if 2 \ a, then every other term in the 
sequence {an + b } is divisible by two. Hence, the sequence cannot have more 
than three consecutive non-composite numbers, and this can happen only if 
the second of the three is 2. In general, if p \ a, then {an + b } cannot have 
any more than 2p — 1 consecutive terms that are not composite, and this can 
happen only if the middle term of the 2 p — 1 is p itself. In all other cases, the 
upper limit is p — 1. Thus, if we want to search for an arithmetic progression 
that contains 12 consecutive primes, the common difference a cannot be 
picked at random. If 2, 3, 5, 7, and 11 do not appear in the progression, the 
common difference must be divisible by 2-3*5*7* 11 = 2310. The largest 
arithmetic progression now known that consists entirely of primes has 16 
terms: 2236133941 + 223092870*, n = 0, 1, . . ., 15. See “12 to 16 Primes 
in Arithmetic Progression,” by Edgar Karst [J. of Recreational Mathematics 
2(1969), 214-215]. 

Since linear formulas have failed as prime-producing functions, the next 
thing to try would be quadratics: can an 2 + bn + c be prime for all integers 
«? Again, we can get partial successes. For example, if/(«) = n 2 + 21* + 1, 
then/(*) is not composite for * = — 38, — 37,. . ., 17; a string of 56 consec¬ 
utive integers. But /(18) = 703 = 37 19. (Note that “not composite” and 
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“prime” are not synonymous, for 1 is neither composite nor prime. Since 
/(0) = 1, we cannot say that f(n) is prime for 56 consecutive integers.) 

Exercise 3. Use congruences to show that 2 |/(/i), 3 j/(/i), and 7 \f(n) for 

any n. 

Exercise 4. Show that 19 \f(n) if n = —1 (mod 19). 

Exercise 5 (optional). Show that 19 \f(ri) only if n = —1 (mod 19). 

Another well-known example of a prime-rich quadratic is n 2 + n + 41, 
which is not only not composite, but prime for 80 consecutive integers: 
n = —40, —39, . . ., 39. This is the present champion: no quadratic is 
known that will produce more than 80 noncomposite numbers in a row. 
Since the primes thin out as numbers increase, it is not unreasonable to 
conjecture that no quadratic can do better, and that 80 is the absolute maxi¬ 
mum number of consecutive noncomposites that a quadratic can produce. 
There is little likelihood that this conjecture will be settled any time soon, if 
ever. All that is known is that no quadratic of the form n 2 + n + A, A > 41, 
gives primes for n = 0, 1,. . ., A — 2, and this is a consequence of a difficult 
result proved only in 1967. 

No quadratic can always be a prime. Suppose that 

f(n) = an 2 + bn + c = p 

is prime for some n. That is, an 2 + bn + c = 0 (mod p ). Let n k = n + kp , 
k — 0, 1, ... . Then 

f(n k ) = a{n + kp) 2 + b(n + kp) + c 

= ah 2 + lankp + ak 2 p 2 + bn + bkp + c 


or 

/ (n k ) = an 2 + bn + c = 0 (mod p ), 

so f(n k ) is divisible by p for every k. Thus every pth term of the sequence 
{an 2 + bn + c} is divisible by p, so the sequence contains infinitely many 
composite numbers. 

After seeing Dirichlet’s Theorem, we might wonder if {an 2 + bn + c} 
contains infinitely many primes if a , b, and c have no common factor. No 
theorem corresponding to Dirichlet’s Theorem is known for quadratics. In 
fact, it has not yet been proved that n 2 + 1 is prime infinitely often, though 
it seems unlikely that this should not be so. 

We might suspect that cubic polynomials are no better than quadratics for 
representing primes, and we would be right. If/ is a polynomial of any degree 
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and f(n) = p,p a prime, for some n , then it can be shown that p\f(n + /:/?) 
for all k, k = 0, 1, ..., in exactly the same way as it was shown for linear 
and quadratic polynomials. Further, it is known that if / and g are poly¬ 
nomials, then it is impossible for [fin)/gin)] to be prime for all n 9 unless it 
becomes constant for n sufficiently large. 

On the other hand, we can construct a polynomial that assumes as many 
consecutive prime values as we want, because it can be shown that it is always 
possible to make a polynomial of degree d take on d + 1 arbitrarily assigned 
values. For example, if 

60 fix) = lx h - 85X 4 + 355x 3 - 515x 2 + 418* + 180, 
then we have 


n 0 \ 2 y A 5 

fin) 3 5 7 if 13 17. 

A similar polynomial could be constructed to take on 81 consecutive prime 
values, but it would be of degree 80. 

After giving up on polynomials, it would be natural to try exponential 
functions. For example, if 

fin) = [(3/2)-], 

then fin) is prime for n = 2, 3, 4, 5, 6, 7 (the values of the function are 
2, 3, 5, 7, 11, and 17), but /(8) = 25, and the next prime in the sequence 
does not come until fill) = 4987. No one has proved that a formula like 
fin) = [i 9 n ] cannot always give a prime. Nor is it known whether [iB n ] can be 
prime infinitely often. Such questions seem hopelessly difficult. 

Nevertheless, there do exist functions, expressible as a simple formula, that 
always represent primes. We will prove, partly, a striking result of W. H. 
Mills: 

theorem 2. There is a real number 6 such that [fl 3 *] is a prime for all 
n,n = 1 , 2 ,.... 

As we shall see, this theorem contains less than meets the eye, and it should 
not seem nearly so striking after we finish the proof. The proof gives a 
construction for 9 , but the construction depends on being able to recognize 
arbitrarily large primes. If we could recognize arbitrarily large primes, we 
would have no need of the formula. 

In the proof we will use two theorems from analysis. 

theorem. If a sequence Ui, w 2 , w 3 , . . ., u n , . . . is bounded above and 
nondecreasing , then it has a limit , 6, as n increases without bound. 
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That is, if there is a number M such that u n < M for all n and u n < u n +1 
for all n, n = 1, 2, . . ., then there is a number 0 such that the difference 
between 0 and u n becomes arbitrarily small as n increases without bound. 
We will not prove this theorem, or the next. 

theorem. If a sequence vi , , vz, . . ., v n , . . . « bounded below and non¬ 
increasing , f/ien it has a limit , 0, as a increases without bound. 

We will write 

lim m„ — 0 and lim v n = <t> 

n—+ oo n—> oo 

and read “the limit of u n as n approaches infinity equals 0,” and a corre¬ 
sponding statement for v n . 

proof of theorem 2. The proof depends on the following theorem: 
there is an integer A such that if n > A , then there is a prime p such that 

(1) n z < p < (n + l) 3 — 1. 

We will not prove this—its proof depends on deep properties of the 
Riemann f-function. We will use (1) to determine a sequence of primes 
that will in turn determine 6. Let pi be any prime greater than A , and for 
n — 1, 2, . . ., let p n +i be a prime such that 

(2) pi < fn+ 1 < (Pn + l) 3 - 1. 

Such a prime exists for each n on account of (1). Let 

(3) u n = pV and v n = ( p n + l) 3 "", 

n — 1,2,.... We see that as n increases, u n increases, because from (2), 

(4) Un+l = pl + l > (Pnf~ n ~ l = pV = Un. 

Furthermore, (i v n } is a decreasing sequence, because from (2), 

(5) » n+1 = (p n+l + If" -1 < ((p n + 1)3 _ 1 + l) 3 '" -1 = (p n + l) 3 "” = fl n . 
It is clear from (3) that u n < v n . Hence, because of (5), 

U n < V n < V n - 1 < * * * < V U 

so u n < Vi for all n. In the same way, from (4) we have 
V n > U n > U n -1 > * * * > Ml, 

so v n > Mi for all n. Thus {m„} is an increasing sequence of numbers that 
is bounded above by vi. It follows that { u n } has a limit. Call it 6. Also, {v n } 
is a decreasing sequence of numbers that is bounded below by Mi. Hence 
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{v n } has a limit too. Call it <t >. Since u n < v n for all n, it follows that 0 < <j>. 

In fact, since {w«} increases and {ty} decreases, we have 

U n < 6 < < f > < V n 

for all n ; thus 

uT <r<<f n < vl n 

for all n. But from the definitions of u n and v n , 

Un = Pn and Vn = />n + 1. 

Thus 

< 0 3 < Pn + 1. 

This locates 0 3 " between two consecutive integers, and so 

[0H = />«, 

a prime, for all n. 

From the construction, we see that knowledge of 0 and knowledge of all 
the primes is essentially equivalent, so that the theorem gives us nothing that 
we did not have before, except perhaps pleasure at seeing a clever idea neatly 
worked out. The theorem would be important only if we could discover what 
0 is by some method independent of all the primes, and this is not likely. 


Problems 

1. Find a quadratic polynomial / such that /(0) = 2, /(1) = 3, and /(2) = 5. 

2. Write a formula y = f(n) such that y is a prime for all n, n = 1, 2, .... 

3. Let f(n) = n 2 + 21n + 1. Show that 7 \f(n) and 11 \f(n) for any n. 

4. Show that n z + ll/i + 1 is never divisible by 2, 3, 5, or 7. 

5. Which primes can divide rP + 2? 

6. Which primes can divide n 2 + 2n + 3 ? 

7. What values can a have if 0 < a < 100 and arP + n + 1 is never divisible 
by 2, 3, or 5 ? 

8. Show that if an odd prime p divides rP + n + 41 for some n, then 

(P + 1)74 - 41 
is a quadratic residue modulo p. 

9. Show that if p is a prime and p | a n for some a and n > 0, then p | (a + kp) n 
for k = 0, 1 ,. . .. 
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10. If / is a polynomial and f(a) = />, a prime, then show that p | f(a + kp) 
for all k. 

11. Let f(n) = sin 7r((l (ji — l)\)/ri). Show that /(a) = 0 if and only if n is a 
prime. 

12. Let p n denote the nth prime, and let 


0 Pn/ 10 BI = .2003000050000007_ 

n = 1 

Show that 

p n = [1O" 2 0] - lO 2 “- 1 [lO< n " 1)s 0]. 

13. Show that the sum of the first n positive integers divides their product if and 
only if n + 1 is not an odd prime. 

14. Show that an odd prime can be written as a sum of more than one consecutive 
positive integers in exactly one way. 

15. Consider the infinite array whose first five lines are 

1 1 
1 2 1 
1 3 2 3 1 

1 4 3 5 2 5 3 4 1 

15473857275837451 

(a) How is it formed? 

(b) Show that the number of terms in the nth line is 2 n_1 + 1 and their sum 
is 3 n_1 + 1. 

(c) Prove that any two consecutive entries in any line are relatively prime. 

(d) Show that n is prime if and only if it occurs n — 1 times in the nth line. 

16. Catalan observed (1876) that if po = 2 and 

Pn +1 = 2 Pn - 1, 

then p k is a prime for k = 1, 2, 3, 4. Perhaps it is prime for all k. That is a 
difficult conjecture, for {p k } increases very rapidly. About how many digits 
has pb ? 



SECTION 


Bounds 
for tt (x) 


Although we may have a hard time telling whether a specific large number is 
a prime, we can make quite accurate statements about how many numbers in 
a given interval are prime. It is the same idea, almost, as the actuary’s mor¬ 
tality table, which can predict very closely the number of people aged 72 who 
will die next year, but which is no help in singling out the doomed lives. Let 
7 r(x;) denote the number of primes less than or equal to x. {Note: We will not 
restrict jc, y, and z to integer values in this section. Other lower-case italic 
letters—except e = 2.7182818284590452. . .—will continue to denote inte¬ 
gers.) It is the purpose of this section to derive bounds for 7t(jc) when x is 
large. In doing so, we will have to use some properties of the natural logarithm 


function. If we denote by e the limit of the sequence 



n = 


1, 2,. . ., as n increases without bound, then the natural logarithm of x 
(denoted by log x or In x) can be defined for any x > 0 by 


x = e log *. 


It has the properties that for any positive numbers x and y and any z, 

log xy = log x + log y 


Moreover, 


log x* = z log x. 


lim (log x)/x — 0. 

X~>°o 


The natural logarithm of x increases as x increases, but at a decreasing rate. 
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A portion of its graph is given in the figure below and some numerical values 
are, approximately, 

* .01 .1 1 2 3 10 500 1,000,000 

log x -4.6 -2.3 0 .7 1.1 2.3 6.2 13.8 

In addition to these properties of the natural logarithm, we will use one 
result (Lemma 6) without proof. Using these properties and Lemma 6, we 
will show that 7r(x) increases at roughly the same rate as jc/log x 



Exercise 1. What is tt(8)? tt(12)? tt(3.2)? 

That tt(x) increases at roughly the same rate as x/log x was induced from 
the observation of numerical evidence. If you take a table of 7t(jc), such as this 

jc 100 200 300 400 500 600 700 800 900 1000 

t r(x) 25 46 62 78 95 109 125 139 154 168 

* 10,000 100,000 1,000,000 10,000,000 100,000,000 

tt(jc) 1,229 9,592 78,498 664,579 5,761,455, 

and calculate the ratio of 7t(jc) to x/log x , you will find that it stays between 
.9 and 1.2 and seems to approach 1 as x increases. What we will prove in this 
section is the comparatively weak result 

(1) | ~ when x > 400,000. 

3 jc 3 


Before we start, we will mention what is known to be true. In fact. 


( 2 ) 




- l; 


this is the famous Prime Number Theorem. The inequalities in (1) were 
proved (with rather better constants than 400,000, 1/3, and 10/3) by Tcheby- 
shev in 1850. The history of (2) starts in 1780, when Legendre guessed that 
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^ log x —■* 1.08366 

was a good approximation to ir(x) —probably in the sense that, as in (2), 

lim ir(x)/f(x) - 1. 

X —>eo 

In 1792, Gauss suggested a function that fits the facts much better than 
Legendre’s guess. In 1859, Riemann made an attempt to prove (2). His proof 
was not complete, but it contained the ideas necessary for a complete proof. 
Even so, it was not until 1896 that Hadamard and De la Vallee Poussin 
independently proved the Prime Number Theorem. Work on refinements of 
it still continues today. 

We will start on the road to the proof of (1) by introducing two new 
functions. Let 

0(x) = L logp. 

P<X 

This may seem to be a less natural function than 

H*) = L !» 

p 

but it turns out to be easier to work with. A relation between the two is given 
in 


lemma 1 . For all x > 1 , 

6(x) - _ , xm) < m.x) - 6(X^)) 

log x - W n ’ ~ log X 

proof. We have 

^2 log x 1/2 < logp < ^2 1°S x 

x m <p<x x 1 / 2 <p<x x lli <p<x 


or 

( 3 ) 

But 


§log* J2 1 ^ L logp<logx: ^ 1. 

x il 2 <p<x x il 2 <p<x x ll 2 <p<x 


L i = L i - E 1 - ■<*) - *(* 1/2 ) 

x ll 2 <p<x P<x p<x 112 


^2 log p = 6(x) — e(x U2 ). 

x lli <p<x 


and 
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Thus (3) becomes 

2 M*) — 7r(x 1/2 )) log x < 0(x) — 6(x m ) < (w(x) — 7r(x 1/2 )) log 
which is equivalent to what we wanted to show. 


Later we will see that tt(x 1/2 ) is negligible in comparison with t(x) (we 
mean that 


lim 

x—>00 


ttC*" 2 ) 

7r(*) 


= 0 ), 


and the same holds for 6(x m ) in comparison with 0(x). If we neglect these 
terms, then the lemma says that 7r(x) and 0(x)/log x increase at the same rate. 
Thus, to show that 7r(x) increases at the same rate as x/log x, we need only 
show that 0(x) increases at the same rate as x. We will find it easier to deal 
with a function that looks even worse than 0: let 


(4) tfx) = 6(x) + 0(x 1/2 ) + 0(x 1/3 ) + - • • . 

Note that the sum is finite, since if x 1/m < 2, then 

6(x Vm ) = \ogp = 0, 

p <x llm 

because the sum has no terms in it. 


Exercise 2. Show that the last nonzero term in (4) is 6(x llm ), where 
m = [log x/log 2]. 

From Exercise 2 it follows that the sum in (4) contains no more than 
2 log x terms. 

Exercise 3. Demonstrate that this is so: show that [log x/log 2] < 2 log x. 
Exercise 4 (optional). Calculate ^(32). 

We now prove a lemma that relates ^ with 6. This is in a sense the weakest 
of our lemmas, and as you will see later, it is the reason why x must be larger 
than 400,000 in Theorem L 

lemma 2. For all x > 1, 

\f/(x) — x 1/2 log 2 x < 0(x) < ^(x). 
proof. First we get an upper bound for 0(x 1/m ). By its definition, 

B(x 1/m ) = ^2 lo S P* 

p <x 1/,fn 
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The largest summand is no greater than log*, and there are at most 
7 r(x 1/m ) terms in the sum. Since ir(x 1/m ) < x 1/m (because there are at least 
as many integers as primes), we have 

e(x l/m ) < x 1/m log x l/m . 

Putting this in (4), we get 

\f/(x) — d(x) = 0(x 1/2 ) + 0(x 1/3 ) + • * • < x 1/2 log x 112 + x 1/3 log x 1/3 + • • • . 

Each term on the right-hand side of the last inequality is bounded above 
by x m log x 17 2 and, as we have already seen, there are no more than 
2 log x terms. It follows that 

\p(x) — 0(x) < (x 172 log x l,2 )2 log x = x 172 log 2 x. 


and so 

0(x) > i/<x) — x 172 log 2 x. 

From the definition of \p we see that for all x, 

0(x) < \p(x) 9 

and these last two inequalities prove the lemma. 

Lemma 2 shows that if \p(x) increases at the same rate as x, then so does 
0(x). What we are aiming at is this: using ^(x), we will construct a function 
that can be put into a form that does not depend on the primes. We can then 
get fairly precise estimates on how fast it grows. Then we relate its rate of 
growth to that of \f/, and use Lemmas 1 and 2 to relate it back to the growth 
of 7r. Let S(x) be defined by 

(5) S(x) = m + K*/2) + lKx/3) + • • • . 

This is the function that can be put into a form independent of the primes. 
Using (4), we can write S(x) in the form 

S(x) = 6(x) + 0(x 1/2 ) + 0(x 1/3 ) + • • • 

(6) + 0(x/2) + 0((x/2)" 2 ) + 0((x/2) 1/3 ) + • • • 

+ 0(x/3) + 0((x/3) 1/2 ) + 0((x/3) 1/3 ) + • • • . 

Note that all the sums in (5) and (6) are finite. In each row, there will be a 
term beyond which the argument of the function is so small that the function 
is zero from that term on. 

Exercise 5 (optional). Approximately how many nonzero terms are there on 
the right-hand side of (6) ? 
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“Why,” you may be thinking (and ought to be), “would anyone ever think 
to consider such a function as S(x)V ’ Tchebyshev did, and if you had the 
talent of Tchebyshev, and worked on the problem of estimating with 
sufficient diligence and inspiration for sufficiently long, you would most 
likely be led to consider this sum too. It is really quite natural. Hindsight 
shows this conclusively. 

Exercise 6. What is the last nonzero entry in the second row of (6) ? What is the 
last nonzero entry in the second column? 

We will now count how many times log p appears on the right-hand side 
of (6). First, let us see how many times it appears in the first column: log p 
appears in the sum for 6(x/m) if and only if p < x/m. That is, it appears in 
the sums for B{x/m) for those values of m such that m < x/p. There are [x/p] 
such integers. In the second column log p appears in the sum for 0((x/m) 1/ 2 ) 
if and only if p < (x/m) m , or, if and only if m < x/p 2 . Thus it appears in the 
sum for 0((x/m) l/2 ) for 

m= 1, 2,..., [x/p 2 ]. 

In the same way, we can show that log p appears in the third column of (6) 
[x/p 3 ] times. And so on: we have proved 

lemma 3. log p appears in the sum for S(x) exactly S p (x) times , where 
S p (x) = [x/p] + [x/p 2 ] + [x/p*] + • • * . 

Exercise 7. Is this a finite sum too ? 

Exercise 8 (optional). Show that 

X) 0(x/m) = XI [ x /p] ^ZP- 

rn <x p <x 

lemma 4. The highest power of p that divides n\ is S p (ri). 

proof. Each multiple of p less than or equal to n adds one power of p 
to «!, and there are [n/p] such multiples. The multiples of p 2 each contrib¬ 
ute an additional power of p 9 and there are [n/p 2 ] such multiples. And 
so on: the additional contribution made by the multiples of p k is [n/p k ], 
and hence p to the power 

[n/p] + [n/f] + [n/f\ + • • • 

exactly divides n\. 

Exercise 9 (optional). Exactly how many terms are there in the sum of Lemma 4 ? 
Exercise 10. How many times does 11 go into 1111!? 

Exercise 11. Show that [x/n] = [[x]/n]. 
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With the aid of Lemma 4, we can put S(x ) into a form that does not 
explicitly involve any primes: 

lemma 5. For all x > 1, 

S(x) = X) lo 8 «• 

n <x 

This can be regarded as the key step in the estimation of 7r(x). After this 
lemma is proved, we have to find out the rate of growth of S(x), but this is a 
more or less routine problem. After this has been done, we have to go back 
and relate S(x) with tt(x), but this is also routine. 

proof of lemma 5. From (6), we know that S(x) is the sum of a number 
of terms of the form log p, and from Lemma 3 we know how many times 
log p appears in the sum: exactly 5p(x) times. Thus 

(7) S(x) = S 2 (x) log 2 + S,(x) log 3 + S b (x) log 5 + - • • 

= log^^ 5 ’^^ • ■ •). 

On the other hand, 

(8) [x]l = 2 e2( * ) 3 e3( * ) 5 e6(;r) * • •, 
where, according to Lemma 4, 

e p (x) = [[x]/p] + [[x\/p 2 ] + [[x]/p 3 ] + • • • . 

But from Exercise 11, [[x]/p k ] = [x/p k ] for any p and k, so it follows that 
e p (x) = SjJ(x). With this fact, we can compare (7) and (8) and see that 

SO) = log[x]! = logn = ^ log". 

1 <n < [x] n <x 

» 

and the lemma is proved. 

Exercise 12 (optional). Calculate, approximately, S(x) for some values of x 
and guess its rate of growth. 

In order to find out how fast S(x) grows, we need a result from analysis, 
which we will accept without proof: 


lemma 6. For any integer n, n > 7, 



<n\<n 



This lemma gives a weak form of a well-known result (Stirling’s formula), 
and it can be proved by induction if you recall the definition of e, the base 
of natural logarithms. From it follows 
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LEMMA 7. For any integer n, n > 7, 

n log n — n < S(n ) < n log n — n + log n. 
proof. Because 

S(ri) = ^ log k = lognl, 

*<n 

we have from Lemma 6, 


and 


-S(n) < log n(^j 


log n + «(log n — log e) 


= n log n — n + log n 


S(ri) > logy^J = n log n — n. 

Lemma 7 says that 50) behaves, roughly, like x log x when x is an integer. 
This remains true when x is not an integer. Routine calculations will prove 

lemma 8. For any x, x > 7, 

x log x — x — log x — 1 < S(x) < X log x — X + log X . 

We omit the details of the proof, as they are neither interesting nor in¬ 
structive. Lemma 8 shows that 5(x) increases at the same rate as x log x. We 
are trying to show that \p(x) increases at the same rate as x. More computation 
is needed, but to start with, we need another burst of inspiration. We borrow 
it from Tchebyshev. Consider S(x) — 2S(x/2). From the definition of S(x) 
we have 

(9) S(x) - 2S(x/2) = vK*) - Hx/2) + *(x/3) - *0/4) + • • • . 

From Lemma 8, we can get upper and lower bounds for 50) — 250/2): 
when x > 7, 

S(x) - 2S(x/2) < x log x - * + log x - 20 log | ^ - iog ^ - 1^ 

= x log 2 + 3 log x + 2 — 2 log 2. 

In the other direction, we have 

S(x) - 2S(x/2) > x log x — x — log x - 1 — 20 l°g \ ~ \ + lo S ^ 

= x log 2 — 3 log x + 2 log 2 — 1. 
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We collect the last two inequalities in 
lemma 9. For x > 7, 

x log 2 - 3 log x + 2 log 2 - 1 < S(x) - 2S(x/2) 

< x log 2 + 3 log x + 2 — 2 log 2. 

We are almost done. Notice that as x decreases, ^(x) does not increase 
because 

*(x) = 6(x) + d(x in ) + e(x 1 ' 3 ) + ■■■ , 
and as x decreases, 0(x 1/m ) does not increase, for each m. Thus 
S(x) - 2S(x/2) = Mx) - i(x/2) + ^(x/3) 
is an alternating series with nonincreasing terms. So, 

S(x) - 2S(x/2) = t(x) - Wx/2) - t(x/2)) - Wx/A) - M.x/5)) - 

shows that 

S(x) - 2S(x/2) < Mx)-, 

and 

S(x) - 2S(x/2) = (t(x) - \p(x/2)) + Wx/2) - ^(x/4)) + • • ■ 
shows that 

S(x) - 2S(x/2) > t(x) - \p(x/2). 

Thus we have 

(10) *(x) - i(x/2) < S(x) - 2S(x/2) < xKx). 

The right-hand inequality in (10) gives a lower bound for >p(x): we have from 
Lemma 9 that 

4>(x) > S(x) - 2S(x/2) > x log 2 - 3 log x + 2 log 2 - 1. 

From this, we can conclude 

lemma 10. For x > 150, tp(x) > x/2. 

proof. It is clear that (3 log x + 2 log 2 — l)/x decreases to zero as 
x—> oo. If x > 150, then (because e b = 148.4 . . . < 150), 

3 log x — 2 log 2+1^3-S— 1-4+1^, , 

^ - 150 - 


Thus, when x > 150, 

xlog 2 — 3 log x + 2 log 2 — 1 > x(log 2 — .1) > x/2. 
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It is also clear that for x sufficiently large, we can prove that \p(x) > 
x(log 2 — e ) for any * > 0. It is not worth the trouble, because from the 
Prime Number Theorem it follows that \p{x)/x 1 as and thus 

^(*) > *(1 ~ 0 will be true for any e > 0, when x is sufficiently large. 

To get an upper boupd for we need one more clever trick. It is contained 
in the next two lemmas. 

lemma 11. For x > 403, \ p ( x ) - yp ( x / 2 ) < 3 x / 4 . 

proof. From (10) and Lemma 9 we have 

4 < x ) - Wx / 2 ) < S ( x ) - 2 S ( x / 2 ) < x log 2 + 3 log x + 2 - 2 log 2. 

It is clear that (3 log x + 2 — 2 log 2 )/x decreases to 0 as x —> oo. If 
x > 403 (this number was chosen because e 6 = 403.4 . . .), then the 
fraction is at most 


18 + 2 - 1.4 
403 


< .05. 


Thus, for x > 403, we have 

x log 2 + 3 log x + 2 - 2 log 2 < *(.694 + .05) < 3 jc/ 4, 
which proves the lemma. 


Lemma 11 allows us to prove 


LEMMA 12. If X > 403, then \ p ( x ) < 3 x / 2 . 
proof. From Lemma 11 we have 

m - y < Ux / 2 ) - 
If we apply this over and over, we get 

m -~< Hx / 2 ) - ^ < «x/8) --<■■■< rp ( x / 2 n ) - ^ 
for any integer n. If n is large enough, then ^{ x / 2 n ) = 0. 

Exercise 13 (optional). How large is large enough? 

With this n , we have 

m-j<^ t <». 


and this proves the lemma. 
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At last, we can prove 

theorem 1 . If x> 400,000, then 


1 x ^ / n ^ 10 x 

x -< tt(x) <- 

3 log x 


3 log x 


proof. We have 


**)= £ log/»> £ l°gP- 

P<X x l ^<p<x 

There are 7 r(x) — tt(jc 1/2 ) terms in the last sum and the smallest term is not 
less than log x 1/2 . Thus 


or 


e(x) > (ir(x) — 7r(x 1/2 ))log X m > (t t(x) — * 1/2 )log X m 

26(x) 


w(x) — x m < 


log X 


From the definition of we know that \p(x) > 6(x ), so 

7r(x) < + X 112 . 

V ’ — log X 

Applying Lemma 12, we have that for x > 403, 

'¥ + x “ 

Furthermore, it is easy to see that when x > 400,000, 

.01* 


x Ui < 


log* 


Exercise 14 (optional). Verify this. 
We thus have, when x > 400,000, 


. . . 3x . .01x , 10 x 

?r(x) < + n~ < 


log x log x 3 log x 
This proves half of the theorem. To prove the other half, we have 

e(x) = ^2 log P ^ log * £ 1 = 7r ( x ) !°g x > 

p<x P<x 

and applying this and Lemmas 2 and 10, we have 
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Exercise 15 (optional). Verify that (log 2 *)/* 1 ' 2 < .15 when * > 400,000. 
From Exercise 15, we have, if x > 400,000, 

, x ^ 1 X 1 - X . 1 X 

tt(x) > --.15 .-> - , 

2 log x log x “ 3 log x 
and thus the theorem is proved. 


We have not been as accurate as we could have been in estimating con¬ 
stants. By refining Tchebyshev’s method, it is possible to prove that for x 
sufficiently large, 


.95695x 

logx 


< 7r(x) < 


1.04423x 

logx 


It is also known that for x > 400,000, 


.96x 

logx 


< 7r(x) < 


1.12x 

logx' 


But neither of these is as good as the exact statement 


lim 

X —>00 


*•(*) = j 

x/log X 


which is the Prime Number Theorem. 


Problems 


1. Let p n denote the nth prime. 

(a) Observe that x(p n ) = n. 

(b) Observe that if n > 400,000, then p n > 400,000. 

(c) Show that if n > 400,000, then 


'in 

10 “ log p n 


Pn 


< in. 


(d) Show that if n > 400,000, then tt(« 2 ) > n. 

(e) Let x n = pjn. Show that if n > 400,000, then 1 < x n < n. 

(f) Show that if n > 400,000, then 


— < —— < 3 

10 — log nx n ~ X 

(g) Show that if n > 400,000, then 

3 

n log n < p n < 6n log n; 

thus p n increases at about the same rate as n log n. 
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2. Using part (g) of the last problem, show that 

oo 

X 1 /p<‘ 


n = 1 


diverges. 

3. Using part (c) of Problem 1, determine the rate of growth of 

N 

X C°8 Pn)/Pn. 


n = 1 


4. (a) Show that 


(x + 1) log (.x + 1) 
X log X 


decreases as x increases. 

(b) Hence conclude that for n > 400,000, 


21 


(n -b 1) log (n + 1) < 2 q « «• 

(c) From (b) and part (g) of Problem 1 , show that 

Pn +1 < 21/> n 

for « sufficiently large. (It is in fact true that p n+ 1 < 2p„ for all n.) 

5. (a) Observe that there is a unique integer r p such that 

p r p <2n < /? r p+ 1 

for any n and each prime p. 

(b) Among the integers 1, 2, . . ., In what is the highest power of p that 
divides any one of them? 

(c) Show that 

M(2n) = JJ p r K 

p <2 n 

(d) Show that \p(2n) = log M(2n). 

(e) Show that the highest power of p that divides is 


£ ([2 nhT\ ~ 2[n/p m D- 

m= 1 

(f) From (e), conclude that | M(2ri). 

(g) Show that ^ 2 "* 

(h) From (f) and (g), conclude that M(2ri) > 2 n . 

(i) From (d) and (h), conclude that ^(2 n) > n log 2. 

(j) From (i), conclude that for x > 40, ^(*) > x/3. (Or some similar rela¬ 
tion with different constants.) 
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Miscellaneous 

Problems 


1. Show that (2 n + (— l) n+1 )/3 is an odd integer for n > 1. 

2. A man bought some six-cent stamps, 1/4 as many five-cent stamps, and some 
ten-cent stamps for $5.00. How many stamps of each kind did he buy? 

3. In 1494, L. Pacioli said that 134217727 is prime. The number is 2^ — 1; 
show him wrong. 

4. If p and q are primes, greater than or equal to 5, show that 24 | (p 2 - q 2 ). 

5. (a) What can a square be, modulo 9? 

(b) Is 314,159,267,144 a square? 

6. Let a! denote the solution of ax 1 (mod p) 9 a = 1, 2, . . ., p — 1. 

(a) Prove that ( ab) f s= a'b' (mod p). 

(b) Disprove that (a + by = a! + b' (mod p). 

7. Use Table A (p. 209) to find the smallest six consecutive odd composite 
numbers. 

8. Show that if 

a = r 2 — 2rs — s 2 , 
b = r 2 + s\ 
c = r 2 + 2rs — s 2 

for some integers r, s, then a 2 , b 2 , c 2 are three squares in arithmetic progres¬ 
sion. 

9. Pascal once wrote that he had discovered that the difference of the cubes of 
any two consecutive integers, less one, is six times the sum of all the positive 
integers less than or equal to the smaller one. Prove him right. 

10. If a and b are odd, show that 64 | (a 2 — 1 ){b 2 — 1). 
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11. Induce a theorem from the following facts: 

3 2 + 4 2 = 52 , 

10 2 + ll 2 + 12 2 = 132 + 142, 

21 2 + 22 2 + 23 2 + 24 2 = 252 + 26 2 + 27 2 , 

36 2 + 372 + 38 2 + 392 + 40 2 - 41 2 + 42 2 + 43 2 + 44 2 . 

12. A palindrome is a number that reads the same backwards as forwards, such 
as 3141413. 

(a) How many two-digit palindromes are there? 

(b) How many three-digit ones? 

(c) How many A>digit ones? 

13. Let (a, b , c) denote the greatest common divisor of a , b , and c. 

(a) Show that (a, b, c) = ((a, b ), c). 

(b) If (a, b) = (b, c) = (a, c) = 1, show that (a, b,c) = 1. 

(c) Is the converse of the theorem in (b) true? 

14. For which positive integers k does 

kx ss 1 (mod k{k + l)/2) 

have a solution? 

15. If p > 5 is prime, show that p 2 + 2 is composite. 

16. The following problem is at least 400 years old: Find the number of men, 
women, and children in a company of 20 if together they pay $20, each man 
paying S3, each woman $2, and each child $.50. 

17. If a and b are positive integers, let us say that a divides b weakly (or, that a 

is a weak divisor of &), written a J b, if and only if p 1 a implies p | b for 

primes p. 

(a) Find examples of integers a and b such that a > b and a f b. 

(b) Prove that a | b implies a f b. 

(c) Prove that a f 1 implies a = 1. 

(d) Prove that a f b and b J c implies a J c. 

(e) Prove that a J b implies ac J be for all positive integers c. 

(0 Prove that a f b and c J d imply ac J bd . 

(g) Prove that ab J c implies a f c and b f c. 

(h) Prove that ac f be and (a, c) J (b, c) imply a\b. 

(i) Prove that ac / be and (a, c) — 1 imply a f b. 

(j) Prove that a J b implies (a, c) f ( b , c) for all positive integers c. 

(k) Prove that a ] b and c J d imply (a, c) f (b,d). 

(l) Prove that a / b implies a n / b m for all positive integers m and n. 

(m) Prove that if there are integers m and n such that a n J b m , then a J b. 

(n) Prove that a J c and b J c imply ab J c. 

(o) Which of (c) to (n) are false for ordinary divisibility of positive integers? 
Give examples. 

18. Construct a formula for /such that f(n) is 1/2 if n is even and 1 if n is odd. 

19. Find the smallest integer / 1 , n > 0, such that 

2 | / 1 , 3 | n + 1, 5 | n + 2, 7 | n + 3, 11 | #1 + 4, 13 1 n + 5. 

What is n if the condition 17 | n + 6 is added? 
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20. Show that if n = a 2 + b 2 = c 2 + d 2 , then 

((a - c) 2 + ft - d) 2 )((a + c) 2 + (6 - d) 2 ) 

4 (b - dy 

and hence that if n can be written as a sum of two squares in two distinct 
ways, then n is composite. 

21. Using the result of Problem 20, factor 

(a) 533 = 23 2 + 2 2 = 22 2 + 7 2 , 

(b) 1073 = 32 2 + 7 2 = 28 2 + 17 2 . 

22. Use Table B and Problem 20 to factor (a) 170,833, (b) 182,410. 

23. 'Show that if a + b is even, then 24 | ab(a 2 — b 2 ). 

24. If n = a 2 + b 2 + c 2 , with a, b, c nonnegative, show that 

(n/ 3) 1/2 < ma x(a, b , c) < n 1/2 . 

2 5» Gauss proved that a regular polygon with m sides can be constructed with 
ruler and compass if m = 2 a n, where a is an integer and n — 1 or n is a product 
of distinct primes of the form 2* + 1. List all the regular polygons with fewer 
than 40 sides that can be constructed with ruler and compass. 

26. I 2 + 2 2 = 3 2 - 2 2 . 2* + 3 2 =- 7 2 - 6 2 . 3 2 + 4 2 - 13 2 - 12 2 . 4 2 + 5 2 = 
21 2 — 20 2 . What happens in general? 

27. It is known that 8k + 3 = x 2 + y 2 + z 2 has a solution for any k > 0. 

(a) Show that x , y, and z are odd. 

(b) Deduce that k is equal to a sum of three triangular numbers. 

28. (1/3) 2 + (2/3) = (1/3) + (2/3) 2 ; is this astonishing? 

29. (a) Find a solution of x* + y 4 — z 4 in real numbers, with xyz ^ 0. 

(b) Given that x* + y 4 = z 4 has no solutions in integers, prove that it has 
no solutions in rational numbers. 

30. Verify that (5 + / ¥ ) 1/2 = 5( ¥ 5 T ) 1/2 . Are there other numbers like that? 

31. Prove 

(a) If a | c, b | c, and (a, b) = d 9 then ab | cd . 

(b) If (a, c) = 1 and (&, c ) = d, then (ab, c) = d. 

32. Is .123456789101112131415 . . . rational? 

33. (a) Let n be an integer written in the base 12, and let m be its reversal. Show 

that e | (n — m ). 

(b) Generalize to any base b. 

34. (a) Suppose that 0 < m < 121. If 210 n + m is prime, show that m is prime, 

(b) Generalize: prove that if P k = pipi ■ • • p k (Pi denotes the ith prime) and 

0 < m < pt +1 , then iVz + m prime implies m prime. 

35. (a) Find all primes p such that 3p + 1 is a square. 

(b) Find all primes p such that 3p + 2 is a square. 

36. Fermat was sometimes as blind as the rest of us. He wrote to Roberval, 
“Permit me to ask you for the demonstration of this proposition which I 
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frankly confess I have not yet been able to find, although I am assured that 

it is true. If a, b are integers, and if 

(1) a 1 + b 2 = 2 (a + b)x + x 2 , 

both x and x 2 are irrational/’ Help Fermat out: show that the equation is 
not satisfied for any integer x, unless a = b = 0. 

37. Apply the rational root theorem to complete the demonstration in Problem 
36. That is, show that if (1) has nb integer roots, then it has no rational 
roots. What conditions on a and b guarantee that x 2 is irrational? 

38. If n = (6m + l)(12m + l)(18m + 1), show that n - 1 is divisible by 36m. 

39. Several years ago today, a man borrowed an integer number of dollars at a 
normal rate of simple interest. Today he repaid the loan in full with $204.13. 
How much did he borrow, how long ago, and at what rate of interest? 

40. (a) Show that 111 ... 11 (n digits, all ones) is composite if n is composite, 

(b) Is the converse true? 

41. Prove that a | c, c | b, (a, b) = 1 implies a = ±1. 

42. Which of 2 + 1, 2-3 + 1, 2-3-5 + 1, 2-3-5-7 + 1, . . . can be written as a 
sum of two squares? 

43. If n is an even perfect number, n ^ 6, show that the last digit in its duodecimal 
representation is four. 

44. Let /(x) be nonnegative and nondecreasing for x > 0. Let us say that / is 
sort of multiplicative (smult for short) if and only if f(nm) >f(n)f(m) for 
all positive integers m and n. 

(a) Show that f(n) = n\ k a positive integer, is smult. 

(b) Prove that the product of two smult functions is smult. 

(c) Show that if g(x) is nonnegative for x > 0, then n g{n) is smult. 

45. Let/00 denote the number of positive odd divisors of n. 

(a) Make a table of / for n = 2, 3, 4,. . ., 15. 

(b) Show that /(2 n /? m ) = m + 1 (p an odd prime). 

(c) Guess a formula for f(2 n pfpf - - * p% k ) (pi an odd prime). 

(d) Prove it by induction on k. 

46. Show that 

214! ••• (2n)\ > ((« + 1)!)" 

for n = 1, 2, .... 

47. (a) Prove that (a, b) = (a, c) = 1 implies (a, be) = 1. 

(b) Prove that (a, b) = 1 implies ( a n , b m ) = 1 for any positive integers m 
and n. 

48. Prove that the sum of twin primes (that is, 2 p + 2, where p and p + 2 are 
both primes) is divisible by 12 ii p > 3. 

49. If p | (ra - b) and p | (rc - d ), prove that p | (ad — be). 

50. If d > 0, d | n and (d, n/d) = 1, then d is called a uititary divisor of n. 

(a) What are the unitary divisors of 120? Of 360? 

(b) Which integers are such that their only divisors are unitary divisors? 
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(c) If n — pl l P‘ 2 2 • • • p% k , how many unitary divisors has n ? 

(d) If 

^j d = 2n, 

where the sum is taken over the unitary divisors, d \ of n, then n is called 
a unitary perfect number. Find two such numbers. 

51. Show that every n > 0 satisfies at least one of 

n = 0 (mod 2) n = 0 (mod 3) n = 1 (mod 4) 

n ^ 3 (mod 8 ) n = 7 (mod 12) n = 23 (mod 24). 

52. Show that 9 99 ends in 89. 

53. If p is a prime and ap + b = c 2 , then show that all values of k making 
kp b a square are given by 

k = pn 2 ± 2 cn + a, 

where n is any integer. 

54. If m > 1 is odd, show that 2 m + 1 is composite. 

55. Prove by induction that 3 n+2 1 10 3n — 1 , n = 0, 1 , 2, . . . . 

56. Let us call n a practical number if every positive integer less than or equal to n 
is a sum of distinct divisors of n. 

(a) Show that 12 is practical. 

(b) Show that 10 is not. 

(c) Discover a practical number greater than 12. 

(d) Show that every power of two is practical. 

(e) Show that every even perfect number is practical. 

57. Show that x e + 2 6 = z 6 has no solutions with (x, z) = 1. 

58. (a) Show that if p | (n 2 + 2an + b) for some «, then ((< a 2 - b)/p) = 1 . 

(b) Which primes can divide n 2 + In + 2 ? 

59. Suppose that we have a solution of 

ab(a + b)(a — b) = c 2 
where a , 6 , and c have no common factors. 

(a) Show that a and b are both odd. 

(b) Show that any two of a , b, ( a + b)/ 2, and ( a — b)/2 are relatively prime. 

(c) Conclude that each of a, b , (a + &)/ 2 , and (a *— b)/2 is a square. 

(d) Put ( a + b)/2 — r 2 and (a — b)/2 = j 2 . What are a and £ in terms of 
r and 5 ? 

(e) Conclude that if there is a solution of ab(a 2 — b 2 ) = c 2 where a, b 9 c 
have no common factor, then there is a solution of 

r 2 + s 2 - f 2 , 
r 2 — s 2 = u 2 . 

60. Show that there are infinitely many square triangular numbers, and find four 
such squares. 
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61. Show that every positive integer n can be written 

n = x 2 + y 2 — z 2 

for some integers x, y, z. 

62. Let (x) denote the fractional part of x. That is, (x) = x — [x]. 

(a) Show that if (a, n) = 1, then the set of numbers 

(a/n), (2 a/n), l)a/n) 

is a permutation of the set 

1 /n, 2/n, l)/w. 

(b) Show that if (a, n) = 1, then 

g r«F| _ (a - 1)(« - 1) 

*=o *■ n ^ 2 

63. Show that not every positive integer n can be written n = x 2 — y 2 for some 
integers x, y. 

64. Show that 

x 3 4- y z + z 3 + x 2 y + y 2 z + ^ = 0 

has no nontrivial solutions. 

65. Find m and n such that 

(m, n), (m + 1, «), (m, n + 1), (m +'l,n + 1) 

are all greater than 1. 

66. (a) Show that n 2 + (n + l) 2 + (« + 2) 2 = m 2 is impossible. 

(b) Show that n 2 + (n + l) 2 +■•■+(» + k) 2 = m 2 is impossible whenever 

\2 2 2 + • • • + k 2 is a quadratic nonresidue (mod k + 1). 

(c) What are the first three such values of k ? 

67. Show that the last nonzero digit of n\ is even when n > 1. 

68. Show that no power of 2 is a sum of two or more consecutive positive integers. 

69. Let / in) denote the smallest positive integer m such that ml = 0 (mod n). 

(a) Make a table of / for n = 2, 3,. . ., 20. 

(b) Show that f(p) = p . 

(c) Show that if p and q are distinct primes, then j\pq) = max(/?, q). 

(d) Show that if p > k, then/(/?*) = kp. 

70. Show that 

n 

k = l 

is never a square when n > 3. 

71. Find nine integers in arithmetic progression whose sum of squares is a square. 

72. (a) What is the largest integer with ten distinct digits that is divisible by 9? 
(b) What is the largest integer with eight distinct digits that is divisible by 9? 
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(c) What is the largest integer divisible by 11 whose four distinct digits are 
1,2, 3, 4? 

(d) What is the largest integer divisible by 11 whose nine distinct digits are 
1,2,..., 9? 

73. If n is composite, show that < n — n m . 

74. How many solutions has n — xy with (x, y) = 1 ? 

75. Write the positive integers in a spiral-like array as shown: 


17 

16 

15 

14 

13 

18 

5 

4 

3 

12 

19 

6 

1 

2 

11 

20 

7 

8 

9 

10 

21 

22 

23 

• • • 



If 1 is at the origin of a rectangular coordinate system and n > 0, 

(a) What integer is at («, 0)? 

(b) What integer is at (#i, n)°t 

(c) What integer is at (— n, 0)1 

(d) Where is (2 n + l) 2 ? 

(e) Where is (2/i) 2 ? 

(f) Where is 1000? 

76. If p is a prime, show that p + 2 is prime if and only if 

4 ((p - 1)! + 1) +p m 0(modp + 2). 

77. (a) Given n > 0, show that there is an integer m such that 

((/i + l) 1 ' 2 + /i 1 / 2 ) 2 = (m + 1 ) 1/2 + m 1 ' 2 . 

(b) Can you always find an m such that 

((n + l) 1 ' 2 + n m y = (m + l) 1 ' 2 + m 1 ' 2 ? 

78. True or false? If (m, n) = 1, then the product of the <f>(ri) numbers less than 
or equal to n and prime to n with the <f>(m) numbers less than or equal to m 
and prime to m give the <j>(mri) numbers less than or equal to mn and prime 
to mn. 

79. If (a, m) = 1, then the least residues (mod m) of a, 2a ,..., ma are a permu¬ 
tation of 1, 2, . . ., m. What happens if (a, m) ^ 1 ? 

80. Let pi denote the /th prime. Show that P n — pip% * • * p n + 1 is never a square. 

81. Which positive integers are neither composite nor the sum of two positive 
composite integers? 

82. If p and q are primes and p > q> show that <j>(p a ) = <t>(<f) implies a = 1. 
(a > 0 and b > 0.) 

83. 2 2 (2 3 - 1) = V + 3 3 ; 

2\2 h - 1) = l 3 + 3 3 + 5 3 + 7 3 ; 

2 6 (2 7 - 1) = l 3 + 3 3 + • • • + 15 s . 

We might induce that every even perfect number, except 6, is a sum of con¬ 
secutive odd cubes, starting with l 3 . Is this so? 
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84. 1000 = 1 (mod 37). From this, develop a test for the divisibility of an integer 
by 37. 

85. (a) Find all x, y, z in arithmetic progression such that 

x 2 + xy + y 2 = z 2 

and xy ^ 0. 

(b) Find all x, y 9 z in arithmetic progression such that 

x 2 + kxy + y 2 = z 2 

and xy ^ 0. 

86. If a and b are odd, show that there is a solution of 

*2 _|_ y 2 ( a 2 _|_ b 2 )/2. 

87. If n is an even perfect number, show that the harmonic mean of the divisors 
of n is an integer. 

88. Suppose that n 2 + n + 1 = p\ where n > 1, p is prime, and r > 1. 

(a) Show that p is odd. 

(b) Show that if n = 1 (mod 3), then the only solution is n = 1, p = 3, r = 1. 

(c) Show that r is odd. 

(d) Show that if p 3, then p = 1 (mod 3). 

89. Let f{x) = a n x n + a n -\x n ~ l + • • • + a 0 . Suppose that a n , a 0 , and an odd 
number of the remaining coefficients are odd. Show that f(x) = 0 has no 
rational roots. 

90. If n < p and («,/? — 1) = 1, show that x n = n (mod p) has a solution. 

91. (a) Show that if (o, p) = 1, n | (p - 1), and a^ ln ^ 1 (mod p), then a is 

not an wth power residue (mod /?). 

(b) Is 2 a fifth power residue (mod 31)? 

92. Show that n | (2 n + 1) if n is a power of 3. 

93. (a) Show that n 2 + (n + l) 2 = 3 m 2 is impossible. 

(b) What is a necessary condition for 

n 2 + (n + l) 2 = km 2 

to have a solution for given k, k >0? 

94. Let m be square-free. (That is, m = pip 2 •••/?*, a product of distinct primes.) 
Suppose that m has the property that p | m implies (p — 1) | m. 

(a) Show that m = 2, 6, and 42 have this property. 

(b) Does any other m ? 

(c) How many others? 

95. A man sold n cows for $n per cow. With the proceeds, he bought an odd 
number of sheep for $10 each and a pig for less than $10. How much did the 
pig cost? 


II * 

n <p <2 n 


96. Show that 


(2 *)! 

n\n\ 
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97. Prove that if p and q = 6p + 1 are odd primes, then 3 is a primitive root of q. 

98. If p = 2 m + 1 is a prime, show that every quadratic nonresidue of p is a 
primitive root of p. 

99. Solve x(x — 31) = y(y — 41) in positive integers. 

100. Let Co, ci, c 2 , c 3 , c 4 be any integers. Show that 

/(*) = Co + c, (*) + 2 c 2 (*) + 6c 3 (*) + 12c 4 

has the property that, given w, 

m|/(« + m)-/(«) 

for all integers n. ^For the notation see Appendix B, p. 196.^ 

101. Here is a proof that the sequence (2 kn + 1}, k = 1, 2,. . . contains infinitely 
many primes. Fill in any missing details. If p u Pi ,. . ., p n are all of the primes 
of the form 2 kn + 1 and N = pip 2 •••/?«, then N n + 1 is divisible by none 
of them. Since (Af n + 1 )/(N + 1) has no prime divisors not of the form 
2 kn + 1, there exists at least one greater than p n . 

102. Show that 


N N [ N/m ] 

n= 1 d\n m= 1 r = 1 

103. (a) Show that if r and 5 satisfy 5"y - 2 n r = 1 and x = 5 n s, then the last 
n digits of x 2 are the same as the last n digits of x. 

(b) Find such a number for n — 3. 


104. Establish the following test for primes: if a is a primitive wth root of 1 (that 
is, a n — 1 and a m ^ 1 for 0 < m < ri), then 


Ff>-(i+(-—I),, riif«| sprime 

n L0 if n is composite. 


105. Show that the sequence (2 + np}, p an odd prime, n = 1, 2, ... , contains 
an infinite geometric progression for any p. 
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Proof by Induction 


In the text, the method of proof by mathematical induction is used several 
times. The purpose of this section is to recall what the method is, show some 
examples of how it operates, and give some problems for practice. 

It is notorious that mathematics is a deductive art: starting with a collection 
of postulates, theorems are deduced by following the laws of logic. That is 
the way it is presented in print, but it is not the way that most new mathe¬ 
matics is discovered. It is difficult to sit down and think, “I will now deduce,” 
and prove anything worthwhile. The goal must be in sight; you must suspect 
that a theorem is true, and then deduce it from what you know. The theorem 
you suspect is true must come from somewhere: many theorems are the 
result of correct guesses. 

Exercise 1. Guess what/(«) is from the following data: 

n 0 1 2 3 4 5 

fin) 1 0 1 4 9 16. 

Exercise 2. Guess what fin) is from 

n 0 1 2 3 4 5 6 

fin) 1 2 5 10 17 26 37. 

. Exercise 3 (optional). Guess a theorem about fin): 

n 1 2 3 4 5 6 7 

fin) 2-1-2-127 14. 

Since number theory is largely concerned with the positive integers, some 
of its theorems are of the form, “Such-and-such is true for all positive integers 
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n” Propositions like this can often be proved by mathematical induction 
(or induction for short—we will not be concerned with any other kind). 
This method of proof is based on the following property of positive integers: 

If a set of integers contains 1, and 

(1) if it contains r + 1 whenever it contains r, 
then the set contains all the positive integers. 

(This property is so fundamental that it is usually taken as a nonprovable 
postulate about the positive integers.) It is applied when we want to show that 
a proposition P(ri) about the positive integer n is true for allw, n = 1,2,.... 
Examples of such propositions are 

Pi(n): “n 2 + 3n + 2 > (n + \f - 5.” 

P 2 (n): “ n(n + 1 )(n + 2) is divisible by 6.” 

“f(xi + x 2 + • * * + x n ) >f(xi) +f(x 2 ) + • * • + f(x n )” 

Let S denote the set of positive integers for which P(n) is true. If we can 
show that 1 is in 5 and that if r is in S, then r + 1 is in 5, then (1) says that all 
positive integers are in S. Rephrasing this, we get the induction principle: 

If P(l) is true, and 

if the truth of P(r) implies the truth of P(r + 1), 
then P(n) is true for all n, n = 1,2,.... 

Exercise 4. Fill in the blank: if P{\1) is true, and if the truth of P(r) implies the 
truth of P(r + 1), then Pin) is true for_ 

To illustrate a proof by induction, we will take a well-known example. 
Let P(n) be the statement 

6 ‘1 + 2 + • • • + n = n(n + l)/2 ” 

We will prove by induction that P(n) is true for all positive integers n. 
Exercise 5. What is P(l)? Is it true? 

Suppose that P(r) is true; that is, suppose that 

(2) 1+2 + ... + r = r(r+ l)/2. 

We wish to deduce that P(r + 1) is true. That is, we want to show that 

(3) 1 + 2 + • • • + (r + 1) = (r + 1 )(r + 2)/2 
follows from (2). If we add r + 1 to both sides of (2), we get 
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1 + 2 + • • • + r + (r + 1) = r(r + l)/2 + (r + 1) 

= (r+l)^+l) = (r+lXr+2)/2, 

which is (3). Hence both parts of the induction principle have been verified, 
and it follows that P(n ) is true for all positive integers n. 

In any proof by induction, we must not forget to show that P( 1) is true. 
Even if we show that the truth of P(r) implies the truth of P(r + 1), if P(l) 
is not true, then we cannot conclude that P(n) is true for any n. For ex¬ 
ample, let P(ri) be 

n (n 1) = 2 n. 

Suppose that P(r ) is true. That is, we assume that 
(4) r + (r+ 1) = 2r. 

Using this, we have 

(r + 1) + (r + 2) = r + (r + 1) + 2 = 2r + 2 = 2(r + 1), 

so P(r + 1) is true. So, if P( 1) were true, it would follow that P(n) is true for 
all positive integers n. Since P(l) is not true, we cannot so conclude. In fact, 
P(n) is false for all n. 

It should go without saying that in any proof by induction, we must verify 
that the truth of P(r) implies the truth of P(r + 1). For example, from the 
table 


n 1 2 3 4 5 6 

f(ri) 2 4 6 8 10 12 

we cannot conclude that f(n ) = 2 n for all n. In fact,/(7) = t, because the 
function that / had in mind when constructing the table was 

__ , (n - lXn - 2 Xn - 3X» - tyn - 5X^ - 6)(tt - 14) 

j{n) - m-t 6 • 5 • 4 ■ 3 • 2 

Another form of the induction principle is sometimes used: 

If P(l) is true, and 

if the truth of P(k) for 1 < k < r implies the truth of P(r + 1), 
then P(n) is true for all n, n = 1, 2, ... . 

This is valid because of the corresponding property of integers: if a set of 
integers contains 1 , and contains r + 1 whenever it contains 1,2 , . . ., r, 
then it contains all positive integers. 
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Problems 

1. Prove that 

1/12 + 1/23+ + 1 / (n 1 )n = 1 -(1 /n) 

for n = 2, 3,. . . . 

2. 1, 3, 6, and 10 are called triangular numbers: 


Let t n denote the nth triangular number. Find a formula for t n . 

3. Prove that 

l 2 + 2 2 + + h 2 = n(2n + l)(n + l)/6 

for n = 1, 2,. . .. 

4. I 3 = l 2 , 

l 3 + 2 3 = 3 2 , 

l 3 + 2 3 + 3 3 = 6 2 , 

l 3 + 2 3 + 3 3 + 4 3 = 10 2 . 

Guess a theorem and prove it. 

5. From Problem 4, or by guessing and induction, derive a formula for 

1 3 + 3 3 + 5 3 + - +(2k - l) 3 , 

k = 1, 2,... . 

6. Suppose that = 1 and a n+ 1 = 2a„ + l,n = l,2, .... Prove by induction 
that a n = 2 n — 1. 

7. Suppose that a 0 = ai = 1 and a n+ i = + 2an_i, n = 1, 2, . . . . Prove by 

induction that 

_ 2 n+1 + (—l) n 


8. 1 * 2 . 3.4 = 5 2 — 1, 

2-3-4-5 = ll 2 - 1, 

3 4 5 6 = 19 2 - 1, 

4 5 6 7 = 29 2 - 1. 

Guess and prove a theorem. (Induction may not be necessary.) 

9. Guess and prove a formula for 

l 2 + 4 2 + 7 2 + * • • + (3n + l) 2 , 

n = 0,1,- 

10. Prove by induction that n(n + l)(n + 2) is divisible by 6 for n = 1,2,.... 



Proof by Induction 


195 


11. Construct a formula for a function / such that 

/(l) = /(2) = /(3) = /(4) = 0, /(5) = 17. 

12. Let /„ denote the nth triangular number. Consider the table 

« 1 2 3 4 5 

t n 1 3 6 10 15 

8r n + 1 9 25 49 81 121. 

Are all those squares a coincidence? 

13. Prove by induction that n b — n is divisible by 5, it = 1, 2,.... 

14. The Fibonacci numbers are defined by 

/n+l = /« + /n-l, /l = h = 1. 

Prove that f hn is divisible by 5, « — 1, 2,.... 



APPENDIX 


Summation and 
Other Notations 


The summation sign is very helpful indeed. As it is usually used, the 
variable of summation assumes all the integer values in the indicated range: 

9 

^ ^ P = 9 16 -f~ 25 -J- 36 -f~ 49 -f- 64 -f- 81, 

i = 3 
k 

E ,. n n n 

^ n/ J = 2 + 3 + "' + k’ 

n 

E kth = h + 2/ 2 + 34 + • • • + 

A: — 1 
5 

yi 1 = 1 + 1 + 1 + 1 + 1. 

r = 1 

Exercise 1. Write out 

6 3 14 

(a) - r), (b) E #)A 5 (c) E E^W- 

r = l fc=l fc=-l i = 2 

Exercise 2. Write in summation notation 

(a) 1 + 2 -f 3 + • * • 4- k, (b) i + f + f + • • • 4- hi, 

(c) 2 + £ + | + * * • + irW 

In general, tells us to add up the values of /(a), following the 

instructions /, which determine a set of values for a. For example, 

E/m) 

d|n 
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denotes a sum extended over the positive divisors of n: 


Z 


d 2 = l 2 + 3 2 + 9 2 , 


S 0"(<O = + a (2) + ^(3) + <j( 4) + cr(6) + cr(12). 

d|12 


Exercise 3. Evaluate 

(a) £ 1M (b) 2 V3, ( c > Z 15 ^- 

d|6 d|28 <*115 

Another kind of sum often seen is 

Z f(p), 

V<x 

a sum extended over the primes no greater than x. For example, 


Z f(P) = /( 2) +/(3) +/(5) +/(7). 

p<10 

Thus, the important function tt(x), the number of primes less than or equal 
to x, can be written 

<X) = Z 1 - 

P<X 

In fact, we can put any sort of condition we please under or around a summa¬ 
tion sign. For example, 




(n,10) = 1 
n <10 


z 

2<m<6 
2<n<6 
(m,n) — 1 


m 2. 2 3. 3. 3 4 . 4 . 5. 5. 5. 5. 6 
/T = 3 + 5 + 2 + 4 + 5 + 3 + 5 + 2 + 3 + 4 + 6 + 5’ 


Z /(«. «) = /(l. 5) +/( 2, 4 ) +/(3, 3) +/( 4 , 2) +/(5, 1). 

ra-fn = 6 
7n,n >1 


Exercise 4. Calculate 

(a) ^ P> (b) Z "s’ W Z l - 

p <15 5|n 0 <n 1/2 <99 

0 <n <49 


Just as 2Z stands for sum, n stands for product, and whatever can be done 
with one notation can be done with the other. For example, 
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10 


Jc= 1 v<7 \ P' A 

n(>-|)-»-rs. n 

T.I10 \ P> J . = , 


2 4 6 
2 3 ' 5 ' i 


k + 2 


3 4 
1 ‘ 2 


Exercise 5. Evaluate 

(a) iio» n 2, (c) n -fy 

k=l k =1 v<&P ' 


Another notation with which it is good to be familiar is the greatest- 
integer notation: [x] denotes the greatest integer not greater than x. {Note: 
In this section, x and y will not necessarily denote integers—they may assume 
any real value. Other lower-case italic letters will still be reserved for integers.) 
Rephrased, the definition says that [x] is the unique integer satisfying 

x — \ < [x] < X. 

Rephrased again, to find [x] 9 locate a: on the real axis and go to the left until 
you come to an integer—that is [x]. Rephrased yet again, [x] is the unique 
integer satisfying 

[x] < X < [x] + 1. 


For example, 

[2] = 2, [5/2] = 2, M = 3, [-1/2] = -1, [-*] = -4. 

The notation [x] can be read in various ways: “integral part of x,” which is 
common and good, and “square brackets x,” which is also common, but not 
as good. 

Exercise 6. Prove that [x + 1] = [x] + 1. Can you generalize this? 

Exercise 7. Show that none of the following is true for all x and y by constructing 
counterexamples: 

[x + y] = M + [y], [. x/y ] = M/b], [xy] = Mb]- 


As an example of the use of the greatest-integer notation, we prove 

theorem 1. The number of positive multiples of b less than or equal to a 
is [< a/b ]. 

proof. Let all the positive multiples of b less than or equal to a be 
b 9 2b , 3b,. . ., kb. 
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Since they are all smaller than or equal to a, we have kb < a or k < a/b. 
On the other hand, the next multiple of b after kb is larger than a: 


(k + l)b > a or k > ^ — 1. 

Thus k 9 the number of positive multiples of b less than or equal to a, is an 
integer satisfying 

b — 1 < k - b 

This is an interval of length one, so it contains only one integer: it is [a/b]. 
Thus k = [a/b] and the theorem is proved. 


Exercise 8. How many integers between 1 and 1977 are divisible by 11? 

Another notation connected with [x] is the fractional-part notation: the 
fractional part of x , written (x) 9 is defined by 

<*> = *- M* 

You can see immediately that 0 < (x) < 1; other properties are left to the 
reader to discover. 

We will mention two other notations that are used in the text and may be 
unfamiliar. The notation n\ (read “« factorial”) is defined for positive integers 
and denotes the product of the positive integers from 1 to n. That is, 


n\ = n(n - 1 )(n — 2) • • 3-2-1 for n = 1, 2,_ 

For example, 1! = 1,4! = 24, and 6! = 720. In addition, 0! is defined to be 1. 
Connected with the factorial notation are the binomial coefficients (also 

called combinatorial symbols ) (^VForw>m>0, these are defined by 


=_ ”L 

\m/ m\(n — 


m)\ 


n(n - 1) • ■ - (n - m + 1) 
m(m — 1) • ♦ • 1 


For example, 


5 f 5-4 

= —- = —— = 10 

312! 21 ’ 


© 

/10\ 10! 10-9-8-7 
V 4/ 4!6! 4*3*2-1 


Binomial coefficients have many useful properties. For example, if p is a 


prime, then p 


for n = 2, 3,. . ., p — 1. Their major occurence is in the 
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binomial formula : for any real numbers X and y (integers or not) and any 
positive integer n, 



Problems 


1. Calculate 
6 


(a) 23 (k 2 + k), (b) 23 V2*. 


k = 1 


A; = 1 


V 

(d) 23 k, (e) 23 


k=l 
(k, 3) = 1 


0<fc<15 


2. Write in summation notation 

(a) 1 + 9 + 25 + 49 + • • • + 169, 

(b) l + + «T“2 + • • • + b 

(c) a 0 + a x x + a 2 x 2 + • * • + 0«* n , 

(d) UrVr^r + «r_l^n-r+l + ‘ * * + Wn- 

3. Prove or disprove 


k= 1 


n rt n 

(a) 23 M = 23 a * + X3 bk > 

k=l k=l 

n n 

(b) £>* = c £ a ki 


k=i 


k = i 


( c ) X) = X) ak S 

= l fc = l k=l 

4 . Evaluate 

(a) (3 U *)P 1 '*], (b) [3W*]<2>"), 

(c) If [6/A:]!, (d)2]I> r > 


= 1 
3 k 


t= 1 k = 1 


fe> ISf. 


Jfc = l r = 1 


(c) 23 v* 

d\28 

(f) 23^- 

p <50 
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5. Evaluate (a) 8!, (b) (c) 

6. Prove that 

for integers n and m with n > m > 0. 

7. Use the binomial formula to expand 

(a) (* + 2)\ (b) (1 - a)\ 

8. Use the binomial formula to simplify 
(a) * 3 + 9* 2 + 27* + 27, 

9. Calculate [(3/2)*] for k = 1, 2, 3, and 4: 

10. Is it true that 

(a) [—jc] = — [*] for all real numbers *? 

(b) [n x ] = /*[*] for all real numbers * and all integers nl 

11. Let ||*|| denote the integer nearest to *. Express ||*|| in terms of the greatest- 
integer notation. 

12. What values can [*] + [—*] take on? 

13. Given a prime /?, evaluate 

p* n 

(a) E 1, (b) E »• 

k=l * = 1 

vlk p\k 

14. How many multiples of seven are there between 1902 and 2038? 

15. Show that 

£/(<0 = 'E.fi.n/d) 

d\n d\n 

for all integers n and functions /. 

16. Show that it is not true that 

X>(p) = E/(«//>) 

P<n P<n 

for all integers n and functions /. 

17. Prove that 

N N N N 

E E/(u) = E E/fti)- 

i=l y=1 y b i i = i 

18. Prove that 

iV i AT AT 

E E/o = E E/ftD- 

i=iy =i y—lt=y 
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19. Show that 

n n 

n = n [»/*]!. 

jt=i fc=i 

20. Show that for all n > 1, 


d|n d|n 

21. How many integers are in the interval x < n < y? 

22. Show that 

n- 1 


n — 1 

E 

k = 0 


E <*/") = 


23. Suppose that 

N 

E v«* = 1 

and the n k s are positive odd integers. Show that N is odd. 



APPENDIX 


Quadratic 
Congruences to 
Composite Moduli 


We have not yet studied the quadratic congruence 

(1) Ax 2 + Bx + C = 0 (mod m) 

when the modulus is composite, though we do know a lot about x 2 s= a 
(mod p). In this section we will see how to solve (1). 

We start by considering a special case, 

(2) x 2 = a (mod m). 

(Unlike quadratic congruences (mod p), not all congruences like (1) can be 
put in this form by completing the square. For example, 3x 2 + x + 1 = 0 
(mod 9) cannot.) Let p e \p e 2 • • • p e £ be the prime-power decomposition of m. 
Then every solution of (2) will also satisfy the system 

| (3) x 2 see a (mod pl k ), k = 1,2 

and on account of the Chinese Remainder Theorem, the converse is also true. 
Hence, to solve (2) for any m, it is sufficient to know how to solve 

(4) x 2 = a (mod p e ) 

for all primes p and positive integers e. For example, let us solve x 2 = 9 
(mod 28); we break it into pieces, solve the pieces, and then put them to¬ 
gether again. We first find solutions of 

(5) x 2 = 9 (mod 4) and x 2 = 9 (mod 7). 

The first congruence has solutions 1 and 3, and the second has solutions 3 
and 4. Thus there are four sets of solutions to (5), namely 


i 
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(a) x = 1 (mod 4) 

and 

x s 3 (mod 7), 

(6) x s 1 (mod 4) 

and 

a: = 4 (mod 7), 

(c) x = 3 (mod 4) 

and 

x = 3 (mod 7), 

(d) x = 3 (mod 4) 

and 

X = 4 (mod 7). 


Thus there will be four solutions to the original congruence modulo 28. They 
are (a) 17, (i b ) 25, (c) 3, (d) 11. 

If m = t?! 1 /?! 2 and x 2 = a (mod pl k ) had s k solutions, then there are 

SiS 2 • • • s n different sets of solutions to system (3), and hence x 2 = a (mod m) 
will have that number of solutions. In particular, if any of the congruences 
in (3) has no solutions, then (2) has no solutions. We will now see how many 
solutions x 2 a (mod p e ) has, and then how to find them. 

lemma 1. If pis an odd prime , p\ a, and a is a quadratic residue (i mod /?), 
then x 2 = a (mod p e ) has exactly two solutions for each positive integer e. 

proof. We will prove the lemma by induction. It is true for e — 1 
(see Section 11). Suppose that it is true for e = k — 1, k > 2. First we will 
show that each solution of x 2 = a (mod can be used to construct two 
solutions of x 2 = a (mod p k \ and then we will show that these are the only 
solutions. Let r be a solution of x 2 = a (mod p k ~ l ). Then 

(6) r 2 = a + hp k ~ l 

for some integer h. Consider the numbers 

Rj = r +jp k -\ j= 1, 2,- 

We have 

Rf = r 2 + 2 rjp k ~ l +ff k ~ 2 , 
so 

Rf = a + /ip* -1 + 2rjp k ~ l = a + (h + 2rj)p k ~ l (mod p k ). 

If we choose j such that 

Rf = a (mod p k ), 

we will have a solution of x 2 = a (mod p k ), and we can do this if there is an 
integer j such that 

h + 2rj = 0 (mod p). 

There is, from (6): since (2 r, p) = 1, the congruence has a unique solution. 
As an example of this process, starting with 5 2 = 7 (mod 9), we will 
construct a solution of x 2 ^ 7 (mod 27). We put 


* y = 5 + 9y, 
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so 

Rf = 25 + 90/ + 81/ = 25 + 9/(mod 27). 

We want to pick j so as to make 25 + 9j = 7 (mod 27). y = 1 does this, 
and hence 14 is a solution of x 2 = 7 (mod 27). 

Exercise 1. Verify that 14 2 = 7 (mod 27). 

Exercise 2. Find a solution of a : 2 = 7 (mod 81). 

We have shown that x 2 = a (mod p k ) has a solution; call it s. Then p k — s 
is another solution. It remains to show that there are no more. Suppose that 
t is any solution of x 2 ss a (mod p k ). We will now show that t = s or t = 
p k — 5, and this will complete the proof of the lemma. We have t 2 ss s 2 
(mod p*), so 

/*!(*- + *0. 

There are three cases: since k > 2, either 

(0p fc | (* - 5), 

(»)/>* I (* + 4 

(iii)p\(t-s) and p | (/ + s). 

In the first case t = 5 (jnod p fc ), and since both s and r are least residues 
(mod p fc ), we have t = s. In the second case, we have t = p k — s. In the third 
case, we have p | 2s and, since p is odd, it follows that p [ 5 . Let ^ = ps\. From 
s 2 s= a (mod p fc ) it follows that 

p 2 5f = a + mp k 

for some m, whence a = 0 (mod p), which contradicts the hypothesis p | a. 

Exercise 3. Find all the solutions of * 2 = 44 (mod 125) by starting with 2 2 = 
3 2 = 44 (mod 5). 

Lemma 1 takes care of odd primes, but there is still the case p = 2. This 
is slightly more complicated. If we have x 2 = a (mod 2 e ), first we can suppose 
that a is odd. (If not, we can divide out powers of 2 until we do get a congru¬ 
ence with odd a. For example, Jt 2 = 12 (mod 16) implies (x/2) 2 = 3 (mod 4).) 
Second, we can suppose that a s= 1 (mod 8) because the square of any odd 
integer is congruent to 1, modulo 8. The question of solutions to x 2 = a 
(mod 2 e ) is completely answered in 

lemma 2. If a = 1 {mod 8), then x 2 = a {mod 2 e ) has exactly one , exactly 
two , or exactly four solutions , according as e — 1, e — 2, or e > 3. 

I 


proof. The first two cases are obvious. So is the third for e = 3. 
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Suppose that e > 4. We will proceed in the same way as we did for odd 
primes to show that x 2 = a (mod 2‘) has at least four solutions, by taking 
a solution of the congruence modulo 2 e_l and using it to construct a 
solution modulo 2 e . Suppose that r 2 = a (mod 2 e_1 ). Then r 2 = a + hi"* 1 
for some h. Let Rj = r + j2 e ~ 2 . Then 

Rj = r 2 + 2rj2'- 2 + /2 2e “ 4 = a + (h + rj)2 e * 1 (mod 2 e ). 

So, to make Rj = a (mod 2 e ), we need only choosey such that h + rj = 0 
(mod 2). Because r is odd, this is always possible. Hence, each solution of 
x 2 = a (mod 2 e_1 ) generates a solution of x 2 = a (mod 2 e ). 

For an example, let us find a solution of x 2 = 17 (mod 64) by starting 
with l 2 = 17 (mod 16). Let Rj = 1 + 8 j. Then 

Rj = l 2 + 16/ + 64/ = 1 + 16/ (mod 32). 

If we want this to be \1 (mod 32), we can take j = 1. Hence 9 2 = 17 
(mod 32). To go up one more power, let S, = 9 + 16/ Then 

Sj = 81 + 18 • 16 j + 256/ = 17 + 18 • 16/(mod 64). 

Taking j = 0 yields the solution 9 2 = 17 (mod 64). 

Exercise 4. Find a solution of x 2 = 17 (mod 128). 

Exercise 5. If r satisfies x 2 = a (mod 2j, show that 2 e — r, 2'“' — r, and 2 <_1 + r 
also satisfy it. 

Exercise 6. From 9 2 = 17 (mod 64), find three other solutions. 

It remains to show that there are no more than four solutions of x 2 = a 
(mod 2 e ) for a s= 1 (mod 8) and e > 3. This could be done by using induc¬ 
tion, Exercise 5, and the same ideas used in the proof of Lemma 1. Since 
the ideas are the same, we will omit the details. 

With the aid of Lemmas 1 and 2, we can look at a congruence of the 
form x 2 = a (mod m ) and say almost right away how many solutions it 
has. For example x 2 = 9 (mod 1200) has 8 solutions, because 1200 = 
2 4 • 3 • 5 2 , and x 2 = 9 (mod 2 4 ) has four solutions, x 2 = 9 (mod 3) has 
one solution, and x 2 = 9 (mod 25) has two solutions. 

Exercise 7. How many solutions has x 2 = 10 (mod 1200)? 

The general quadratic Ax 2 + Bx + C = 0 (mod m) is solved in the 
same way as x 2 = a (mod rri)'. break it into pieces, 

,4x 2 + Bx + C = 0 (mod p e ), 

start with Ax 2 + Bx + C = 0 (mod p), solve it (we know how from 
Section 11), and use the solutions to get solutions modulo p 2 , p 3 , . . . ,p e - 
Then put the pieces together to get solutions modulo m. It is difficult to 
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say in general how many solutions Ax 2 + Bx + C = 0 (mod rri) has, 
because in going from solutions (mod p k ~') to solutions (mod p k ), we may 
find one solution giving rise to p new ones, 1 new one, or no new ones, 
depending on the form of the quadratic. Nevertheless, all solutions of 
Ax 2 + Bx + C = 0 (mod p e ) will invariably be found by this method. We 
will not prove this, but will give two examples to show the sort of thing 
that can happen. Let us try to solve 

(7) x 2 + x + 1 s 0 (mod 27). 

We see that l 2 + 1 + 1 = 0 (mod 3), so to get solutions modulo 9, let 
Ri= 1 + 3/. Then 

Rf + Ri+ 1 = (1 + 6/ + 9>/) + (1 + 3 j) + 1 
= 3 + 9j + 9/ = 3 (mod 9). 

Thus there is no value of j that will make Rf + Rj + 1 congruent to 0 
(mod 9). Thus (7) has no solutions. 

An example where one root gives rise to p others is 

(8) x 2 + x + 7 = 0 (mod 27). 

x 2 + x + 7 = 0 (mod 3) is satisfied only for x = 1 (mod 3). If Rj = 1 + 
3 <j, then 

Rf + Rj+ 1 = 9 + 9j + 9/, 
and this is congruent to zero, modulo 9, for all j. Hence 
x 2 + x + 7 = 0 (mod 9) 

is satisfied by x = 1, 4, or 7 (mod 9). We must now take each of the roots 
up one more power to get solutions of (8). If we let Sj = 1 + 9/', then 

Sf + Sj + 7 = (1 + 18/ + 81/) + (1+ 9/) + 7 - 9 (mod 27), 

and no value of j makes the right-hand side zero, modulo 27. Thus the 
root 1 (mod 9) generates no roots (mod 27). Next, take the root 4: if 
Tj = 4 + 9 j, then 

Tf + Tj + 1 = (16 + 72 j + 81/) + (4 + 9j) + 7 
= 21 + 81 j = 0 (mod 27). 

Thus Tf + Tj + 7 = 0 (mod 27) for all j, and this gives three roots of (8), 
namely 4, 13, and 22. 

Exercise 8. Show that the root 7 (mod 9) gives no root (mod 27). 

Thus (8) has just three solutions, x = 4, x = 13, and x = 22. 
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Problems 

1. Solve 

(a) * 2 s= 7 (mod 243), (b) jc 2 = 44 (mod 625), 

(c) x 2 = 17 (mod 256). 

2. Solve x 2 + x+ 7 =0 (mod 81). 

3. How many solutions have 

(a) x 2 s 189 (mod 900)? (b) * 2 = 89 (mod 1000)? 

(c) x 2 = —■ 11. (mod 1100)? 

4. Find at least three solutions to each of the congruences in Problem 3. 

5. How many solutions has 3* 2 + 2x + 1 =134 (mod 800)? 

6. Show that any x = 33 (mod 40) satisfies the congruence in the last problem. 

7. How many solutions can x 2 = a (mod 400) have? Construct examples illus¬ 
trating each case. 

8. Show that if r is a solution of x z s a (mod 3 e ) for some e > 2, then 3 e_1 + r 
also satisfies the congruence. What about 3 e_1 — r and 3 e — r? 

9. Solve (a) jc 3 = 5 (mod 16), (b) jc 3 = 10 (mod 27). 
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Table A 

The following table gives the smallest prime factor of each odd positive integer n , 
3 <n< 9999, not divisible by five. The numbers across the top of each column— 
1, 3, 7, 9—give the units’ digit of n and the numbers down the side give the thou¬ 
sands’, hundreds’, and tens’ digits of n. A dash in the table indicates that n is prime. 

For example, reading across line 102 of the table, we see that 1021 is prime, 1023 
is divisible by 3, 1027 is divisible by 13, and 1029 is divisible by 3. With the aid of 
the table, the prime-power decomposition of any integer less than 10,000 (and of 
any even integer less than 20,000) can be quickly determined. For example, take 
3141. From line 314 of the table, we see that 3|3141, and a division shows that 
3141 - 3 • 1047. From line 104 of the table, 3|1047, so 3141 = 3 2 -349. Line 34 of 
the table shows that 349 is prime, so we have the prime-power decomposition 
of 3141. 


13 7 9 

13 7 9 

13 7 9 

13 7 9 

0 

-3 

20 

3 7 3 11 

40 

— 13 11 — 

60 

— 3—3 

1 

— 

21 

— 3 7 3 

41 

3 7 3 — 

61 

13- 

2 

3— 3 — 

22 

13- 

42 

— 3 7 3 

62 

3 7 3 17 

3 

— 3—3 

23 

3— 3 — 

43 

-19 — 

63 

j — 3 7 3 

4 

-7 

24 

— 3 13 3 

44 

3— 3 — 

64 

-11 

5 

3— 3 — 

25 

— 11—7 

45 

11 3— 3 

65 

3— 3 — 

6 

— 3—3 

26 

3— 3 — 

46 

-7 

66 

— 3 23 3 

7 

-7 — 

27 

— 3— 3 

47 

3 11 3 — 

67 

11-7 

8 

3— 3 — 

28 

-7 17 

48 

13 3— 3 

68 

3 — 3 13 

9 

7 3—3 

29 

3— 3 13 

49 

— 17 7 — 

69 

— 3 17 3 

10 

— 

30 

7 3—3 

50 

3— 3 — 

70 

-19 7- 

11 

3—3 7 

31 

-11 

51 

7 3 11 3 

71 

3 23 3 — 

12 

11 3— 3 

32 

3 17 3 7 

52 

- 17 23 | 

72 

7 3— 3 

13 

— 7- 

33 

— 3—3 

53 

3 13 3 7 

73 

17 — 11 — 

14 

3 11 3 — 

34 

11 7- 

54 

— 3— 3 

74 

3 — 3 7 

15 

— 3—3 

35 

3— 3 — 

55 

19 7—13 

75 

— 3—3 

16 

7-13 

36 

19 3— 3 

56 

3 — 3 — 

76 

— 7 13 — 

17 

3— 3 — 

37 

7 — 13 — 

57 

— 3—3 

77 

3 — 3 19 

18 

— 3 11 3 

38 

3 — 3 — 

58 

7 11 — 19 

78 

11 3— 3 

19 

— 

39 

17 3—3 

59 

3— 3 — 

79 

7 13 — 17 
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Table A Continued 



1 

3 

7 

9 


1 

3 

7 

9 

■ 

1 

3 

7 

9 


1 

3 

7 

9 

80 

3 11 

3 

— 

120 

— 

3 17 

3 

160 

_ 

7 

_ 

_ 

200 

3 

_ 

3 

7 

81 

— 

3 19 

3 

121 

7 

— 

— 

23 

161 

3 

— 

3 

— 

201 

— 

3 

— 

3 

82 

— 

— 

— 

— 

122 

3 

— 

3 

— 

162 

— 

3 

— 

3 

202 

43 

7 

— 

— 

83 

3 

7 

3 

— 

123 

— 

3 

— 

3 

163 

7 23 

— 

11 

203 

3 19 

3 

— 

84 

29 

3 

7 

3 

124 

17 11 29 

— 

164 

3 31 

3 17 

204 

13 

3 23 

3 

85 

23 

— 

— 

— 

125 

3 

7 

3 

— 

165 
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3— 3 — 

803 

3 29 3 — 

843 

— 3 11 3 

804 

11 3 13 3 

844 

23-7 

805 

83—7 — 

845 

3 79 3 11 

806 

3 11 3 — 

846 

— 3—3 

807 

7 3 41 3 

847 

43 37 7 61 

808 

— 59- 

848 

3 17 3 13 

809 

3—3 7 

849 

7 3 29 3 

810 

— 3 11 3 

850 

— 11 47 67 

811 

— 7 — 23 

851 

3—3 7 

812 

3— 3 11 

852 

— 3—3 

813 

47 3 79 3 

853 

19 7- 

814 

7 17 — 29 

854 

3 — 3 83 

815 

3 31 3 41 

855 

17 3 43 3 

816 

— 3—3 

856 

7 — 13 11 

817 

— 11 13 — 

857 

3 — 3 23 

818 

3 7 3 19 

858 

— 3 31 3 

819 

— 373 

859 

11 13- 

820 

59 13 29 — 

860 

3 7 3 — 

821 

3 43 3 — 

861 

79 3 7 3 

822 

— 3 19 3 

862 

37- 

823 

- 7 

863 

3 89 3 53 

824 

3—3 73 

864 

— 3— 3 

825 

37 3 23 3 

865 

41 17 11 7 

826 

11 — 7 — 

866 

3 — 3 — 

827 

3 — 3 17 

! 867 

13 3— 3 

828 

7 3—3 

868 

— 19 7 — 

829 

-43 

869 

3— 3 — 

830 

3 19 3 7 

870 

7 3— 3 

831 

— 3— 3 

871 

31 — 23 — 

832 

53 7 11 — 

872 

3 11 3 7 

833 

3 13 3 31 

873 

— 3— 3 

834 

19 3 17 3 

874 

— 7 — 13 

835 

7 —61 13 

875 

3 — 3 19 

836 

3— 3 — 

876 

— 3 11 3 

837 

11 3— 3 

877 

7 31 67 — 

838 

17 83 - 

878 

3 — 3 11 

839 

3 7 3 37 

879 

59 3 19 3 
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Table A 


13 7 9 

13 7 9 

13 7 9 

13 7 9 

880 

13 - 23 

910 

19—7 — 

940 

7 — 23 97 

970 

89 31 17 7 

881 

3 7 3 — 

911 

3 13 3 11 

941 

3 — 3 — 

971 

3 11 3 — 

882 

— 3 7 3 

912 

7 3 — 3 

942 

— 3 11 3 

972 

— 3 71 3 

883 

— 11 - 

913 

23 - 13 

943 

— 

973 

37—7 — 

884 

3 37 3 — 

914 

3 41 3 7 

944 

3 7 3 11 

974 

3 — 3 — 

885 

53 3 17 3 

915 

— 3—3 

945 

13 3 7 3 

975 

7 3 11 3 

886 

- 7 

916 

— 7 89 53 

946 

- 17 

976 

43 13 - 

887 

3 19 3 13 

917 

3 — 3 67 

947 

3 — 3 — 

977 

3 29 3 7 

888 

83 3 — 3 

918 

- 3—3 

948 

19 3 53 3 

978 

— 3—3 

889 

17 — 7 11 

919 

7 29 17 — 

949 

— 11 — 7 

979 

— 7 97 41 

890 

3 29 3 59 

920 

3 — 3 — 

950 

3 13 3 37 

980 

3 — 3 17 

891 

7 3 37 3 

921 

61 3 13 3 

951 

— 3 31 3 

981 

— 3 — 3 

892 

11—79 — 

922 

— 23 — 11 

952 

— 89 7 13 

982 

7 11 31 — 

893 

3—3 7 

923 

3 7 3 — 

953 

3 — 3 — 

983 

3 — 3 — 

894 

— 3 23 3 

924 

— 3 7 3 

954 

7 3—3 

984 

13 3 43 3 

895 

— 7 13 17 

925 

11 19—47 

955 

— 41 19 11 

985 

— 59 - 

896 

3 — 3 — 

926 

3 59 3 13 

956 

3 73 3 7 

986 

3 7 3 71 

897 

— 3 47 3 

927 

73 3 — 3 

957 

17 3 61 3 

987 

— 3 7 3 

898 

7 13 11 89 

928 

- 37 7 

958 

11 7 — 43 

988 

41 - 11 

899 

3 17 3 — 

929 

3 — 3 17 

959 

3 53 3 29 

989 

3 13 3 19 

900 

— 3 — 3 

930 

71 3 41 3 

960 

— 3 13 3 

990 

— 3—3 

901 

- 71 29 

931 

— 67 7 — 

961 

7 — 59 — 

991 

11 23 47 7 

902 

3 7 3 — 

932 

3 — 3 19 

962 

3 — 3 — 

992 

3 — 3 — 

903 

11 3 7 3 

933 

7 3 — 3 

963 

— 3 23 3 

993 

— 3 19 3 

904 

- 83 — 

934 

- 13 — 

964 

31 — 11 — 

994 

— 61 7 — 

905 

3 11 3 — 

935 

3 47 3 7 

965 

3 7 3 13 

995 

3 37 3 23 

906 

13 3 — 3 

936 

11 3 17 3 

966 

— 3 7 3 

996 

7 3 — 3 

907 

47 43 29 7 

937 

— 7 — 83 

967 

19 17 - 

997 

13 — 11 17 

908 

3 31 3 61 

938 

3 11 3 41 

968 

3 23 3 — 

998 

3 67 3 7 

909 

— 3 11 3 

939 

— 3 — 3 

969 

11 3 — 3 

999 

97 3 13 3 



The following table lists all the perfect squares less than 200,000. These are the 
squares of integers n, 0 < n < 447. To locate n 2 in the table, look at the intersection 
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APPENDIX D 


Table C 


The following table gives the complete prime-power decomposition of integers /j, 
10,000 < n < 10,269 and 100,000 < n < 100,149. 


10000 

2 4 *5 4 

10001 

73*137 

10002 

2*3*1667 

10003 

7*1429 

10004 

2M1-61 

10005 

3*5*23*29 

10006 

2*5003 

10007 

10007 

10008 

2 3 *3 2 *139 

10009 

10009 

10010 

2*5*7*11•13 

10011 

3*47*71 

10012 

2 2 * 2503 

10013 

17*19*31 

10014 

2*3*1669 

10015 

5*2003 

10016 

2 5 *313 

10017 

3 3 *7*53 

10018 

2*5009 

10019 

43*233 

10020 

2 2 • 3 • 5 • 167 

10021 

11*911 

10022 

2*5011 

10023 

3*13*257 

10024 

2 3 *7* 179 

10025 

5 2 *401 

10026 

2*3 2 *557 

10027 

37*271 

10028 

2 2 * 23 *109 

10029 

3*3343 


10030 

2*5*17*59 

10031 

7*1433 

10032 

2 4 *3* 11 • 19 

10033 

79*127 

10034 

2*29*173 

10035 

3 2 *5*223 

10036 

2 2 * 13*193 

10037 

10037 

10038 

2*3*7*239 

10039 

10039 

10040 

2 3 *5 * 251 

10041 

3*3347 

10042 

2*5021 

10043 

11 2 * 83 

10044 

2 2 *3 4 *31 

10045 

5*7 2 *41 

10046 

2*5023 

10047 

3*17*197 

10048 

2 6 * 157 

10049 

13*773 

10050 

2*3*5 2 *67 

10051 

19-23 2 

10052 

2 2 *7*359 

10053 

3 2 * 1117 

10054 

2*11*457 

10055 

5*2011 

10056 

2 3 *3*419 

10057 

89*113 

10058 

2*47*107 

10059 

3*7*479 


10060 

2 2 *5*503 

10061 

10061 

10062 

2*3 2 * 13*43 

10063 

29*347 

10064 

2 4 * 17*37 

10065 

3*5*11*61 

10066 

2*7*719 

10067 

10067 

10068 

2 2 *3*839 

10069 

10069 

10070 

2*5*19*53 

10071 

3 3 * 373 

10072 

2 3 • 1259 

10073 

7*1439 

10074 

2*3*23*73 

10075 

5 2 * 13*31 

10076 

2 2 * 11 •229 

10077 

3*3359 

10078 

2*5039 

10079 

10079 

10080 

2 5 *3 2 *5*7 

10081 

17*593 

10082 

2-71 2 

10083 

3*3361 

10084 

2 2 *2521 

10085 

5*2017 

10086 

2-3-41 2 

10087 

7*11*131 

10088 

2 3 * 13*97 

10089 

3 2 *19*59 
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Table C 


10090 

2-5-1009 

10130 

2-5-1013 

10170 

2-3 2 -5-113 

10091 

10091 

10131 

3-11-307 

10171 

7-1453 

10092 

2 2 -3-29 2 

10132 

2 2 -17-149 

10172 

2 2 -2543 

10093 

10093 

10133 

10133 

10173 

3-3391 

10094 

2-7M03 

10134 

2-3 2 - 563 

10174 

2-5087 

10095 

3-5-673 

10135 

5-2027 

10175 

5 2 -11 -37 

10096 

2 4 -631 

10136 

2 3 - 7 -181 

10176 

2 6 -3-53 

10097 

23-439 

10137 

3-31109 

10177 

10177 

10098 

2-3 3 -11 • 17 

10138 

2-37-137 

10178 

2-7-727 

10099 

10099 

10139 

10139 

10179 

3 3 -13-29 

10100 

2 2 -5 2 -101 

10140 

2 2 • 3 • 5 • 13 2 

10180 

2 2 • 5 • 509 

10101 

3-7-13-37 

10141 

10141 

10181 

10181 

10102 

2-5051 

10142 

2-11-461 

10182 

2-3-1697 

10103 

10103 

10143 

3 2 -7 2 -23 

10183 

17-599 

10104 

2 3 - 3 - 421 

10144 

2 5 - 317 

10184 

2 3 -19-67 

10105 

5-43-47 

10145 

5-2029 

10185 

3-5-7-97 

10106 

2-31-163 

10146 

2-3-19-89 

10186 

2-11-463 

10107 

3 2 -1123 

10147 

73-139 

10187 

61-167 

10108 

2 2 -7-19 2 

10148 

2 2 -43-59 

10188 

2 2 -3 2 -283 

10109 

11-919 

10149 

3-17-199 

10189 

23-443 

10110 

2-3-5-337 

10150 

2-5 2 -7-29 

10190 

2-5-1019 

10111 

10111 

10151 

10151 

10191 

3-43-79 

10112 

2 7 -79 

10152 

2 3 • 3 3 • 47 

10192 

2 4 • 7 2 •13 

10113 

3-3371 

10153 

11-13-71 

10193 

10193 

10114 

2-13-389 

10154 

2-5077 

10194 

2-3-1699 

10115 

5-7-17 2 

10155 

3-5-677 

10195 

5-2039 

10116 

22 . 32.281 

10156 

2 2 *2539 

10196 

2 2 -2549 

10117 

67-151 

10157 

7-1451 

10197 

3 2 -11-103 

10118 

2-5059 

10158 

2-3-1693 

10198 

2-5099 

10119 

3-3373 

10159 

10159 

10199 

7-31-47 

10120 

2 3 • 5 • 11 • 23 

10160 

2 4 - 5-127 

10200 

2 3 - 3 • 5 2 -17 

10121 

29-349 

10161 

3 2 -1129 

10201 

101 2 

10122 

2-3-7-241 

10162 

2-5081 

10202 

2-5101 

10123 

53-191 

10163 

10163 

10203 

3-19-179 

10124 

2 2 -2531 

10164 

2 2 -3-7 - ll 2 

10204 

2 2 -2551 

10125 

3 4 -5 3 

10165 

5-19-107 

10205 

5-13-157 

10126 

2-61-83 

10166 

2-1317-23 

10206 

2- 3 6 -7 

10127 

13-19-41 

10167 

3-3389 

10207 

59-173 

10128 

2 4 -3* 211 

10168 

2 3 -31 -41 

10208 

2 5 -ll-29 

.10129 

7-1447 

10169 

10169 

10209 

3-41-83 
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APPENDIX D 


Table C Continued 


10210 

2-5-1021 

10230 

2-3-5-11-31 

10250 

10211 

10211 

10231 

13-787 

10251 

10212 

2 2 -3-23-37 

10232 

23.1279 

10252 

10213 

7-1459 

10233 

3 3 -379 

10253 

10214 

2-5107 

10234 

2-7-17-43 

10254 

10215 

3 2 -5-227 

10235 

5-23-89 

10255 

10216 

2 3 -1277 

10236 

2 2 -3-853 

10256 

10217 

17-601 

10237 

29-353 

10257 

10218 

2-3-13-131 

10238 

2-5119 

10258 

10219 

11-929 

10239 

3-3413 

10259 

10220 

2 2 -5*7-73 

10240 

2 n *5 

10260 

10221 

3-3407 

10241 

7 2 -11-19 

10261 

10222 

2-19-269 

10242 

2 • 3 2 • 569 

10262 

10223 

10223 

10243 

10243 

10263 

10224 

24 . 32.71 

10244 

2 2 -13-197 

10264 

10225 

5 2 -409 

10245 

3-5-683 

10265 

10226 

2-5113 

10246 

2-47-109 

10266 

10227 

3-7-487 

10247 

10247 

10267 

10228 

2 2 -2557 

10248 

2 3 -3-7-61 

10268 

10229 

53-193 

10249 

37-277 

10269 

100000 

2 5 -5 5 

100020 

2 2 -3-5-1667 

100040 

100001 

11-9091 

100021 

29-3449 

100041 

100002 

2-3-7-2381 

100022 

2-13-3847 

100042 

100003 

100003 

100023 

3-7-11-433 

100043 

100004 

2 2 -23-1087 

100024 

2 3 -12503 

100044 

100005 

3-5-59113 

100025 

5 2 -4001 

100045 

100006 

2-31-1613 

100026 

2 -3 2 - 5557 

100046 

100007 

97-1031 

100027 

23-4349 

100047 

100008 

2 3 -3 3 *463 

100028 

2 2 -17-1471 

100048 

100009 

7 2 -13-157 

100029 

3-33343 

100049 

100010 

2-5-73-137 

100030 

2-5-7-1429 

100050 

100011 

3-17-37-53 

100031 

67-1493 

100051 

100012 

2 2 -11 -2273 

100032 

2 6 -3-521 

100052 

100013 

103-971 

100033 

167-599 

100053 

100014 

2-3-79-211 

100034 

2-11-4547 

100054 

100015 

5-83-241 

100035 

3 4 -5-13-19 

100055 

100016 

2 4 -7-19-47 

100036 

2 2 -89-281 

100056 

100017 

3 2 -11113 

100037 

7-31-461 

100057 

100018 

2-43-1163 

100038 

2-3-16673 

100058 

100019 

100019 

100039 

71-1409 

100059 


2-5 3 -41 
3M7-67 
2 2 -11-233 
10253 

2- 3-1709 
5-7-293 
2 4 -641 

3- 13-263 
2-23-223 
10259 

2 2 - 3 3 -5-19 

31- 331 

2- 7*733 

3- 11-311 

2 3 - 1283 
5-2053 
2-3-29-59 
10267 

2 2 -17-151 

3 2 - 7-163 


2 3 - 5-41 *61 

3-33347 

2-50021 

100043 

2 2 -3 2 -7-397 

511-17*107 

2- 50023 

3- 33349 
2 4 -13 2 * 37 
100049 

2-3- 5 2 -23 - 29 
7-14293 

2 2 - 25013 

3 2 -11117 
2-19-2633 
5-20011 

2 3 - 3 -11 -379 
100057 

2 - 7 2 -1021 

3- 33353 
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Table C 


100060 

2 2 -5-5003 

100090 

100061 

13-43179 

100091 

100062 

2-3M7-109 

100092 

100063 

47-2129 

100093 

100064 

2 5 -53-59 

100094 

100065 

3-5-7-953 

100095 

100066 

2-50033 

100096 

100067 

IP-827 

100097 

100068 

2 2 -3-31-269 

100098 

100069 

100069 

100099 

100070 

2-5-10007 

100100 

100071 

3 2 -11119 

100101 

100072 

2 3 -7-1787 

100102 

100073 

19-23-229 

100103 

100074 

2-313-1283 

100104 

100075 

5 2 • 4003 

100105 

100076 

2 2 -127-197 

100106 

100077 

3-33359 

100107 

100078 

2-11-4549 

100108 

100079 

7-17-29 2 

100109 

100080 

2 4 -3 2 -5-139 

100110 

100081 

41*2441 

100111 

100082 

2-163-307 

100112 

100083 

3-73-457 

100113 

100084 

2 2 -131 • 191 

100114 

100085 

5-37-541 

100115 

100086 

2-3-7-2383 

100116 

100087 

13-7699 

100117 

100088 

2 3 12511 

100118 

100089 

3M1-337 

100119 


2-5-10009 

100120 

2 3 -5-2503 

101-991 

100121 

7-14303 

2 2 -3-19-439 

100122 

2-3-11-37-41 

7-79-181 

100123 

59-1697 

2-50047 

100124 

2 2 -25031 

3-5-6673 

100125 

3 2 -5 3 -89 

2 8 -17-23 

100126 

2-13-3851 

199-503 

100127 

223-449 

2-3 2 -67-83 

100128 

2 5 -3-7-149 

31-3229 

100129 

100129 

2 2 -5 2 -7-11 • 13 

100130 

2-5*17-19*31 

3-61-547 

100131 

3-33377 

2-50051 

100132 

2 2 -25033 

100103 

100133 

11-9103 

2 3 -3-43-97 

100134 

2-3 2 -5563 

5-20021 

100135 

5-7-2861 

2-50053 

100136 

2 3 -12517 

32 . 72.227 

100137 

3-29-1151 

2 2 -29-863 

100138 

2-50069 

100109 

100139 

13-7703 

2-3-5-47-71 

100140 

2 2 -3-5-1669 

11-19*479 

100141 

239-419 

2 4 -6257 

100142 

2-7-23-311 

3-13-17151 

100143 

3 3 -37 09 

2-7-7151 

100144 

2 4 -11-569 

5-20023 

100145 

5-20029 

2 2 -3 5 -103 

100146 

2-3-16691 

53*1889 

100147 

17-43-137 

2-113-443 

100148 

2 2 -25037 

3-23-1451 

100149 

3-7-19-251 





Answers to Exercises 


Section 1 

1. All of them. 

4. 2, 5, 2. 

5. 1, n. 

6. d. 

Section 2 

1. One, one. 

3. 72 = 2 3 *3 2 , 480 = 2 s -3-5. 

4. p\a n for some n. 

5. Suppose that the result is true for k = r — 1. Then p|(aia 2 • • • a r ~\)a r implies 
plam • • • a r -1 or /?|a r . In the first case, the induction assumption says that p\aj 
for some j 9 1 <j < r — 1. In the second case, p\a r . In either case, p\a^ for 
some j, 1 < j < r, so the result is true for k = r. Since the result is true for 
k — 1, it holds for all k. 

6. 25, 45, 65, 81, and 85. 

7. 2‘3-5 2 -53. 

Section 3 

1. The left-hand side is even; the right-hand side is odd. 

2. All solutions are x = 5/, y = 2 — /, t an integer. 

3. (c). 

4. x = 10 + 3r, y = — /, t an integer. 

5. x = 6, y = 1 and * = 3, y = 2. 

Section 4 

1. True, true, false, true. 

2. Then km = a — b, so w|(a — 6) and a = b (mod m). 

3. 1,7, 9, 4, and 8. 

4. n = 1 (mod 2). n = 1 + 2A: for some k. n leaves a remainder of 1 when 
divided by 2. 

9. For example, 5*4 = 5-6 (mod 10), but 4^6 (mod 10). 


7. 3, 3; 3, 0. 

9. 13, 34. 

10. x = 5, y = — 6. 
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10. (a) x s= 2 (mod 7), (b) x = 4 (mod 7). 

11. X S 2 (mod 3). 

12. Both are wrong. 

Section 5 

1. For example, 4x se 3, 5* = 4, 6x = 6 (mod 12) have, respectively, 0, 1, and 
6 solutions. 

2. (b), (c), and (d) have no solutions. 

3. This is included in Theorem 1. 

4. (a) 2, (b) x = -1 + 10/, y = 2 — 9/. 

5. 3, 1, 5, 0, 1. 

6. x = 2, 5, 8, 11, or 14. 

7. 2, 7, 12; 2; none; 2. 

9. Any x = 104 (mod 105). 

Section 6 

2. 10, 1. 

3. (2, 6), (3, 4), (5, 9), (7, 8). 

Section 7 

1. 

11 12 13 14 15 16 
d(n) 2 6 2 4 4 5. 

2. </(p 3 ) = 4. </(/?«) = #i + 1. 

3. d(p*q) = 8. <7(/? n tf) = 2(n + 1). 

4. 20. 

5. 

n 9 10 11 12 13 14 

a(n) 13 18 12 28 14 24. 

6. <r(/? 3 ) = 1 + p + p 2 + /? 3 . or (/?<20 = 1 + p + q + pq. 

8. <t(/>”) = l+/>+/> 2 +•••+/>" = (p n+1 - l)/(p - 1). 

9. a(240) = 744. 

10. 

n 13 14 15 16 17 18 19 20 21 22 23 24 

f(n) 1 1 1 32 1 6 1 4 1 1 1 12. 

Section 9 

5. 1,3. 1,3, 5, 7. 1,3, 5, 7, 9, 11, 13, 15. 
positive integers less than 2". 


<£(2 n ) = 2 n_1 , the number of odd 
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7. <Km). 

8. 24, 36, 36. 

9. (a) 12, 13, 14, 15, 16. (b) 2K (c) pK 

10. Ci * {1, 3, 5, 9,11,13}, C 2 = {2, 4, 6, 8,10,12}, C 7 = {7}, C 14 = {14}. 


Section 10 

1. 2, 2, and 2. 

2. 1,2, 3, or 6. 2 and 5 have order six, 4 and 7 have order three, 8 has order two, 
and 1 has order one. 

3. 191 (39, 77, 115, and 153 are composite). 

5. 3 and 7 are primitive roots of 10. 

6. The orders are 2, 4, and 1. 

8. 8, 12, 15, 16, 20, 21, and 24. 

9. ind 5 1=0, ind 6 2 = 4, ind 5 3 = 5, ind 5 4 = 2, ind 5 5 = 1, and ind 5 6=3. 


Section 11 

1. x 2 + 4x + 3 s 0 (mod 5). 

2. (x + 2) 2 = 1 (mod 5). 

3. 2 and 4. 

4. 2 and p — 2. 

5. 1, 3, 4, 5, and 9. 

6. 15 and 16. 

Section 12 

2. No solution. 

7. None is an odd prime. 

Section 13 

1. 31 = 2 4 + 2 3 + 2 2 4- 2 1 + 2°. 33 = 2 5 + 2°. 

2. 6, 7. 

3. < 2 r . Hence r > e* for all /. 

4. 9, 7, 64. 

5. 10 2 , 10100 2 , HOOIOOO 2 . 

Section 14 


7. 1, 1, 1, 1. 

8 . 1 , 1 , 1 . 

9. If p \a 9 then (a 2 /p) = 1. 

13. 1, 1. 

14. 5, 13, 17. 

15. -1, -1. 


1. 11, 19, 110, 6 X . 
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ANSWERS TO EXERCISES 


3. 28, 40, 6 X 6. 

4. 8. 

5. 371, 275. 

Section 15 

1. 73/4950. 4. 7, 6, 5. 

2. .17073. 5. .02439. 

3. 4, 2, 2. 6. 5. 

Section 16 

1. If p divides any two of x , y, and z, then it divides the third. 

2. Because 2 would divide (a, b). 

Section 17 

1. c 2 = 2 (mod 4) is impossible. 

6. Because n = 2v 2 . Because b 2 = m 2 — n 2 . 

7. If n = 0, then a 2 = 2mn = 0, and a, c would be a trivial solution. 

Section 18 

2. 325 = 18 2 + l 2 . 

4. If r — s = 0, then k\x and k\y. Thus k\p, so k = 1 or p. We assumed that 
k > 1 at the start. If k = p, then one of x and y is zero, which is a con¬ 
tradiction. 

Section 19 

1. 3*17 = 7 2 + l 2 + l 2 + 0 2 = 5 2 + 4 2 + 3 2 + l 2 . 

Section 20 

1. The smallest solutions are 3 2 — 2-2 2 = 1 and 2 2 — 3 • 1 2 = 1. 

2. If x — my = x + my = 1, then 2x = 2. The other case is similar. 

3. 26, 15. 

4. (r + sN 1/2 ) k (r - sN 1 ' 2 )* - (r 2 - Ns 2 ) k = \ k = 1. 

5. Let a = c = xi and b — d = yi in Lemma 1. 

Section 21 

1. If (a, b) = d 9 then d\(an + £) for all«, and the sequence could contain at most 
one prime, namely d itself, if it is prime. 
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3. Check cases (mod 2), (mod 3), and (mod 7). 

5. Check cases or note that n 2 + 21n + 1 = (n + l) 2 (mod 19). 

Section 22 

1. 4, 5, 2, 2. 

4. *(32) = log(2 4 -3 3 -5 2 -7*ll • 13 -17* 19-23*29) = 28.5 _ 

5. In the mth column, there are [x/2 m ] non-zero terms. 

6. 6((x/ 2) 1/m ), where m = [log(x/2)/log 2]. 0((*//n) 1/2 ), where m = [x/2 2 ]. 

7. Yes; the last term is [x/p m ] , where w = [log x/log/?]. 

9. [log w/log/?]. 

10 . 110 . 

13. n = [log */log 2]. 

Appendix A 

1. fin) = in- 1 ) 2 . 

2. fin) = /a 2 + 1. 

3. /(«) = n 2 — 6n + 7. 

4. All /2 > 17. 

5. “1 = 1-2/2.” Yes. 

Appendix B 

1. (a) /(l)g(6) + /(2)g(5) +/(3)g(4) + /(4)*(3) +/(5)g(2) +/(6)g( 1). 

(b) <KD + <K2)/2 + 0(3)/3. 

(c) /(2)g(—1) +/(3M-1) + /(4)g(-l) + /(2)g(0) + /(3)g(0) 

+ /(4)g(0) +/(2)g(l) +/(3)g(l) +/(4)g(l). 

A 17 17 

2. (a) ^ t, (b) £>(2/ + 1), (c) 2 */(* ~ «*• 

i = l ;' = 1 fc = 2 

In all cases, other correct answers are possible. 

3. (a) 2. (b) 2. (c) 24. 

4. (a) 41. (b) 45. (c) 9801. 

5. 1. (b) 2 17 . (c) 3/14. 

6. [jc + n] = [x] + n for any integer n. 

8. 179. 

Appendix C 


2. 13 or 68. 



228 


3. 13 or 122. 

4. 23, 41, 87, or 105. 

6. 23, 41, and 55. 

7. None, since jc 2 = 10 (mod 16) is impossible. 



Hints for Problems 


Section 1 

2. If a ~ kib and b = k^a, then k\k 2 =1, so k% — k 2 = 1 or k x = k 2 = — 1. 
4. Use Problem 3. 

6. (b) If and </|(w + 2), then rf|2. 

7. If and </|2V, then d|(AT — n x n 2 • • • «*). 

8. (a) If <7 > 0, ^|c, and d\b, then d\a and d\b. 

10. (b) If d\k and d\(n + k), then d\n. Or, apply Lemma 4. 

11. (b) If 299 r + 247j = 13, then 299(r + 247) + 247(.s - 299) = 13. 

12. (b) If r/s is the root, then ( r/s ) 2 + a(r/s ) -f b = 0 or r 2 + ars + bs 2 = 0. 

Show that j|/* 2 and (r, s) = 1 imply s\l by using Theorem 4. 

15. (c/d, a/d) = 1 and (c/d)\(a/d)b; apply Theorem 5. 

16. Show that d\2a and d\2b. Then apply Theorem 6. 

19. Either use induction or show that of any three consecutive integers, one is 
divisible by 2 and one is divisible by 3. 

20. (a) If 3™ has last digit 9, so does 3 m (81) m . 

Section 2 

1. (f) 111|111,111. 

(g) Note that 10 12 - 1 = (10 2 - 1)(10 2 + 1)(10 4 - 10 2 + 1)(10 4 + 10 2 + 1) 
= 99-101 -9901 • 10101. Use Tables A and C. 

4. (b) One way is to let n = 20 + Ilk, k = 0,1,.... Then 7|(6« — 1) and 
11|(6« + 1) for all n. 

9. One way is to use Problems 6 and 8 to show that n and n + 1 must both be 
squares. 

11. Write lip = n 2 — 1 = (n + 1 )(n — 1), and consider the cases 17 = 1, n — 1, 
n + 1, or « 2 — 1. 

13. Verify that 

2« 6 - 1 = (2° - 1)(2 (&-I)a + 2 (6_2)o + • ■ • + 1). 

15. n/p < n 213 . If n/p is composite, it has a prime factor less than (n 2/3 ) 1/2 = « 1/3 , 
which is a contradiction. 

19. (a) N + ((N — l)/2) 2 = ((N + l)/2) 2 . 

20. Suppose that n is composite. Then it has a prime divisor among p u p 2i , Pk . 
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22. If p\a { and p\ ai ( i * j\ then p\(a { - so p\(i - j)P n . p\P n is impossible be¬ 
cause p\ai. p\(i — j) is impossible because — n <i— j < n , and if/?|a t , then 
p>p n >n. 

Section 3 

5. A scorpion has 8 legs, and let us assume that a centipede has 100. 

/ 

Section 4 

8. Cast out nines. 

10. Every integer is congruent to one of 0 2 , l 2 , 2 2 ,. . ., 9 2 (mod 10). 

13. (n + l) 3 — h 3 = 3/2(/i + 1) + 1. 

14. Consider 3 n 2 + 3n + 1 with n = 0, 1, 2, 3, 4 (mod 5). 

16. Show that *410* T- *4-il0* -1 -1- • • • + do = dk + <4-i + ■ • • + do (mod 3). 

18. It is enough to show that a { = a ? (mod p) implies i = y. 

19. There are 3 -365 + 366 = 1461 days between one leap year February 1st and 

the next. 1461 = 5 (mod 7). Remember that 2000 will be a leap year. 

20. The number whose digits are abba is congruent to a — b + b — a (mod 11). 

23. Show that any cube is congruent to one of 0, 1, and 8 (mod 9), and that no 
combination of three of these can sum to anything congruent to 4 (mod 9). 

24. Write - 1 = (x - IX**” 1 + * m ~ 2 + ..* + !)> and show that m k |(* - 1) 

and + x m ~ 2 + • * • +1). 

25. 7-11-13 = 1001. Show that n = f(n ) (mod 1001) and hence if 7, 11, or 13 
divides/(/i), then it divides n too. 

Section 5 

1. (e) From Table A, 6191 = 41 • 151, so the congruence is equivalent to 40* = 
191 (mod 41) and 40* = 191 (mod 151). Thus * = 14 (mod 41) and 
* — 1 (mod 151). 

4. (d) The system is the same as 

* = 3 (mod 5), * ss 3 (mod 7), * = 3 (mod 11). 

5. Add multiples of 2401 to 4 until you get a multiple of 9. 

7. Solve n = 0 (mod 3), n = 3 (mod 5), n = 3 (mod 7). 

8. Let the number be 2 a 3 & 5 c , and get conditions on a , b , and c. 

9. Note that * = 1 (mod 6) implies * = 1 (mod 2) and * ss 1 (mod 3), so these 
two conditions are redundant. 

10. (b) n = 4&i and n = \6k 2 — 2. It is impossible that 4ki s 16fc 2 — 2 (mod 4). 
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11. We know that 

(m + l)x = r(m + 1) + kMm + 1), 
mx = sm + ktfnim + 1) 

for some ki and k?. Subtract. 

13. Solve 

3a = 20r + r, 

5b = 20 (r + 1) + (r + 1), 

7c = 20(r + 2) + (r + 2). 

17. Apply Theorem 1. 

Section 6 

2. 163 is prime. 

3. 7 4 = 1 (mod 10). 

4. 7 4 = 1 (mod 100) too. 

7. _i = ( p - i)t = (p - lc)\(p — (k — 1 ))(p — (k — 2)) (p — l)(mod p), 
and p — r = —r (mod p). 

9. (p - 1)! = (p - l)(p - 2)(p - 3)!. 

10. Use Problem 5. 

11. (a) Applying the binomial formula (see Appendix B), we have 

(k + 1)» = k» + k”- 1 + kP ~* + ‘' ‘ + ( p - 1 ) k + 1 ’ 

and p|(^ for r = 1, 2. p — 1. 

(, b ) Either use induction or add 

\v — o p = 1 (mod p) 

2 P — \p = l (mod /?) 


a p — (a — \) p s 1 (mod /?). 

12. Fermat’s Theorem says that = £ n s 1 (mod « + 1). 

13. (b) 1 + 2 + • * • + (p - 1) = p(p - l)/2. 

(c) The least residues of 2, 4, 6,..., 2(p - 1) (modp) are a permutation of 
1, 2,. . . ,p — 1. Hence 

p» + > + ... + (p - 1)» = 2” + 4 m + • • • + (2(p - l)) m (modp) 
or 


P ~1 P-t 

y; i m = 2 m 22 im ( mod py> 

i =1 i=l 


since 2 m ^ 1 (mod p), we have p 


p-i 

2.- 
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14. For Wilson’s Theorem, set a = 1. To get Fermat’s Theorem, we then have 
a p (~ 1) = a(—1) (mod p). 

17. Show that ll 341 — 11 = 13 (mod 31). 

18. (a) a p+q — a ?rfl — a q+1 + a 2 = (a p — a)(a q — a). 

(b) a pq — a p = a q — a (mod /?), and a pq — a q = a p — a (mod q). 

19. (2*- 1 ) 2 ^ 1 (mod p). 

20. Use Fermat’s Theorem and Lemma 1. 

21 . 1 + n + n 2 + • • • + = (n*-i - 1 )/( n - 1 ). 

22. Apply Problem 21 with n = 10. Or, if you have read Section 15, note that 
since p ^ 2 or 5, \/p has a repeating decimal expansion: 

— — Midi • • • d k . 

P 

It follows that 

(10* - 1) = p{dxdt • • • d k ), 

so p\(10 k - l)/9. 

23. Write a = c n + kp. Then 

a (p-i)ln = ( c n _|_ fcpyp-D/n = c p~ 1 (mod p). 


Section 7 

13. ^2 d = ^ exactly the same terms appear in both sums, but their order 

d\n d\n 

is reversed. 

15. Use Problem 14 and Theorem 2. 

18. Put x — 6 + a and y = 6 -f- b. Then ab = 36. 

19. Put x — N -\- a and y = N + b. Then ab = N 2 . There are d(N 2 ) positive 
values of a that satisfy this and d(N 2 ) negative values, one of which is —A. 

21. Take n to be a prime /?,/?> 3. 

22. Put x + y — a and x — y = b. Then ab = N. 

23. Take the equation modulo 4 and consider these cases: x 9 y both odd; one odd 
and one even; and both even. 

24. Mimic the text. 

Section 8 

6. Use Problem 5 and the fact that 

Vd-jf'ZN/d 

d\N 

for any positive integer N. 





d\N 
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8. If p, n are amicable, then 

p + 1 = <Kp) — P + n i 

which is impossible. 

9. If p e , « are amicable, then 

P>+1 ^ = <r(p‘) = P* + «, 

P ~ 1 

and this implies n = (p e — 1 )/(p — *)• 

10. (a) 1 + p can have as divisors no more than 1, 2, 3,. . ., 1 + p, and the sum 
of these is (p 2 + 3p + 2)/2. 

(b) If p 2 , « are amicable, then from Problem 9, <x(l + p) = 1 + p + P 2 . 

12. (f) Show that s(pq) = 2 — (p — l)fe — 1)* 

(g) If n is composite, then <j(n) > « -f 1, so 

<r(2 k (2 k+1 - 1)) = a(2 k )a(2 k+l - 1) > (2 k+1 - 1)2* +1 . 

(h) Let 2 k+l — 1 = p, a prime. Then d = 2 n or 2 n p for some n, 0 < n < k. 
Show that s(d) = -1 or 2** 1 - 2" +1 . 

(i) If p 7 ^ 2, show that s(2 fc p) = (2 fc+1 - 1) - p > 0. Consider the casep = 2 
also. 

13. Show that s{[f) = (2p‘ - p‘ +1 - l)/(p - D, and show that 2{f < p‘+ 1 - 1. 

14. Consider these cases: p = 2, p = 5, andp = 1, 3, 7, or 9 (mod 10). 

15. Show that because 2« = 1 (mod 9) every prime p, p > 5, satisfies 2"" 1 = 1 
or 7 (mod 9). Consider p = 3 separately. 

16. 2 P ~ 1 (2 P - 1) = (1/2X4* - 2*) = (l/2)((3 + l) p - (3 - 1)0; expand, using 
the binomial formula. 

17. If P 2 = pl ea+1 , then Q 2 = <r(P 2 ) would be even. If Pi = p 4a+3 , then 

Q, = 1 + P + p2 + • • • + p 4 ^ 3 = 0 (mod 4). 


Section 9 


8. There is less here than meets the eye: the problem is an exercise in notation. 
10. Multiply both sides of the congruence by a , and apply Theorem 1. 

13. (dt, dm) = d if and only if (/, m) = 1. 

14. Use the Corollary to Theorem 3: if m and n have a common factor, then 



has more factors, each smaller than 1, than 



16. Write m = 2 r M and n = 2 *N, where M and N are odd. Then (M, AO - 1» so 


= <j>(2 r+s MN) = 2 r+ *~ l <t>(M)<t>(N). 


Then calculate 4>(m)(j)(n). 
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17. Write m = p r M and n = p*N with (p, M) = (p 9 N) = 1. Then (M, N) = l ; 
use the fact that <£ is multiplicative, as in Problem 16. 

18. Write n = 2 k N with N odd. Then 

<j>{n) = <t>(2 k )<t>(N) = 2*“ 1 <£(7V), 

while n/2 = 2*~W. 

19. Write /? = 2*3 W with (2, AT) = (3, JV) = 1, and proceed as in Problem 18. 

20. Write n as in Problem 19. Then 

<t>(n) = 2 k V~ l 4>(N) < 2*3 *“W. 

21. Prove that if « — 1 and « + 1 are both primes and « > 4, then 6|«. Then 
apply Problem 20. 

24. n cannot have more than one odd prime factor. 

25. Show that n cannot have more than two prime factors that are distinct and 
that p a ~\p — 1 )q b ~\q — 1) = 14 is impossible for primes /?, q and positive 
integers a , b. 

27. Show that if 1 < m < n and (m, n ) = 1, then (n - m, n) = 1. Thus if n > 2, 
the integers less than n and prime to it can be paired so that the sum of each 
pair is n. 

Section 10 

7. <£(10021) = 9100 = 2 2 -5 2 -7*13. 

9. (a) Apply Lemma 2, (b) 2 is a primitive root of 37. 

10. If * 2 s a (mod p\ then 2 ind ff * = ind ff a (mod p — 1), and ind ff a = 2 ind g x 
or 2 indtf ^ — (p — 1). 

11. g(p-Di* == l (mod p) is impossible since g is a primitive root of p . 

14. Multiply the left-hand side of the congruence by a — 1. 

15. (a) If a is even, then (h a yp~ 1)l2 = 1 (mod p). 

(b) Let k be any primitive root of p. From Problem 15(a), g = k a and h k b 
(mod p) with a and b odd. Thus a + b is even, and 

1)/2 = (* (B +w/*)(p-i) s j (mod p)j 

so g/z does not have order p — 1 (mod p). 

16. (a + l) 8 = 21(a 2 + a + 1) + 1 =1 (mod p) because a 2 + a + 1 =0 (mod p). 
Further, (a + l) 3 = —1 (mod p), and (a 4- l) 2 s a (mod p). 

17. From Theorem 2, any prime factor must be of the form 34A: + 1. Moreover, 
the smallest prime factor must be less than (131071) 1 / 2 and so less than 362. 
The only primes to test are 103, 137, 239, and 307. 

18. Adapt the proof of Theorem 2. a has order 1, 2, p, or 2p (mod q). Show that 
it is impossible for a to have order p . Show that if a has order 2, then 
q I (a + 1) and if a has order 2/?, then q = 1 (mod 2p). 




Hints for Problems 


235 


19. From Problem 18, the primes, other than 3, that can divide 2 19 + 1 are of the 
form 38* + 1. Since ((2» + l)/3 )>' 2 < 2», the only primes to test are 191, 

229, 419, and 457. 

20 . If g*+i = g* + d = g n ~' + 2d (mod p), then 

g"(g - 1 ) = g n ~'(g - 1 ) (mod p). 

This is impossible. 

21. (a) Let m, m, . . ., x*m be the positive integers less than or equal to m and 

relatively prime to it. Then the numbers ind„«*, * - 1, 2, ..., <p(m) 
are a permutation of the numbers 0, 1,. . ., <P( m ) — 1 • Hence 

mm ■ ■ • >4m - g m+ - + * <m > _1 

= g*(m)(*<m)-l>/2 = = — 1 (mod w). 

22 . (b) If ind„ h = a and ind A g = b, then g = h b = (g a ) b (mod m). 

23. Apply Problem 22. 

Section 11 

6 . They will be just the least residues of l 2 , 2 2 ,. . ., 15 2 . 

7. (e) 22 = — 1 (mod 23). 

12. Apply the quadratic reciprocity theorem. 

17 . 7 | („2 + l) if and only if -1 is a quadratic residue (mod 7). 

18. (1 Ip) = ( ab/p ) = (a/p)(b/p). 

19. 159 = 3 • 53 is not prime. Consider x 2 = 211 (mod 3) and x 2 = 211 (mod 53). 

21. (p/p) = {(q + 4 a)/p) = (4 a/q) = (a/«) and (q/p) = dp ~ 4a)/p) = 
(—4a/p) = (~l/p)(a/p). Thus (p/q)(q/p) = (~l/p)(«/p)(a/«)- A PP^ the 
quadratic reciprocity theorem: since p = q (mod 4), there are only two cases, 
namely p = q = 1 (mod 4) and p = q = 3 (mod 4). 


Section 12 

1. If p > 3, then those integers k such that the least residue (mod /?) of 3 k is 
greater than (p — l)/2 are just those k such that (p — 1 )/6 < k < (p — l)/3. 
Consider cases: p = 12« + 1, 5, 7, or 11. 

2. p = 4 n + 1 = 1 (mod 4), so (3/p) = (p/3) = (2/3). Or, note that 4-^4 
(mod 12) for all positive n and apply Problem 1. 

3. Show that ifp = 2* — 1, where*? is an odd prime, thenp = 2-4<«- 1) ' 2 — 1 = 
— 1 (mod 4) so (3/p) = —(p/3). 

4. (a) 2 is a quadratic residue (modp), so 1 = (2/p) = 2' 1 ' 1,:? -(mod/;), by 

Euler’s criterion. 

5. (a) Note that q = 1 (mod 4) always. 

(b) Consider two cases: p = 1 (mod 4) and p = 3 (mod 4). 

7 . ((p - a)/p) = (-a/p). 
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8. The sum of the residues is congruent (mod p) to 

l 2 + 2 2 + ••• + (^T^) 2 - 

9. (a) (—3/p) = (—l/p)(3/p); apply Problem 1. 

(b) Show that if x 2 + xr + r 2 = 0 (mod p) then (x + j) 2 = —3 s 2 (mod p), 
where 5 is the unique solution of 2s = r (mod p). 

10. Let n' be the unique solution of nn’ = 1 (mod p), /* = 1, 2, . . ., p — 1. Then 

«(1 + «) = /a 2 (l + ri) (mod p), 
so 

(n(n + D/p) - ((1 + n')/p). 

Show that as n runs through 1, 2,. . ., p — 2, 1 + «' runs through 2, 3, , 

p — 1. Then the sum we want to evaluate is 

(2/p) + (3/p) + • • • + ((p - l)/p). 

But half of 1, 2, ... ,p — 1 are residues and half are nonresidues, so 

(1/p) -f (2/p) + • • • + ((p - D/P) = 0. 

11. Use the theorem of Problem 7, Section 6 with k = (p + l)/2. 


Section 13 


7. (b) One method is to use the formula for the sum of a geometric series. 

8. Consider cases, b is congruent to one of 0, 1, 2, 3, and 4 modulo 5. 

9. (b) 7* ^ l (mod 2), k = 0,1, 2,_ 

12. See what the numbers in each list have in common when they are written in the 
base 2. 


13. To prove that there is such a representation, induction is as good a method 
as any. Choose r such that 


3 r + 1 
2 


< n < 


3 ^ + 1 
2 


Then (-3- + l)/2 < n - 3 r < (3 r + l)/2. 

14. Write 100000 in the base 2. 

16. Apply Problem 13. 


Section 14 

16. Take 2 1/2 = (1.4142 . . .) x , and convert to base 10. 

17. 10* = 1 (mod e), £ = 0, 1, ... . 

19. A cubic foot of water weighs 62.5 X ordinary pounds, and an ordinary gallon 
of water occupies 23 l x cubic inches. 
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Section 15 

1. (e) 10 2 s -1 (mod 101). 

5. Suppose that 1 /n = d\/b + • • • + d t /b l . Then b l /n is an integer. 

6. Show that there is an integer t such that b l /n is an integer. 

8. Mimic the proof of Theorem 4. 

b(rb — (r - 1)) = r(b - l) 2 + ((r + 1)£ - >*), 
r = 0, 1 , 2, . . .. 

14 If the decimal expansion of a number is neither repeating nor terminating, 
' then the number is not rational. Thus .101001000100001 ... is irrational in 
any base, 7 in particular. 


Section 16 

7. If u + (» + 1) = m 2 , then w 2 + m 2 = (n + l) 2 - 

8. If a 2 + b 2 = c 2 and ab = 2c, then show that (a + b) 2 = (c + 2) 2 — 4 = 
c(c + 4). (c, c + 4) = 1, 2, or 4; apply Lemma 2. 

9. If /n = 0 (mod 5) or « = 0 (mod 5), then 5 | a. If m = ±n (mod 5), then 5 | b. 
Show that in the remaining cases, 5 | c. 

10. Show that 4 | 2 mn(m 2 - « 2 ) and 3 | 2 mn(m 2 - n 2 ). 

11. Combine Problems 9 and 10. 

12. (a) The quadrilateral has two right angles. 

13. Let n = t(t - l)/2 and m = t(t + l)/2 and calculate m 2 - n 2 . 

15. If (a - d) 2 + a 2 = (a + d) 2 , then a(a - 4d) = 0. 

16. (b) If a 2 + A 2 = (b + l) 2 , then a 2 = 2b + 1. Hence a is odd, say a = 2n + 1. 

17. (b) We want nontrivial solutions of /Mi«i(/nf - w?) = w 2 « 2 (wl — n|). These 

are not easy to find. 

18. Consider the equation modulo 2. 

19. 2« 2 + 2n + 1 =0 (mod k ) only when 4« 2 + 4/z + 1 ^ — 1 (mod k). 

21. If 9 = (a/c) 2 + ( b/c)\ then a 2 + b 2 = 9c 2 . Hence a 2 + 6 2 = 0 (mod 9); show 
that this implies a = 3r and b = 3s, and thus r 2 + 5 2 =* c 2 , which has infi¬ 
nitely many solutions. 

22. (a) If a is even, find m and n such that a = 2 mn. If a is odd, find m and n such 

that a = m 2 — n 2 = (/m + «)(m — «). 

23. If a 2 + b 2 = c 2 and 2(a + b + c) = a6, show that b = 4 + 8/(a — 4), so 
that a = 5, 6, 8, or 12. 
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Section 17 

3. Remember Fermat’s Theorem. 

4. If p \ xyz, then Fermat’s Theorem says that 

X*- 1 - yp~ 1 s = 1 (mod p). 

7. (b) Show that x , y, and z must all be even. 

10. Since x = y is impossible, assume that x > y. Show that x n < z” and 
(x + l) n > x n + nx n ~ l > x n + y n — z n . 

Thus x n < z n < (x + l) n , which is impossible. 

Section 18 

3. Use Table C or B. 

4. x 2 = 0,1, 2, or 4 (mod 7), so x 2 + y 2 = 0 (mod 7) only if x = y ss 0 (mod 7). 
But then 49 | (x 2 + y 2 ). 

5. x 2 = 0,1, 4, or 7 (mod 9). 

7. Consider the prime-power decomposition of n/m. 

12. x 2 ss 0,1, or 4 (mod 8). 

13. Suppose that 4 e (8/: + 7) = x 2 + y 2 + z 2 . Apply Problem 11 e times to get 
8A: + 7 = x 2 + yf + z\ for integers x u Ti, zi. Then apply Problem 12. 

15. (r 2 + ^' 2 )(x 2 + wy 2 ) = (rx + v^jy) 2 + w(ry — jx) 2 . 

Section 19 

3. 5,725,841 = 11 2 -47321. 

6. Consider three cases: at least three of x, y, z, w divisible by 3, just two divisible 
by 3, and at least three not divisible by 3. 

11. If k u k 2 ,...,k r are odd, then A:f + k 2 2 + • • • + k 2 r = r (mod 8). 

12. Consider the equation modulo 4. 

Section 20 

3. x 2 + 2xy - 2y 2 = (x + y) 2 - 3y 2 . 

5. Complete the square. 

7. (a) The area of a triangle with sides a , b , and c is 

(s(s - a)(s - b)(s - c)Y'\ 
where .s = (a + b + c)/2. 

(b) If 3a 2 — 3 = b\ then 3 | b. Hence b = 3c, so 3a 2 — 3 = 9c 2 or a 2 — 
3c 2 = 1, a Fermat equation. 

(d) Consider 3 (2a + l) 2 - 4 = c 2 modulo 4. 
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9. *1 + yiN 112 > 1 and 1 = x\ - Ny\ = (xi + yiN ll2 )(xi - yiAT 1/2 ). 

13. Apply Lemma 2. 

14. If (x - l) 2 + x 2 + (x + l) 2 = u 2 + (« + l) 2 , then (2 u + l) 2 = 6x 2 + 3, so 
2 U + 1 = 3y and 3y 2 - 2x 2 = 1. Trial will disclose solutions larger than 

x = 11, y = 9. 

15 # i n + n 2 = m 2 implies 4m 2 — (2 n + l) 2 = 3. Factor the left-hand side. 
Or, note that n 2 < n 2 + n + 1 < (» + l) 2 - 

Section 21 

2. Note that it is not required that/(n) 7 * f(rri) if n ^ m. 

3. One method is to consider all possible cases for n (mod 7) and (mod 11). 

5. Which primes can have -2 as a quadratic residue? 

6. « 2 + 2n + 3 = (n + l) 2 + 2. 

7. Consider cases, modulo 2, 3, and 5. 

8. Complete the square in n 2 + n + 41 =0 (modp). 

9. Apply the binomial formula. 

11. Use Wilson’s Theorem. 

13. Show that the condition is n(n + 1) | 2n\, and consider these cases: n + 1 
even, n + 1 an odd square, and n + 1 odd and composite. Show that in each 
case, the factors of n{n + 1) appear among those of 2 n\. 

14. Ifx + (x + 1) + • •• +(x + 0 then (t + l)(2x + t) = 2p. Show that 
this implies t = 1. 

15. (d) Show that n occurs times in the nth line. This is not easy. 

16. Use logarithms. 

Section 23 

15. Show that 3 | (p 2 + 2). 

23. Consider ab(a + b)(a - b) modulo 3 and modulo 8. 

28. (2/7) 2 + (5/7) = (2/7) + (5/7) 2 . 

33. (a) If n = a 0 + a v 12 + • • • + a k • 12^, then 

m — a k + 0 ^- 1 * 12 + * • • + «oT2 fc ; 
calculate n — m (mod 11). 

34. (a) If m is composite, then one of p = 2, 3, 5, 7 divides m . But then 

p | (210 n + rn) too. 

35. (a) If 3p + 1 = a 2 , then 3p = (a + 1 )(a - 1). 

(b) If 3p + 2 = a 2 , then a 2 = 2 (mod 3). 

36. Note that there is no loss of generality in assuming that ( a , b) = 1. Complete 
the square on the right-hand side and see what happens (mod 4). 
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37. The well-known Rational Root Theorem says that if r/s is a root of 

a n x n + an- i*”" 1 + • • • + ape + a 0 = 0, 
then r \ a 0 and .y | a n . So, if r/s is a root of 

a 2 + b 2 = 2 (a + £)* + x 2 , 

then r | (a 2 + b 2 ) and $ | 1. Note that if x 2 is rational and a + b ^ 0, then 

_ a 2 + b 2 - x 2 
X 2 (a + b) 

is rational. 

38. Consider n — 1 modulo m, 4, and 9. 

39. 20413 has the prime-power decomposition 137-149. 

40. (a) If n ~ ab , then 10 n — 1 is composite. 

43. Consider 2 p ~ l (2 p — 1) (mod 12). 

46. If all else fails, use induction. 

48. Show that the first of a pair of twin primes must be congruent to 5 (mod 6). 

51. Consider cases (mod 24). 

52. 9 10 = 1 (mod 100). 

53. If kp + b = m‘\ then m 2 = b s= c 2 (mod p ), som = dt c (mod p). That is, for 
some integer n^m = zt zc + np. 

54. 3 | (2 m 4- 1). 

55. 103» +1 - 1 = (10 3n - l)(102-3» + 10 3n + 1). 

57. z e — x 6 = (z — x)(z 2 + xz + x 2 )(z 3 + x 3 ). Show that at least one of the 
factors on the right is odd. 

58. (a) Complete the square. 

59. (c) 

K4-T-^)=G0- 

60. If n(n + l)/2 = * 2 , then (2n + l) 2 = Sx 2 + 1. If y = In + 1, then y 2 - 
8x 2 = 1, a Fermat equation with generator 3 + 8 1/2 and infinitely many solu¬ 
tions. 

61. Take x so that n — x 2 = m is odd and positive. Then let y = (m + l)/2. 

64. Show that if one, two, or all three of *, y, and z are odd, then the left-hand 
side of the equation is odd. 

65. Set m = 2pMi, n = 2 qN h m + 1 = 3 qM 2 , and n + 1 = 2>pN 2 , where p and q 
are distinct primes. 

66. (a) Consider both sides (mod 3). 

(b) n 2 + (n + l) 2 + • • • + (n + k) 2 = (k + 1 )n 2 + k(k + \)n + £ r 2 . 

r — l 

67. For each 5 that appears as a factor of n \, there are two even factors. 



Hints for Problems 


241 


68. n + ( M + i) + ...+(« + d) = (2n + d)(d + l)/2; if this is a power of 2, 
show that d can be neither odd nor even. 


70. Consider the number (mod 10). 

71. Let the integers be a — 4b, a — 3 b,. . ., a + 4b. Then their sum of squares is 
9a 2 + 60£> 2 . 


73. 4>(n) < n 



where p is the smallest prime that divides n, andp < n in . 


76. If p is prime, then from Wilson’s Theorem, 

4((/> - 1)1 + 1) = -p(p + IMP - 1)! + 1) 

- -p«p + D! + 2) (modp + 2), 


and (p + 1)1 = — 1 (mod p + 2) if and only if p + 2 is prime. 

81. If p > 12, then p — 9 is even and composite. 

82. If p*~Kp - 1 ) = Q b ~K<i ~ 1 ) and a > 1, then p | (q - 1), which contradicts 
p>q. 

85. (a) Put y = x + d, z = x + 2d. Then (d + x)(3d - 2x) = 0. 

(b) If y = x + d and z = x + 2d, then (d + *)(3 d - (k + l)x) = 0. 

87. The harmonic mean m of «i, at,... ,a k is given by 


1 _ 

m 


l( L + L + 

k \ai a 2 


+ 




Hence, for the divisors of an even perfect number n , 

m d(ri) 2^ d nd(ri) 2 -j d d(ri) 

d\n d\n 

88. (b) If n = 1 (mod 3), then 3 | p\ so p = 3. But n - 1, 4, or 7 (mod 9), so 

h 2 + n + 1 = 3 (mod 9). Hence r m n = 1. 

(c) If r = 2k, then (2 n + l) 2 - (2p k Y = 3. Factor the left-hand side. 

(d) Suppose that p ^ 3 and p = 2 (mod 3). Since r is odd, p r = 2 (mod 3). 
Moreover, ai 2 + « + 1 =1 (mod 3). 

89. If f(r/s) = 0, then r | a n and $ | a 0 . Hence r and 5 are odd. But this implies that 
0 = s n f(r/s ) is the sum of some even integers and an odd number of odd 
integers, which is impossible. 

90. Find r and s such that (p — l)r + 1 = sn. Then put x = n s . 

91. (a) If x n = a, then 1 = = ( x n y p ~ 1)ln = a^~ 1)fn (modp). 


92. Induction, using the identity 

23* +1 + 1 = (23* + l)(22-3* - 23* + 1), 


is one method that will work. 


93. (a) Suppose not. Then 2 n 2 + 2n + (1 — 3m 2 ) = 0, so 

2 n= -1 =t (6m 2 - l) 1 ' 2 . 

Hence 6m 2 - 1 = r 2 for some r. But r 2 = - 1 (mod 6) is impossible. 

94. Let m = pip 2 • • */?* with p\ < p 2 < • • • < Pk- Then/? 2 1 m implies (p 2 — 1) | w, 
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so p 2 — 1 = pi. Thus pi = 2 and p 2 ~ 3. Further, /? 3 1 m implies (pz — 1) | m, 
so (/? 3 - 1) | a/> 2 , whence/? 3 = 7. Similarly, (p 4 - 1) | 42, so p 4 = 43. Finally, 
(P5 — 1) | 2-3-7*43, but there is no such prime. 

96. The primes in the product divide ( 2n)l but not nl 
98. n 2m = h*- 1 = 1 (mod /?), and 

—1 = («//?) = /x {?> ~ 1)/2 sb /i 2 ™ -1 (mod /?), 
so n has order 2 m (mod /?). 

103. (a) a : 2 = 10 n rs + a:. 

104. Suppose that n is prime. From Wilson’s Theorem, 1 + (n - 1)! = kn for 
some k. Hence 

a ?(l+(»—1)!) — orflcn _ (pfCyjk — 2 

for ally. If n is composite and greater than 4, then 1 + (n — 1)! = 1 + kn 
for some &, so 

a 7(l+(»-l)I) _ 

and the sum is a geometric progression that adds to zero. The sum is also zero 
if n = 4. 

105. Apply Fermat’s Theorem: there is a progression starting at any term with 
ratio 2v~ x . 

Appendix A 

4. P + 2*+••■+#!* = ( n(n + l)/2) 2 for /i = 1, 2,. . .. 

8. (« — 1 )n(n + 1)(« + 2) = (/i 2 + n — l) 2 — 1 is an identity. 

10. (w + l)(/i + 2)(« + 3) = n(n + 1 )(n + 2) + 3 (n + 1 )(n + 2), and (n + 1) 
(n + 2) is even. 

Appendix B 

19. Count how many times each prime appears on either side. 

20. Apply Problem 15: 

= and 

d\n d\n d\n d\n 

23. Multiply both sides of the equation by niti 2 • • 
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Section 1 

I. (a) 1. (b) 1. (c) 592. (d) 73. 

5. For example, 2 | (—4). 

6. (b) 1 or 2. (c) A positive divisor of k. 

9. (a) x = -40, y = 79. (b) x = 37, y = -73. (c) x = 2, y = -1. 

(d) x = —10, y = 1. In all cases there are also other solutions. 

10. (b) Yes. (c) Yes. 

II. (b) x = 5 + 19/, y — —6 — 23f, where t is an integer, give all solutions. 
( c ) x = 1 + 19 1 9 y = -1 - 23 1 9 where t is an integer, give all solutions. 

17. For example, 4 16, but (4, 6) = 2. 

20. (b) m = 2, 6, 10, 14,... . 

Section 2 

1. (a) 3-37. (b) 2-617. (c) 5-7-67. (d) 2 7 -3 3 . 

(e) Prime, (f) 3-7-11-13-37. (g) 3 3 -71M3-37-101-9901. 

2. For example, 6 [ 4-9, but 6 \ 4 and 6 \ 9. 

3. 511 = 7-73. 

4. (a) The first example occurs at n = 20:119 = 7* 17 and 121 = ll 2 . There are 
others at n — 24, 31, and 36. 

5. No. 

7. n is a &th power if and only if each exponent in its prime-power decomposition 
is divisible by k. 

8. No. 

9. The result follows from n 2 < n(n + 1) < (n + l) 2 for all n > 0. 

10. (b) No, because 78 < < 82, no matter what the digits a and b are. 

11. p = 19 only. 

12. (a) 7. (c) If n - 1001! + 1, then n + 1, n + 2,.. ., n + 1000 are composite. 
14. No: 2 11 — 1 = 2047 = 23-89 is composite (use Table A), and 11 is not. 

16. False: 3 | 60, 5 | 60, and both 3 and 5 are greater than 60 1/4 = 2.78 . . ., but 
60/3 -5 * 4 is not prime. The statement would be true if p and q were the 
least prime factors of rt. 
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17. (a) 60, 2p 2 q. 

19. (b) b + a and b - a. (c) 1189 = 29-41. (d) 9379 = 83-113. 

Section 3 

1 . (a) x = 1 + /, y = 1 - /. (c) x ~ — 1 16/, y = 2 - 15/. 

(b) x = 1 + /, y = —2/. (d) No solutions. 

In (a), (b), and (c), / is any integer. There are other ways of writing the solu¬ 
tions. In (c) for example, x = —17 + 16^, y = 17 — 15^, s an integer, gives 
the same set of solutions. 

2 . (a) x, y = 1 , 1 . (c) x, y = 1 , 3 or 6 , 1 . 

(b) No solutions. (d) x, y = 3, 2. 

3. (a) x = —4 — 5/, y = —5 — 2/, / = 0,1, 2,. . . . 

(b) No solutions. 

4. x, y, z = 22, 8 , 1; 23, 6 , 2; 24, 4, 3; or 25, 2, 4. 

5. 21 worms. 

6 . Nine apples at 9 cents each and three oranges at 6 cents each. 

7. 5 cows. 

8. Four ways. There may be 14, 15, 16, or 17 quarters. 

9. 8 sophomores, 15 juniors, 3 seniors. 

10. A has $10, B has $75, and C has $15. 

11. Ann is 5 and Mary 12, unless both are zero. 

13. x = — 1 — 9m + Sn, y = 1 + 9m — In, z = —m, where m and n are arbi¬ 
trary integers is one way of writing the solutions. Another is 

x = 7 + 63m + 8 / 2 , y — —6 — 54m — In, z = —m. 

14. $25.51. 

15. The lower price was 3 cents per egg, and the smallest yield was $1.20. The 
largest was $ 2 . 00 . 

Section 4 

2. 2 2 = 3 2 (mod 5), but 2^3 (mod 5) is one counterexample. 

3. False: 1=4 (mod 3), but l 2 ^ 4 2 (mod 9) is one counterexample. 

4. 3. 

7. 1, 7, 11, 13, 17, 19, 23, or 29. 

8 . 6 . 

16. (c) If the sum of the digits of an integer, taken in reverse order with alternat¬ 
ing signs, is divisible by 11, then the integer is divisible by 11. Another way 
of stating this is as follows. Let a be the sum of the digits in the even-numbered 
places of n. Let b be the sum of the other digits. If 11 | (a — £), then 11 | n. 



Answers to Problems 


245 


17. A. 

19. 1996, 2024, 2052, and 2080. 

20. Every palindrome with an even number of digits is divisible by 11. 

22. Any n = 15 (mod 30) satisfies the three congruences. 

24. Since x = 1 (mod m). 

—i _j_ ^ -j— ... -j— 1 == 1 -J— 1 —(- • • • 4" 1 (wi terms) 

= 0 (mod m). 

25. 118,050,660 = 2 2 -3 2 -5-7-13-7207. 

Section 5 

1. (a) 9. (b) 6. (c) 2, 8, or 14. (d) 6 or 15. (e) 6041. 

2. For example, 15;t = 14, 13x = 14, 12x = 14, and 20* = 0 (mod 20) have, 
respectively, 0, 1, 4, and 20 solutions. 

3. 0,1, 2, 4, 5, 10, or 20 solutions. 

4. (a) * = 1 (mod 6). (d) x = 3 (mod 385). 

(b) * = 13 (mod 42). (e) * s 605 (mod 1066). 

(c) * = 348 (mod 385). 

5. * = 534 (mod 2401). 

6. 17, 157, or other larger and more unlikely numbers. 

7. 213. 

8. 2 15 3 10 5 6 = 30 , 233 , 088 , 000,000 is one answer. Zero is another, but not as good. 

9. 301 or any number congruent to it (mod 420). 

10. (a) 2223 or any number congruent to it (mod 3600). (b) No. 

12. (a) * = 3, y = 0. (b) * = 5, y = 5. 

13. 28, 21, 18; 63, 42, 33; and 98, 63, 48. 

15. 62. 

16. (mi, mi) | (a; - aj) for all ij. It can be shown that this condition is also suffi¬ 
cient for the system to have a solution. 

17. (a, b\ 

Section 6 

1 . 6 . 

2. 1. 

3. 3. 

4. 43. 

7. (p - k)\(k - 1)! = (-l) fc (mod p), k = 0,1,. . .,/?. 


246 


8. (a) 2, 0, 0, 0, 0. (b) If « > 4 is composite, then (n — 1)! = 0 (mod n). 
10. (b) For example, p = 5, r = 3 or p = 7, r = 3 or 5. 

20. 1 or — 1 . 

21. All n such that n ^ 0 or 1 (mod p). 


Section 7 


1. (a) 8. (b) 24. (c) 48. 

2. (a) 96. (b) 1344. (c) 14880. 

3. (a) 4. (b) 24. (c) 4. 

4. (a) 74 138 = 10,212. (b) 12-9092 = 109,104. 

(c) 15-13-140 = 27,300. 

8. For example, d(n) — n is not multiplicative. 

9. 24, 48. 

10. Yes: d(2 k ~') = k. 

11. 2 4 -3 2 -5-7 = 5040 is one. Others are 2 4 -3 2 -5-ll = 7920 and 2 4 -3 2 -5-13 = 
9360. 

12. d{p h '') - 60 for any prime p. 

14. Even k. 


15. All n of the form I'p^'Pz- • • • pi' 1 - 

18. Sixteen solutions are given by (x, y) = (2, -3), (3, -6), (4, -12), (5, -30), 
(7,42), (8,24), (9,18), (10,15) and their reversals; the seventeenth is (*, y) = 
( 12 , 12 ). 

19. 2d(N*) - 1. 

22. 2d(N). 


24. If n = pWy • • • pf», then <r 2 («) = (1+ p\ + p\ H-b pf■) 

(l +p!+ ••• +pf •) ••• (l +pl+ ■■■ +Ph). 

25. If 

n = II P*"’ 


then 


°k(ri) 


-pr — 


l 


Section 8 


3. 2* >_1 (2* > — 1) = n(n + l)/2 with n = 2 P — 1. 

4. Yes. 2*>~ 1 (2*> - 1) = 1 + 2 + • • • + (2* - 1). 

12. (b) 6 is perfect; 12, 18, and 20 are abundant; the rest are deficient, 
(c) ^(945) = 30. 
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(d) 


n 3456789 10 

#i(/! + 1) 12 20 30 42 56 72 90 110 

a(n(n + 1)) 28 42 72 96 120 195 234 216 

s(n(n + 1)) 4 2 12 10 8 51 54 -4. 


Section 9 


1. 12, 96, 960. 

2. 9792, 90900. 

4. 1, 5,7, 11, 13, 17. 

5. None: < n for all n. 

7. The sum of the positive integers less than n and relatively prime to it is n<t>(ri)/2. 

11. (a) p — 2. (b) p 2 — 2/7. (c) Let ^(«) be the number of elements in the se¬ 
quence 1-2, 2 - 3, . . ., n(n + 1) which are relatively prime to n. If n = p k , p 
an odd prime, then i p(ri) = p k ~Kp — 2). ^ is multiplicative; thus can be 
found for any positive integer n. 

12. All solutions are 17, 32, 34, 40, 48, and 60. 

15. (a) 1,1,2, 1,2, 2, 2, (c) k 9 

(b) k- 1, (d )j + k- 1 

17. = (p/(p - l))<Km)<K/0. 

23. (a) 0, -13, 0, -15, 0, 

(b) —p, 

(c) 0, (d) -p\ 


(e) = 

d|n 


C—n if n is odd 
t 0 if n is even. 


24. n = 1, 2, 4, /?*, or 2/?\ where p = 3 (mod 4) and & is a positive integer. 


26. All such 2/c, A: < 50, are 14, 26, 34, 38, 50, 62, 68, 74, 76, 86, 90, 94, and 98. 


28. (a) No: at least one corner will have two even coordinates. 

(b) The one nearest the origin has corners (14, 20), (14, 21), (15, 20), and 
(15, 21). 

(c) 2<Kp + 1) - 3. 


Section 10 

1. (a) 199, 202. (b) 10198, 10201, 10202. 

2. 4, 2, 4, 4, 2, 4, and 2. (Hence 15 has no primitive roots.) 

3. (a) 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

ind 2 n 

0 

1 

5 

2 

22 

6 

12 

3 

10 

23 

25 

7 

18 

13 

n 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

ind 2 n 

27 

4 

21 

11 

9 

24 

17 

26 

20 

8 

16 

19 

15 

14 


(b) 26. (c) 11. 
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4. (a) 1. (b) 0. (c) 3. 

5. (c) No. 

6. No. 

7. Yes. 

9. (b) The primitive roots of 37 are the least residues (mod 37) of 2 k , where 

( k , 36) = 1, namely 

2, 2\ 2\ 2 U , 2 13 , 2 17 , 2 19 , 2 23 , 2 25 , 2 29 , 2 31 , and 2 35 . 

The primitive roots of 37 are thus 

2, 5, 13, 15, 17, 18, 19, 20, 22, 24, 32, and 35. 

10. (a) 2, 6, 7, and 8. (b) 7, 3, 1, and 9, respectively. 

12. (b) p - 4. 

13. 6 and 26. 

21. (b) m = 8 is one example. 

22. (a) If g and h are primitive roots of m , then 

(ind* /z)(ind A g) = 1 (mod 0(m)). 

23. g = h. 

Section 11 

1. (a), (b), (c), and (d). 

2. (a) 22 and 31. (b) 2 and 5. (c) 13 and 18. (d) 25 and 9948. 

3. (a) No solutions, (b) 0 and 4. (c) 2. 

4. (a) Four: 1, 7, 9, and 15. (b) No: 16 is not an odd prime. 

5. (a) 3 and 6. (b) 4 and 5. 

6. 1, 2, 4, 5, 7, 8, 9, 10, 14, 16, 18, 19, 20, 25, 28. 

7. (a) 1. (b) 1. (c) 1. (d) -1. (e) -1. (f) -1. 

8. 3, 11, and 17. 

9. (a) -1. (b) -1. (c) -1. (d) 1. 

10. (a) 1. (b) 1. 

13. Yes: 21 and 76. Yes: 16 and 37. 

15. A residue. 

16. Yes. 

17. (—1/7) = — 1; A loses. 

19. Yes: 23, 76, 83, and 136 are all solutions. 

20. ( r/p)) = 1. 
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Section 12 

1 /,/ N _ / 1 if P = 1 0F 11 ( m0d 12 ) 

KVP) ~ l-l if p = 5 or 7 (mod 12). 

4 . (b) 167. 

6. (a) p = 2, and those odd/7 with (—1//?) = 1. That is,/? = 2 or/? =s 1 (mod 4). 
(b) All: p | (/? 2 + /?). (c) Those congruent to 1 (mod 4). 

7. (b) Then p and p — a are both residues or nonresidues. 

Section 13 

1. (a) 101110101002. (b) 20010213 . (c) 4231 7 . 

(d) 2037 9 . (e) 1137 u . 

2. (a) 421. (b) 709. (c) 1107. (d) 2305. 

3. (a) 102. (b) 153. (c) 7. 


4. 

+ 

1 

2 

3 

4 

5 

6 

10 


5 

6 

10 

11 

12 

13 

14 

15 


6 

10 

11 

12 

13 

14 

15 

16 


10 

11 

12 

13 

14 

15 

16 

20. 

5. 


2 

3 

4 

5 

6 

10 


5 


13 

21 

26 

34 

42 

50 


6 1 

15 

24 

33 

42 

51 

60. 


6. (Answers are base 7 numbers.) (a) 105. (b) 1445. (c) 534. (d) 54421. 

7. (a) 19/49. (b) 1/2. (c) 13/16. 

9. (c) Any base with b = 1 (mod 2). 

10. (b) 121 b = (6 + l) 2 . (c) (b + 3) 2 . 

12. For example, 19 = 16 + 2 + 1 and 19 appears in lists 16, 2, and 1. 

14. 6 gifts in all: one each of $32, $128, $512, $1024, $32768, and $65536. 

15. (b) The first, second, third, fourth, and last. 

16. Weights of 1, 3, 9, 27, and 81 pounds will weigh objects up to 121 pounds. 


Section 14 

1. 32 = 2 17, 33 = 3-11, 34 = 2 3 -5, 36 = 2-3-7, 38 = 2 2 -s, 39 = 3 2 -5, 
3x = 2-Is, 40 = 2 4 -3, and 31, 35, 37, and 3s are prime. 

2. (a) 8x67. (b) -27 x 5. (c) 15s43126. (d) .658; remainder 19 x 0. 

3. (a) 2454. (b) 156000. (c) 1/3 3 = 1/23 = .054. 
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6. 4e.e6 = (59.95833 . . .) x . 

X- The possible last digits of a power, greater than 1, of n are as follows: 

n 012 34567 8 

last digits 0 1 4,8 3,9 4 1,5 0 1,7 4,8 

n 9 x £ 

last digits 9 4 e. 

e. Except for the primes 2 and 3, only the digits 1, 5, 7, and e. 

12. (a) False, true, false. 

13. No: 55 - 5*11. 

14. 24/9, 9/ee. 

15. 3.86x351, . 67 . 

16. 2 1/2 = 1.4e792 . . . ; 1.5 is a very close approximation. 

18. If an integer has digits d k d k _i • • • did 0 , then it is divisible by 7, 11, or 17 if 
(d 2 dido) - (dsdtds) + (dgd 7 d 6 ) - • • • is divisible by 7, 11, or 17. 

19. The digits in the rest of this answer are in the base x- One do-metric mile is 
1728/1760 = .98 . . . ordinary miles. One cubic yard holds 1728 do-metric 
pints and 1616 ordinary pints; the do-metric pint is .93 . . . ordinary pints. 
One cubic yard holds 1728 do-metric pounds and approximately 27(62.5) = 
1687.5 ordinary pounds of water; the do-metric pound is .98 . . . ordinary 
pounds. 

lx- (a) 265; 266 in leap years. 

(b) Only 260, 261, ..., 269. 

(d) No: if the number is abed , then in base x we have 

1728a + 144 b + 12c + d = 1000(a + 1) + 100Z> + 10 c ~\-d 
or 

264a + 226 + c = 500, 

and this has no solutions with 0 < a < 9, 0 < b < 9, and 0 < c < 9. 

Section 15 

1. (a) 2. (b) 3. (c) 1. (d) 3. (e) 4. (f) 6. 

2. (a) 2. (b) 3. 

3. Yes. 31415 = 5 *6283, so the length of the period of 1/31415 is at most 6282. 
In fact, 6283 = 61 ■ 103, and 10 3060 = 1 (mod 6283). 

7. 1/16, 1/18, and 1/24. 

9. (a) 2. (b) 4. (c) 3. (d) 6. (e) 10. 

10. (a) .01. (b) .00TT. (c) .000111. 

11. (a) 6. (b) 1. (c) 16. 

12. (a) .07 (b) .0x35186. 

13. (a) .012345679. (b) .0123457. (c) .012346. 


(d) In base b , 1 /(b - 1 ) 2 = .012 . . . (b - 4)(b - 3)(b - 1). 
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Section 16 


1. Eleven more: 


a 8 

12 

16 

20 

24 

28 

32 

36 

24 

36 

16 

b 6 

9 

12 

15 

18 

21 

24 

27 

10 

15 

30 

c 10 

15 

20 

25 

30 

35 

40 

45 

26 

39 

34. 

2. One is given by m 

= io 3 

» n 

= 3. 









4. (b) m = 9, n = 4. 

5. Yes. 

9. Yes. 

11. This follows from Problems 9 and 10. , 

12. (a) 234. (b) Another has sides 33, 56, 63, and 16, with one diagonal 65. 
(c) Yes: paste together Pythagorean triangles with the same hypotenuse. To 
see that there are infinitely many, whenever c is divisible by 5 (to get this, take 
m = 1 (mod 5) and n = 2 (mod 5)), say c = 5k, let a and b be the other sides 
of the fundamental solution. Since 3 k, 4k, 5k is also a Pythagorean triangle 
with hypotenuse 5k, the quadrilateral with sides a, b, 3k, 4k has integer sides 
and area 3 abk 2 . 

14. in — l) 2 + n 2 = {n + l) 2 implies n 2 = 4 n, so, since n > 0, n = 4. 

16. (a) (2/i + l) 2 + ilnin + l)) 2 = {Inin + 1) + l) 2 , n - 0 , 1, ... . 

17. (a) (20, 21, 29) and (12, 35, 36) have area 210. 

(b) The triangles with generators 35, 11 and 33, 23 have the same area. 

(c) Let the sides of the two triangles be a, b, c and a u b u c. Then a 2 + b 2 = 
a\ + b\ and ab — aibi. These imply a — ai and b = b\. 

21. 9 = (12/5) 2 + (9/5) 2 = (36/13) 2 + (15/13) 2 = (24/17) 2 + (45/17) 2 =- 

22. (b) 13 2 + 84 2 = 85 2 and 14 2 + 48 2 = 50 2 , for example. 

23. 5, 12,13 and 6, 8, 10 are the only solutions. 

24. (b) 696 2 + 697 2 - 985 2 is the next. 

Section 17 

5. No. 

6. All even k. 

8, Yes. n 2 and n + 1 are relatively prime. 

9. * = >' = z = 2is one solution, x = y = 2 16 , z = 2 13 is a solution derived 
from Problem 8 with a = b = 1, r — 4, s — 13. 

11. Let x = iac) rn , y = {bc) rn , z = c®, where 

c = a™ 2 + b Tn 2 and r« 2 + l = in — 1)j. 

12. As in Problem 11, but rn 2 + 1 — ms. This has solutions if in 2 , m) = 1. 
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Section 18 

1. 153 = 12 2 3 4 + 3 2 . 

2. 1970 = 41 2 + 17 2 . 

3. 10045 = 98 2 + 21 2 = 91 2 + 42 2 ; 10048 = 88 2 + 48 2 ; 

10049 = 100 2 + 7 2 = 95 2 + 32 2 . 

6. No. 

10. 102, 103, 111, 119, 124, 127, 135, 143. 

14. 37, 149,... are missed. 

15. The generalization is false: (—5/3) = 1, but x 2 + 5y 2 = 3 is impossible. 

16. If n = x(x + l)/2 + y{y + l)/2, then An + 1 = (x + y + l) 2 + (x - y) 2 . 


17. If n - 

(a/c) 2 + (b/c) 2 , 

then 

c 2 n — a 2 + 

b\ 

and c 2 n is representable 

only if 

n is. The answer 

is, ‘ 

‘the same integers as in Theorem 1.” 

Section 19 







1. If/2 = 

* 2 

+ y 2 + z 2 + 

w 2 , then we have 



n 


2 


3 5 


7 11 

x, y , z, 

w 

1, 1,0,0 

1,1 

,1,0 2,1,0 

,0 

2,1,1,1 3,1,1,0 

n 



13 



17 

x, y, z, 

w 

3, 2, 0, 0 

or 

2, 2, 2,1 

4, 

1,0,0 or 3, 2, 2,0 

n 



19 



23 

x, y, z. 

w 

4, 1, 1, 1 

or 

3, 3, 1, 0 

3, 

3, 2, 1. 


2. (a) 121 = ll 2 + 0 2 + 0 2 + 0 2 = 10 2 + 4 2 + 2 2 + l 2 = 

= 7 2 + 6 2 + 6 2 + 0 2 . 

(b) 391 = 19 2 + 5* + 2 2 + l 2 . 

(c) 47321 = 217 2 + 14 2 + 6 2 + 0 2 . 

In (a), (b), and (c), there are several other representations. 

3. 2387 2 + 154 2 + 66 2 + 0 2 , among others. 

4 . 112 2 + 63 2 + 35 2 + 21 2 . 

7. 11, 14, and 15. 

9. 170 2 + 68 2 + 4 2 + l 2 . 

Section 20 

1. (a) 5 + 2-6 1/2 . (d) 19 + 6 10 1 ' 2 . 

(b) 8 + 3-7 1/2 . (e) 10 + 3* 11 1/2 . 

(c) 3 + 8 1/2 . (f) 7 + 2-12» 2 . 

2. The two smallest positive nontrivial solutions are 

(a) 5, 2; 49, 20. (d) 15, 4; 449, 120. 

(b) 3, 1; 17, 6. (e) 8, 1; 127, 16. 

(c) 7, 2; 97, 28. (f) 10,1; 199, 20. 
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3. The three smallest positive solutions are x, y = 1, 1; 3, 4; 11, 15. 

4. x k , y k , k = 1, 2,. . ., is a solution, where 

te + J^ + JV 3 1/2 = (2 + 3 1/2 )*. 

5. (c) The equation becomes 

* + ay = 1 or * + ay = — 1; 
either has infinitely many solutions. 

6. (a) m k and n k are generators for the triangle, and they can be determined from 

m k -n k + nv 2 1 ' 2 = (3 + 2-2 1 ' 2 )* 

for any k. 

(b) (3, 4, 5), (696, 697, 993). 

7. (b) (3, 4, 5), area 6; (13,14,15), area 84; (51, 52, 53), area 1170. 

10. x k /y k gets closer and closer to N 112 . 

11. x k /y k = 3/2, 17/12, 99/70, and 577/408 for k = 1,2, 3, 4. The difference be¬ 
tween x k /y k and 2 1/2 is about .09, .002, .00007, and .000002, respectively. 

14. The next solution is 108 2 + 109 2 + 110 2 = 133 2 + 134 2 . 


17. x 6 = 6(577) - 99 = 3363, y 5 = 6(408) - 70 = 2378, and 


3363 

2378 


= 1.41421360. 


Section 21 

1. f(x) = (x 2 + * + 4)/2. 

2. y = 3, for example. 

3. n 2 + 2\n + 1 = n 2 + 1 (mod 7), and —1 is not a quadratic residue (mod 7). 

n 2 + 21« + 1 = {n + 5) 2 — 2 (mod 11), and 2 is not a quadratic residue 

(mod 11). 

5. p = 1 or 3 (mod 8); also p = 2. 

6. p = 1 or 3 (mod 8); also p = 2. 

7. 11, 17,41,47, 71, and 77. 

16. Approximately 10 38 . 


Section 22 
2 . 

3. 


g log log X < ^ ^ < y log log X. 

P<x P 


\ log N < (log Pn)/p n < y (log N +1). 

n <N 


5. (b) r p. 
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Section 23 

2. 40 sixes, 10 fives, and 21 tens. 

3. 2 27 — 1 = 7-73-262657. 

5. (a) 0,1, 4, or 7, (b) No. It is congruent to 2 (mod 9). 

6. (b) If a — 2, b = 3, and p = 5, then (<a + by does not even exist, much less 
be congruent to a! + b ' (mod p). 

7. 115, 117, 119, 121, 123, 125. 

9. Pascal had discovered the identity 

(n + l) 3 - n 3 - 1 = 6 (^y—)■ 

11. The first numbers on the left-hand sides are every other triangular number. 
The result may be written 

(2n 2 + n) 2 + • • • + CIn 2 + 2n ) 2 = {2n 2 + 2n -fl) 2 + • • • + {In 2 + 3 n) 2 . 

12. (a) 9, (b) 90, (c) If k = 2n , there are 9-10 n ~" 1 ; if k = 2« — 1, there are 

9- 10 w_1 . 

13. (c) No. There are countless counterexamples. 

14. For those k such that (A:, k(k + l)/2) = 1; namely, k = 1 or 2. 

16. 1 man, 5 women, and 14 children. 

17. (o) Not true for ordinary divisibility are (1), (m), and (n). 

18. /(n) = (3 + (—l) n+1 )/4 is one./(«) = (« + 1 - 2[n/2])/2 is another. 

19. 788; 210998. 

21. (a) 533 = 13-41. (b) 1073 = 29-37. 

22. 170833 = 412 2 + 33 2 = 407 2 + 72 2 = 393 2 + 128 2 = 348 2 + 223 2 

- 13-17-773. 

182410 = 427 2 + 9 2 = 423 2 + 59 2 = 409 2 + 123 2 = 401 2 + 147 2 

= 383 2 + 189 2 = 381 2 + 193 2 = 347 2 + 249 2 = 303 2 + 301 2 

- 2-5-17-29-37. 

25. Those with sides 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, 20, 24, 30, 32, and 34. 

26. * 2 + (* + l) 2 = (x(x + 1) + l) 2 - (x(x + l)) 2 . 

28. No. x 2 + (1 - x) = * + (1 - x) 2 for all x. 

29. (a) x = y = 2 1/4 , z = 2 1/2 for example. 

(b) If {a/by + {c/d)* — {r/s)\ then {ads)* + {bcs)* = (- bdr ) 4 , which is im¬ 
possible. 

wt-gt 

if and only if b/c = a/{a 2 — 1). All numbers a + a/{a 2 — 1) have the 
same property as 5 + 5/24. 

32. No. It neither repeats nor terminates. 
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33. (b) (b — 1) | (n — m). 

35. (a) p = 5, (b) None. 

37. If a + b 0, then x 2 is irrational, and if a = —b, then x 2 = a 2 + b 2 is 
rational. 

39. $137, 7 years ago, at 7%. 

40. No: 111 = 3-37. 

42. None. 

45. (c) f(l n P iP 2 • ■ • Pt) = (ci + Die* + 1) • • • (e k + 1). 

50. (a) 1, 3, 5, 8, 15, 24, 40, 120; 1, 5, 8, 9, 40, 45, 72, 360. 

(b) Integers that are products of distinct primes. 

(c) 2 k . (d) 6, 60, and 90 are the only such numbers less than 10 12 . 

56. (c) 18, 20, and 24 are examples. 

58. (b) 2, and those congruent to 1 (mod 4). 

(d) a = r 2 + s\ b ~ r 2 — s 2 . 

(e) a and b are squares, say a = t 2 , b = u 2 . 

60. 6 2 , 35 2 , 204 2 , 1189 2 . 

63. If n = 2 (mod 4), then n = x 2 — y 2 is impossible. 

65. The smallest solution is m = 14 and n — 20. 

69. (a) 

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

fin) 2 3 4 5 3 7 6 6 5 11 4 13 7 5 

/i 16 17 18 19 20 

/(/f) 8 17 6 19 5. 

70. Its last digit is 3. 

71. For example, 2 2 + 5 2 + 8 2 + • • • + 23 2 + 26 2 = 48 2 . 

72. (a) 9,876,543,210. (b) 98,763,210. (c) 4312. (d) 987,652,413. 

74. 2 rf K 

75. (a) 4n 2 -3/2 + 1. (d) (n, —n). 

(b) 4n 2 — 2/2 + 1. (e) (—n + 1, n). 

(c) 4n 2 + n + 1. (f) (9,16). 

77. (a) m = 4n(/2 + 1). (b) Yes. 

78. False. Take n — 4, m — 3 for an example. 

79. If (a, /n) = <7, the least residues (mod m) of a, 2a,..., ma consist of m/d num¬ 
bers such that d | m, each repeated d times. 

80. P n — 3 (mod 4). Note that P n is prime for n — 1, 2, 3, 4, 5, but P 6 = 59-509. 
Another guess for a formula for primes may thus be discarded. 

81. 1, 2, 3, 5, 7, and 11. 

83. Yes. 2 2 *~ 2 (2 2fc ~ 1 — 1) = l 3 + 3 3 + • • • + (2 k — l) 3 is true for all k , as may 
be shown using the fact that 

l 3 + 2 3 + • • • + / 2 3 = (nin + l)/2) 2 . 
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84. If n = + dv 10 + tk- 10 2 + • • 0 < di < 9, then 37 | n if and only if 

37 | (d^didi) + (dzdidb) + • • •. 

85. (a) x = 3t, y = 5t, z = 7 1 for any nonzero integer t. 

(b) If k 2 (mod 3), then x = 3t, y = (k + 4)t, z = (2k + 5)1; if k = 2 
(mod 3), then x = t,y = (k + 4)//3, z = (2k + 5)t/3, for nonzero integers t. 

86. x = (a + b)/2, y = (a — b)/2. 

88. The only solution of this equation with r > 1 and n < 180,000 is 18 2 + 
18 + 1 = IK 

91. (b) No: 2 6 = 2 (mod 31). 

93. (b) It is necessary that -1 be a quadratic residue (mod 2k). 

94. (b) Yes: 1806. (c) No others. 

95. $6. This astonishing problem rests on the fact that if the tens’ digit of a square 
is odd, then its units’ digit is 6. To observe this, see Table B. To prove it, 
enumerate cases. 

99. Solutions are 

x 10 10 14 14 17 17 21 21 31 36 44 105 

y 6 35 7 34 7 34 6 35 41 45 52 111. 

103. (b) r = 78, s = 5 gives x — 625 and x 2 = 390625. 

Appendix A 

2. t n = n(n + l)/2. 

5. I 3 + 3 3 + ■ • • + (2£ - l) 3 = k 2 (2k 2 - 1). 

9. (n + 1)(6« 2 + 9n + 2)/2. 

11. /(«) = 17(« - 1 )(n - 2)(n - 3)(n - 4)/24 is one infinitely many such 
functions. 

12. No. 8r„ + 1 = (2 n + l) 2 for all n. 

Appendix B 

1. (a) 112. (b) 1. (c) 2. (d) 27. (e) 34. (f) 328. 

13 2 n n 

2. (a) ^ (2 i + l) 2 . (b) 1 /J- (c ) £ «***• 

i' = l j — n k — 0 

r 

(d) ^2 u r -tVn-r+t- In all cases, other forms for the answer are possible. 

< = 0 

3. (a) and (b) are true and may be easily proved, (c) is false: a k = b k = 1, 

k = 1, 2,. . ., n is one of infinitely many counterexamples. 

4. (a) 3 1 ' 2 . (b) 1. (c) 8640. (d) 42. (e) 46. 

5. (a) 40,320. (b) 70. (c) 792. 
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7. (a) * 6 + 12* 5 + 60* 4 + 160* 3 + 240* 2 + 192* + 64. 

(b) 1-7a + 21a 2 - 35a 3 + 35a 4 - 21a 5 + 7a 6 - a 7 . 

8. (a) (* + 3) 3 . (b) (* - 1)-. 

9. 1, 2, 3, 5. 

10. (a) No. (b) No. 

11. INI = [x + 1/2]. 

12. 0 and -1. 

13. (a) p 1 — p. (b) n - [n/p\. 

14. 19. 

21 . [y] - [*]. 

Appendix C 

1. (a) 68, 175. (b) 138, 487. (c) 23, 105, 151, 223. 

2. No solutions. 

3. (a) 4. (b) 6. (c) 4. 

4. (a) 33, 117, 183, 267, 333, 417, 483, 567, 633, 717, 783, 867. 

(b) 33, 217, 283, 467, 533, 717, 783, 967. 

(c) 33, 517, 583, 1067. 

5. 20. 

7. 0, 1, 2, 4, or 8. 

8. 3 e ~ 1 — r and 3 ‘ — r satisfy x 3 = —a (mod p). 

9. (a) 13. (b) 4, 13, 22. 



Index 


Abbot, J. S. C., 17 

Absolute pseudoprime, 48 

Abundant number, 61 

Amicable number: see Number, amicable 

Amicable pair, 59 

Babylonians, 101 
and right triangles, 122 
Bachet, Claude Gaspard, Sieur de Merizac 
(1587-1638), 143 
Base of number system, 101 
Bell, Eric Temple (1883-1960), 150 
Bhascara (1114-1158), 127 
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cubic, 208 
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Cubes, sums of, 140 
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Dec, 110 
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period of, 114 # 
periodic, 115#, 232 
terminating, 115# 
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140/ 
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142 
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absolute pseudoprime, 48 
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binomial coefficient, 199 
combinatorial symbol, 199 
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congruent, 27 
deficient number, 61 
diophantine equation, 20 
divides, 1 

Euler’s ^-function, 64 
exponent, 72 
Fermat’s equation, 150 
fibonacci number, 195 
fundamental solution of x 2 + T 2 = z 2 , 
122 

generator for Fermat’s equation, 153 
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greatest common divisor, 2 
impossible diophantine equation, 22 
index, 78 

^-perfect number, 61 
lattice point, 97 
least common multiple, 18 
least index, 78 
least residue, 28 
Legendre symbol, 85 
linear congruence, 34 
linear diophantine equation, 21 
logarithm, 164 
Mersenne prime, 58 
multiplicative function, 52 
order, 72 
palindrome, 33 
perfect number, 56 
practical number, 181 
prime, 10 

prime-power decomposition, 16 
primitive root, 74 
pseudoprime, 48 
quadratic nonresidue, 84 
quadratic residue, 84 
relatively prime, 3 
smult, 180 

solution of a linear congruence, 34 
solution of a linear diophantine equation, 
21 

solution of a quadratic congruence, 44 
square-free number, 184 
triangular number, 194 
unit, 10 

unitary divisor, 180 
unitary perfect number, 180 
weak divisor, 178 
Descartes, Rene (1596-1650), 54 
and sums of four squares, 143 
De la Vallee Poussin, Charles J. (1866- 
1962), and the prime number theorem, 
169 

Descent, infinite, 130/ 

Determinant, 133 
Dickson, Leonard Eugene, 188 
Diophantine equations, 149 
linear, 20 # 
impossible, 22 

*3 + y* = Z 3 _J_ ^ 23 

ax + by + cz = 1 , 25/ 

*2 -f y2 + 2 2 = 27, 30, 139 f 142 

l/x + l/y = 1/N, 54 
x 2 - y 2 = Ni 54 


* 2 + y 2 + z 2 - kxyz, 133,134 
* 2 + (x + 2) 2 = y\ 134 
x 2 + y 2 + z 2 = x 2 y\ 134 
x n + y n = z m , 134 
x*+y* = n 9 135#, 184 
x*-Ny* = 1, 150# 
x 2 -f 2 axy + by 2 == 1, 154 
xy(x + y)(x - y) - z 2 , 181 

jc 2 +y 2 - z 2 = n, 182 
x 2 + • • • + (x + k) 2 = y\ 182 
jc 2 + ^ + 1 = p r , 184 
x 2 + kxy + y 2 ~ z 2 , 184 
x 2 + (x + 1 ) 2 = ky\ 184 
x(x - 31) = y(y - 41), 185 
Diophantus of Alexandria (ca. a.d. 150?), 
20 

and sums of four squares, 143 
Dirichlet, Peter Gustav Lejeune (1805- 
1859), 151 

Dirichlet’s box principle, 118 
Dirichlet’s Theorem, 157, 159 
Divides, 1 

Divisibility, tests for 
by three, 32, 114 
by seven, 33, 114 
by nine, 31 

by eleven, 32, 33, 114, 244 
by thirteen, 33 
by seventeen, 114 
by thirty-seven, 184 
Division, duodecimal, 111 # 

Division algorithm, 3, 5,104,117,118,119 
Divisors 

greatest common, 2, 5, 8, 17, 182 
number of, 49 # 
product of, 55 
sum of, 49 # 
of 2 p — 1, 73 
table of, 209 # 
unitary, 180/ 
weak, 178 
Do, 110 

Do-metric system, 114, 250 
Duodecimals, 109# 

Duodecimal Society of America, 109, 110, 
114 


e, 164, 170, 171, 172, 173 
Edo, 110 
Egro, 110 
El, 110 
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Emo, 110 

Equations, diophantine: see Diophantine 
equations 

Eratosthenes (276-195 b.c.), 13 
Euclid (ca. 300 b.c.), 12, 56 
Euclidean algorithm, 3, 4, 5# 16 
Euler, Leonhard (1707-1783) 
and amicable numbers, 59 
and even perfect numbers, 57, 61 
and Fermat’s equation, 150 
and Goldbach’s conjecture, 141 
and odd perfect numbers, 61 
and the ^-function, 64 # 
and the quadratic reciprocity theorem, 87 
and sums of four squares, 143 
Euler’s criterion, 84 /, 89, 90, 93, 96 
Euler’s ^-function, 53, 64 ff\ 158, 183 
and decimals, 120 
and primitive roots, 78, 79 
Exponent, 72 

Factor table, 218 ff 
Factorial notation, 199 
Factorization, 10, 16 
nonunique, 16 

Fermat, Pierre-Simon de (1601-1665), 42, 
179/ 

and amicable numbers, 60 
and infinite descent, 130 / 
and Mersenne, 59 
and sums of two squares, 141 
and sums of four squares, 143 
and x n + y n = z n , 129 / 

Fermat’s conjecture, 129 
Fermat’s equation, 150# 

Fermat’s last theorem, 129 
Fermat’s Theorem, 42#, 63, 64, 76, 84, 87 
Fibonacci numbers, 195 
Flounce, 114 

Fourth powers, sums of, 140 
Fractional part, 182, 199 
Function, multiplicative, 52 #, 66 

Garfield, James, 122 
Gauss, Carl Friedrich (1777-1855) 
and congruences, 24 
and exponents, 73 
and Gauss’s lemma, 98 
and the ^-function, 68 
and the Prime Number Theorem, 166 
and the quadratic reciprocity theorem, 
87,92# 

and regular polygons, 179 


Gauss’s lemma, 92# 

Generator for Fermat’s equation, 153 
Girard, Albert (7-1633), and sums of two 
squares, 142 

Goldbach, Christian (1690-1764), 141 
Goldbach’s conjecture, 141 
Greatest common divisor, 2, 5, 8, 17, 182 
Greatest-integer notation, 198 
Gro, 110 

Hadamard, Jacques Salomon (1865-1962), 
and the Prime Number Theorem, 166 
Hardy, G. H. (1877-1947), 188 
Harmonic mean,. 184, 241 

Index of a (mod m), 78 # 

Induction, mathematical, 191 # 
applications of, 11, 15, 39, 53, 75, 102, 
124, 204, 223 

Infinite descent, method of, 130/ 

Integers: see also Numbers 
composite, 10 
large, 10, 12, 57, 245 
number of divisors, 49 # 
prime, 10 
relatively prime, 3 
sum of divisors, 49 # 
units, 10 

Interest, simple, 180 
Irrational numbers, 107, 179, 237 
and Fermat’s equation, 151 # 
in a prime formula, 160# 

A>perfect numbers, 61 

Kulik, Jacob Phillipp (1793-1863), 14 

Lagrange, Joseph Louis (1736-1813), 42 
and Fermat’s equation, 151 
and sums of four squares, 143 
Landau, Edmund, 130 
Least common multiple, 18 
Least index (mod m), 78 # 

Least residue (mod w), 28 
Least-integer principle, 1, 4, 11, 138, 153 
Lemma, Gauss’s, 92 # 

Legendre, Adrien-Marie (1752-1833), and 
the prime number theorem, 165 / 
Legendre’s symbol, 85 ff 
Leibniz, Gottfried Wilhelm (1646-1716), 
42 

Limits, 160/ 

Linear congruence, 34 ff' 

Logarithms, 78, 81, 164# 239 
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Mathematical induction: see Induction 
Mathematical Reviews , 141 
Mayans, 101 

Mersenne, Marin (1588-1648), 54, 58 

Mersenne primes, 58, 100 

Mills, W. H, 160 

Mo, 110 

Modulus, 24 

Moser, Leo, 48 

Multiple, least common, 18 

Multiplication, duodecimal, 111 # 

Napoleon, 17 

Nearest-integer notation, 201 
Nines, casting out, 30 / 

Nonresidue, quadratic, 84, 136 
Numbers 
abundant, 61 
amicable, 59 / 
in the base b, 103 # 
composite, 10 
deficient, 61 
Fibonacci, 195 
fractional part of, 182 
integral part of, 198 
irrational (see Irrational number) 
^-perfect, 61 
large perfect, 57 
palindromic (see palindrome) 
perfect, 49, 56 ff, 78, 183, 184 
practical, 181 
square-free, 184 

triangular, 32, 60, 127, 142, 179, 181, 254 
triangular and square, 128 
unitary perfect, 180 

Order, 72 ff,\ 96 
Order of a k , 75 

Pacioli, Luca (7-1509), 177 
Palindrome, 33, 178, 245 
Parade, mathematics department, 40 
Pascal, Blaise (1623-1662), 177, 254 
Pell, John (1610-1685), 150 
Pell’s equation: see Fermat’s equation 
Perfect numbers, 49, 56 ff.\ 78, 183, 184 
Perfect numbers, odd, 58 
</>-function, Euler’s: see Euler’s ^-function 
ttM, 164# 
bounds on, 175 
table of, 165 

Place-value notation, 101 
Polygons, regular, 179 


Poussin, C. J. de la Vallee: see De la Vall6e 
Poussin 
Primes, 10 

arithmetic progressions of, 157, 158 

formulas for, 156# 

infinitude of, 12 

large, 10, 12, 42, 59, 81 

Mersenne, 58, 100 

primitive roots of, 76 

of which 2 is a primitive root, 95 / 

table of, 209# 

twin, 180, 240 

Prime Number Theorem, 165, 175, 188 
Prime-power decomposition, 16, 50, 51, 61, 
68, 123, 136, 137, 147, 203, 243 
Prime-rich polynomial, 159 
Primitive roots, 74 ff, 84, 185 
and decimals, 119 
of primes, 76, 95 / 
of 71 and 73, 77 
smallest, 77 

Product notation, 197/ 

Prome, 16 
Pseudoprime, 48 
absolute, 48 

Pythagorean Theorem, 122 
Pythagorean triangles, 122#, 131, 132, 154 
small, 126 

Quadratic congruences, 82 ff, 203 # 
Quadratic nonresidue, 84, 136 
Quadratic reciprocity theorem, 87 ff, 235 
Gauss’s proof of, 92 # 

Quadratic residue, 84, 136, 138 
Quadrilaterals with integral area, 251 

Rational numbers 

decimal expansion of, 114# 
in base b, 107 
in base 12,109# 

Rational root theorem, 180, 240 
Reciprocals, 116 
Regular polygons, 179 
Representation of integers: see Decomposi¬ 
tion of integers 
Residue 
least, 28 
nth power, 184 
quadratic, 84, 136, 138 
Riemann, Georg Friedrich Bernhard (1826- 
1866), and the Prime Number Theo¬ 
rem, 169 

Riemann’s ^-function, 161 
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Roberval, Giles Persone de (1602-1675), 
179 

Root, primitive: see Primitive root 

Scripta Mathematical 48 
Sequences, bounded, 160/ 

Sierpinski’s formula for p n , 163 
Sieve of Eratosthenes, 13 
Solutions 

of linear congruences, 34 # 
of polynomial congruences, 75 / 
of quadratic congruences, 44, 203 # 
Squares 

in arithmetic progression, 177 
sums of 2, 134 ff 
sums of 3, 27, 30, 139/ 
sums of 4, 140# 
table of, 216# 

V2 and Fermat’s equation, 154, 155 
Stark’s theorem, a consequence of, 159 
Stirling’s formula, 170 
Substitution in congruences, 29 
Summation notation, 196# 

Symbols 
d{n\ 49 
x, 110 
e, 164 
e(n), 70 

e, 110 

140 

G(k), 140 
g P , 77 
lim, 61 
«!, 199 
Pn, 156 
<K*X 64 

n, 50 

7r(x), 164, 197 

\K*X 167 
S(x), 168 
Sp«, 169 
<*«), 49 
55 

2 , 49,196 
0(*X 166 

a\b y 1 

H 1 

(MX 2 

a = b (mod m), 27 
af^b (mod m), 29 
!, 42 

(”) “■'*> 


(MX 85 
[x], 99, 198 

.2497, 112 
M, 158 
(M,c), 178 
<x>, 182, 199 

IMI. 201 

Systems of linear congruences, 38 # 

Tartaglia (Niccolo Fontana) (1499-1559), 
18 

Tchebyshev, Pafnuti Lvovitch (1821-1894), 
and the Prime Number Theorem, 165, 
169, 171 

Tests for divisibility: see Divisibility 
Theorem 

Chinese Remainder, 38, 39, 41, 203 
Dirichlet’s, 157, 159 
Euclid’s, 12, 56 
Euler’s, 57 

Fermat’s, 42 #, 63, 64, 76, 84, 87 
Prime Number, 165, 175, 188 
Pythagorean, 122 
quadratic reciprocity, 87 #, 235 
rational root, 180, 240 
unique factorization, 14, 17, 50, 51, 124 
Wilson’s, 42, 44#, 78, 138, 239, 242 
Triangles 
congruent, 127 
with integral area, 154 
Pythagorean, 122#, 131, 132, 154 
Triangular numbers, 32, 60, 127, 128, 142, 
179, 181, 254 
Twin primes, 180, 240 
Two, and primitive roots, 95 / 

Unique factorization theorem, 14, 17, 50, 
51, 124 
Unit, 10 

Unitary divisor, 180 

Vallee Poussin: see De la Vallee Poussin 
Vinogradov, I. M., 141 

Waring, Edward (1734-1793), 42, 140 
Waring’s problem, 140 
Water, 236 
Weak divisor, 178 
Wilson, John (1741-1793), 42 
Wilson’s Theorem, 42, 44 #, 78, 138, 239, 
242 

Zeta-function, 161 
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